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Some Formulas for AVF-AVA Inversion of
Reflections from Absorptive Targets

K.A. Innanen* (University of Calgary)

SUMMARY

Recent reports of frequency-dependent seismic data anomalies, detected near low-Q hydrocarbon zones,
have led several researchers to suggest that the spectral imprint of an absorptive reflection coefficient is

being observed. By expanding various mathematical forms for an absorptive reflection coefficient about
small parameter contrasts and incidence angles, and examining them frequency by frequency (AVF), or

angle by angle (AVA), simultaneous variations in wavespeed and Q, may be separately estimated.
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Introduction

In the recent geophysical literature there are reportsisfrse anomalies attributable to strong absorptive-
dispersive reflection coefficiedts Frequency variations in these reflection coefficients adel put to
use determining relative changes in the attenuation ptiegesf geophysical targets, for instance fluid-
bearing reservoirs. In fact, absorptive inverse scatjepirocedures have been shown to employ pre-
cisely this type of amplitude information (Innanen and Veéagl 2007; Innanen and Lira, 2009). Here
we pursue this idea more fully, deriving direct formulas tlee estimation of target absorptive medium
properties, both in linearized forms and with non-linearrections, given absorptive reflection coeffi-
cients as input. The methodology we use is a modification efitimework developed by Zhang and
Weglein (2009a,b) for direct acoustic and elastic targetiification.

An absorptive reflection coefficient can be analyzed by d@sig its characteristic variations with fre-
quency (AVF), or angle (AVA). We will consider both, but ptaally, AVF may be the better route.
Absorptive variability has been reported to be observahlg at large angles when synthetic data are
examined at a single frequency over a suite of incidenceeari@amec and Blangy, 1992). Whereas,
field data variability associated with lo@); fluid filled reservoirs has been attributed to “strongly-fre
guency dependent” reflection coefficients (Odebeatu e2@06), and this latter observation appears to
be supported by other recent discussions (Chapman et @6; Rhes et al., 2008; Ren et al., 2009).

We consider the problem of separately estimating the infleesf absorptive medium parameters on
measured reflection coefficients. The key features of thbl@no are captured by examining a simple,
absorptive reflection coefficient due to a contrast in wagedpand a simultaneous contrast in a nearly
constant quality factof). We express the reflection coefficient in terms of a varietglifiérent plane-
wave variables, expand it about small parameter contragttaidence angles, and directly invert these
series to determine the properties of the target. The medfuntidence is here assumed to be known,
and non-attenuating. This corresponds roughly to problamshich either attenuation is negligible in a
characterized overburden above an absorptive target,vahnich attenuation is present above the target
but has been correcte@{compensated).

Absorptive wave equations

Consider a wavefield®,, propagating in a 2D, homogeneous, source-free, non4atbsmedium
(medium 0), and anotheF;, propagating in an absorptive medium (medium 1), accortting

2 2
2 W F(w))
v+ (1+ -

2
{V2 + w_2] Py(z,z,w) =0, and Pi(z,2,w) =0, (1)

150

respectively. Herd(w) = i/2— (1/7) log(w/w, ), Wherew, is a reference frequency. This is consistent
with the nearly-constar® model reviewed by Aki and Richards (2002). Fourier transiog equations
(1), we have

ke +k:=w?/cg,  kp+ kD= (w/cD)[l+ F(w)/Qu], (2)

the first of which implies a range of possible relationshipsda on plane wave geometry, efg.,=
(wcos @) /cy, Wwhered represents the plane wave angle measured away from théiaire€ positivez.

Absorptive reflection coefficients

If Pyisincident upon a plane boundary separating medium O frochumel, continuity of the field (e.g.,
pressure) across the interface requires that there be eti@fleoefficient? = (k,—k.)/(k.+k.) which
we anticipate to be expressive of the an-acoustic progestithe target medium in some hopefully useful

1An-elastic reflection coefficients have been widely disedsa theory; see for instance White (1965); Borcherdt (2009
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ways. At oblique incidence, there is some room for choicetudysng R(6) in terms of the quantities
k=, k-, andw. For instance, if frequenay is a parameter, by equation (2) we have

crcosf —co [1+ Q7 F(w)] \/1 — Z—z [1+ Q7 F(w)] “sin20
R.,(0) = °

(3)

crcosf +co [+ Q7 F(w)] \/1 — % 1+ Qi F(w)] “sin2 0

The variations ofR with w, 6, etc. provides the information by which parameters arerdetesd.

Series expansions oR

Quantities embedded iR that are, from a geophysical point of view, sometimes srbali not always,
include angle of incidence, the relative change in wavesggem ¢, to ¢;), and the inverse quality
factor@Q~! (from 0 to Q). As measures of the latter two we define

aczl—c?)/c%, ag = 1/Q1, 4)

and as a measure of the first, we consiffeas a function ofin? §. The forthcoming inversion scheme
relies on series expansions Bfin orders of these quantities. Dispersion brings an addititevel of
complexity in the) dependence beyond the acoustic case.iff a parameteR expands as

Ro(6) = [(%a %F(w)aQ) + (%ac+ 1P w) Q> +} (sin? 6)°

" [Ga - %F(“’)“Q> * Ga - —F( w)acaq + 3F2< ) Q) + } (sin?0)" + .., ®)

but if k£, is chosen to be a parameter, we have instead the more cotagicdependence

Ry (0) = [Gac - %sz(e)aQ) + (; al + sz(a) Q) - } (sin?6)°

+ 1 =ac — =Fr.(0)ag | + | a2 — = Fr.(0)acaq + —Fp.(0)ag ) + .| (sin®6) + ...,
4 2 4 2 4
where F,(0) = i/2 — (1/m)log(k.co/wy cosf). It is possible to express thevariability of F' in
powers ofsin? # also, but this is not necessary for the forthcoming inversio

Absorptive AVF inversion

The forward problem we consider is the calculationfobver a range of the variablds,, w (i.e., the
Fourier conjugates of offset and time respectively, whigh be transformed tb., 6), givena. andag.
The inverse problem is the determinationapfandag (and thereby targetand(@ values) from values
of R over a range of one of these variables. We assume exact ddt#jues to determine 2 parameters
we require 2 values aR; clearly for any practical application of these ideas adlilble data would be
incorporated via some suitable regression.

We first treat the AVF inverse problem by considering a waud fimpinging at normal incidence on a
plane contrast ir and@; settingd = 0 in equation (5), the requisit® has the form

R, = <%ac - %F(w)ag) + (éac + 1F2( ) Q> +.... (7)

This expression is inverted by forming inverse setigs= a.1 + ac2 + ..., andag = ag1 + ag2 +
., Substituting them into equation (7), equating like ordarsd summing the sequentially-determined
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components of.. andag. Using R at two angular frequencies; andw,, and for convenience denoting
F(w;) = F; andR,,, = R;, we obtain

ag = — (%) +2(F 4+ F) (%)2 S (8)

and

KR, - FiRy  (FRR - FiRy)* FR(F-1)
i —F (F1 — Fy)? (F1 — F»)3

Truncating these expressions at first order produces tlsoifative) inverse Born approximation. We

emphasize that it is the contrast in dispersive propertidseaarget that drives the inversion: by inspec-
tion of equation (8) we see that only if the reflection coedintivaries with frequency, doeg, # 0.

(R — Ry)? + ... . (9)

a. = —4

In Figure 1 we illustrate the use of these formulas to invertf and@, usingR at normal incidence
for an acoustic medium:{ =1500m/s) overlying an absorptive medium &1800m/s,Q; =10). Tar-
get medium properties are determined usihgalues at pairs of frequencigs = w1 /27, fo = we/2m
ranging from 2-120 Hz. In Figure 1, top left, the targgtvalue is recovered to first order for each fre-
guency pair; bottom left, to second order. In Figure 1 toptrithe target wavespeed value is recovered
to first order; bottom right, to second order. In additionhe significant increase in accuracy from first
to second order, we note that the spurious variation of tieah() inversion result with experimental
variables (in this case frequency), a characteristic oirtherse Born approximation, diminishes as order
increases. Proximal frequencies evidently affect the itimmihg of the second order recovery af.
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Figure 1 Target medium properties recovered over a range of frequ@adrs. Exact model values are
@1 =10, ¢c; = 1800. All c/Q values in rank deficient cases (i.e., whére= f5) are interpolated over.

Absorptive AVA inversion

We have thus far made use of the frequency dependengéc$eparately determireand(. Variations
in a. andag may also be determined by examining the angle dependente oéflection coefficient,
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although this simply makes implicit rather than explicieusf the same frequency dependence. This,
then, amounts to AVA inversion tuned to the particular peatlof absorption. We begin with the expan-
sion of R in equation (6). Again forming inverse series forandag, substituting, and equating like
orders, we obtain the formulas

Qe = Qc1 + Ae2 + ..\,

c cl c2 (10)

ag = aqQ1 +ag2 + ...,
where, for convenience defining; = Ry.(0;), F; = Fy.(0;), T; = cos®0; + 2sin®6;, G; = -1/8 —
1/4sin? 60, —5/16sin* 0;, H; = 1/2sin% 0,43 /4sin*6;, J; = —1/4—3/4sin? §; —sin* 6;, the solution
is constructed via

aQlr = —2(F1 — FQ)_I(RlTl — RQTQ),

» (11)
et = APy~ ) (R TPy~ RT3 ),

and
CLQQ = —2(F1 — FQ)_l[T1(G1CL21 -+ Hladan + J1a2Ql) — TQ(GQCLzl + Hgaclan + Jgaél)],
a2 = —4(Fy — Fy) T (Gra?, + Hiacagr + J1a2Ql)F2 — Ty(Gaa?, + Haaqagr + J2aé1)F1]a

etc.

Conclusions

By way of response to reports of strongly absorptive (i.spersive) reflection coefficients being mea-
sured at low€) reservoir targets, we present several formulas for direigtrchination of relative contrasts

in wavespeed an@ from R at several frequencies or incidence angles. These formalag out direct
linear and non-linear AVF and/or AVA inversion. Numericadaenples suggest that for a contrast in
Q! from 0 to 0.1, the second order correction leads to an increase in agcimastimating targe@

of roughly 5%. Non-linear velocity inversior:;( with second order correction) appears to be the least
well-conditioned of the cases investigated.
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