




Curvelet Interpolation

This section describes a strategy to estimate W from the data, which is
a key component of our algorithm. We first use the curvelet transform
to find an initial vector of coefficients c (equation 2). The coefficients
are divided into two groups according to their scale: alias-free and
alias-contaminated scales. Let us define the indices j and l that indi-
cate scale and angle, respectively. Furthermore, the parameter ja indi-
cates the index of the maximum alias-free scale. With this definition
in mind, the mask function for the alias-free scales can be computed
as follows

[W] j,l =
{

0 |[c] j,l |< λ j
1 |[c] j,l | ≥ λ j

if j ≤ ja, (8)

where [c] j,l is used to indicate all the coefficients for scale j and angle
l. Similarly, [W] j,l represents all the elements of the diagonal mask
function for scale j and angle l. The parameter λ j is a user defined
threshold value for scale j.

The remaining problem is to compute the mask function for alias-
contaminated scales. For this purpose, we use the following algorithm

[W] j,l = N [W] j−1,l̄ if j > ja , (9)

where in the expression above N denotes the nearest neighbor opera-
tor that is needed to upscale the mask function from scale j−1 to j and
l̄ indicates the directionality (angle) index closest to l. In essence, we
use the mask function from a lower scale (alias-free) to constrain the
curvelet coefficients of higher scales that are contaminated by aliasing.
The mask behaves like a local and directional all-pass operator for the
coefficients that are modeling the alias-free signal. In summary, equa-
tions 8 and 9 are used to estimate the mask function that will be used
in the reconstruction algorithm outlined in the preceding section.

Figure 3: Synthetic data example with conflicting dips. a) Original
data. c) Data after decimation by a factor of 2. c) Interpolated data.
The panels b), d) and f) display the f-k spectra of (a), (c), and (e),
respectively.

SYNTHETIC EXAMPLES

Regularly sampled aliased data with conflicting dips

To continue with the synthetic data analysis, we have created a syn-
thetic gather that consists of 8 events with conflicting dip and variable
curvature. The data and their f-k spectrum are portrayed in Figures 3a

Figure 4: a) Pre-processed data for interpolation via the curvelet trans-
form. Pre-processing is needed to guarantee that the desired signal
does not have wrap-around energy in f-k domain. These data were ob-
tained from Figure 3c by interlacing 4 zero traces between each pair
of existing traces. This is the input to the curvelet interpolation algo-
rithm proposed in this article. b) The f-k spectrum of the pre-processed
data. The solid box in (b) represent the region in f-k where alias-free
coefficients are found (scales 1-4).

and 3b, respectively. The decimated data and their f-k spectrum are
portrayed in Figures 3c and 3d, respectively. The results of our inter-
polation algorithm are provided in Figures 3e and 3f. The input data
to the algorithm, again, are prepared in order to secure that there is no
wrap-around energy in the f-k domain. This is achieved by interleaving
the data with zero traces (Figure 4a and b).

Figure 5a shows the curvelet panels of the input data in Figure 4a. It
is easy to see that scales 1 to 4 are free of alias. On the other hand,
scales 5 and 6 are heavily contaminated by aliased energy. Figure 5b
shows the mask function computed from Figure 5a using Equations
8 and 9 for ja = 4. Figure 5c shows the curvelet domain representa-
tion of the coefficients obtained via the minimum norm least squares
method. These coefficients were used to synthesize the interpolated
data portrayed in Figure 3e. Finally, the reconstruction quality for this
example is given by Q = 13.9dB.

DISCUSSIONS

Curvelet coefficients have different sizes for different scales and direc-
tions. Therefore, it is not easy to provide a simple physical represen-
tation of the curvelet coefficients. In this paper, we use upscaling (or
downscaling) methods to form image patches of size 50×50 samples
for each individual scale and direction. This leads to an uncompli-
cated way of representing the curvelet transform that is amenable to
seismic data processing tasks. We need to emphasize, however, that
the computation of the mask function does not require us to form the
50×50 patches that we have used for visualization. The mask function
is upscaled from a coarser scale to a finer scale via a simple nearest
neighbor algorithm that directly operates on the curvelet coefficients
at a given scale and direction. Other ”tricks” could have been used to
design the mask function, however, our tests indicate that our simple

3658SEG Denver 2010 Annual Meeting
© 2010 SEG



Curvelet Interpolation
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Figure 5: a) Curvelet domain representation of the data in Figure 4a.
b) Mask function computed from (a) using thresholding for scales 1 to
4. The mask for scales 5-6 was bootstrapped from scale 4 using the
algorithm described in the text. c) Curvelet patches of the interpolated
data. The recovered data in Figure 3e were obtained by applying the
adjoint curvelet operator to the inverted coefficients in (c).

nearest neighbor upscaling suffices for our needs.

We have also found that our algorithm works quite well when we set
the regularization parameter µ = 0 and rely on the number of iter-
ations as an equivalent trade-off parameter. This is also often used
when solving large scale linear problems (Hansen, 1987). It is also
important to mention that a maximum of 10 iterations of conjugate
gradients were used in all our examples. Again, the number of iter-
ations does not seem to be a critical parameter for our interpolation
scheme. The algorithm converges quite fast (approximately at 8 to 10
conjugate gradient iterations) and we have never seen any evidence of
numerical instabilities.

The thresholding constant λ j was set with the following criteria. For
synthetic data, we keep 10% of the largest amplitude coefficients at
a given scale. For the real data examples, we keep about 20% of the
largest coefficients at a given scale. These parameters were obtained
with numerical tests where we visually examined the residual data af-
ter interpolation to decide for an optimal threshold constant. When
working with real data, the thresholding constant was increased be-
cause a larger number of coefficients were needed to properly model
the data.

In addition, we would like to mention that existing curvelet reconstruc-
tion methods often use sparsity promoting algorithms to find a parsi-
monious data representation in terms of a small number of curvelet
coefficients (Herrmann and Hennenfent, 2008). In this work, we have
avoided sparsity-promoting algorithms and we solely relied on a min-
imum norm least squares algorithm implemented via the method of
conjugate gradients. Finally, we stress that other methods could be
used to interpolate regularly sampled aliased data with strong variation
of dips. As an example we cite f-x adaptive interpolation (Naghizadeh
and Sacchi, 2009); a fast alternative for the type of interpolation intro-
duced here.

CONCLUSIONS

The curvelet transform is an effective tool for the decomposition of
seismic data based on their local dip and frequency content. In this
paper, we propose a novel method for interpolation of aliased seis-
mic data using the curvelet transform. We have shown that spatially
aliased data can be represented in the curvelet domain by two types
of coefficients. Those that belong to coarser scales and that have been
minimally affected by spatial sampling and those at finer scales that
have been contaminated by alias. We assume that the seismic signal
is expected to have similar local dips in lower and higher scales. This
assumption is used to design a mask function that allows us to filter out
aliased coefficients. The coefficients that survive the filtering process
are fit via a minimum norm least squares algorithm that was imple-
mented via the conjugate gradients method. The curvelet coefficients
obtained via inversion are finally used to reconstruct a de-aliased ver-
sion of the original data.

ACKNOWLEDGEMENTS

We thank the authors of CurveLab [http://www.curvelet.org/],
Emmanuel Candes, Laurent Demanet, David Donoho, and Lexing Ying
for providing access to their curvelet transform codes. We acknowl-
edge the financial support of the sponsors of the Signal Analysis and
Imaging Group at the University of Alberta.

3659SEG Denver 2010 Annual Meeting
© 2010 SEG



EDITED REFERENCES  
Note: This reference list is a copy-edited version of the reference list submitted by the author. Reference lists for the 2010 
SEG Technical Program Expanded Abstracts have been copy edited so that references provided with the online metadata for 
each paper will achieve a high degree of linking to cited sources that appear on the Web. 
 
REFERENCES  

Bagaini, C., and U. Spagnolini, 1999, 2-D continuation operators and their applications: Geophysics, 64, 
524–538. 

Candès, E. J., L. Demanet, D. L. Donoho, and L. Ying, 2006, Fast discrete curvelet transforms: 
Multiscale Modeling and Simulation, 5, no. 3, 861–899, doi:10.1137/05064182X. 

Candes, E. J., and D. L. Donoho, 2004, New tight frames of curvelets and optimal representations of 
objects with piecewise-c2 singularities: Communications on Pure and Applied Mathematics, 57, no. 
2, 219–266. 

Claerbout, J., 1992, Earth Soundings Analysis: Processing Versus Inversion: Blackwell Science. 

Clapp, R. G., 2006, AMO inversion to a common azimuth dataset: SEG Expanded Abstracts, 25, no. 1, 
2097–2101, doi:10.1190/1.2369950. 

Duijndam, A. J. W., M. A. Schonewille , and C. O. H. Hindriks, 1999, Reconstruction of band-limited 
signals, irregularly sampled along one spatial direction: Geophysics, 64, 524–538, 
doi:10.1190/1.1444559. 

Fomel, S., 2003, Seismic reflection data interpolation with differential offset and shot continuation: 
Geophysics, 68, 733–744, doi:10.1190/1.1567243. 

Gülünay, N., 2003, Seismic trace interpolation in the Fourier transform domain : Geophysics, 68, 355–
369, doi:10.1190/1.1543221. 

Hansen, P. C., 1987, Rank-Deficient and Discrete Ill-Posed Problems: Numerical Aspects of Linear 
Inversion: Society for Industrial Mathematics. 

Hennenfent, G., and F. J. Herrmann, 2007, Random sampling: New insights into the reconstruction of 
coarsely sampled wavefields: SEG Expanded Abstracts, 26, 2575–2579, doi:10.1190/1.2793002. 

Hennenfent, G., and F. J. Herrmann, 2008, Simply denoise: Wavefield reconstruction via jittered 
undersampling: Geophysics, 73, no. 3, V19–V28, doi:10.1190/1.2841038. 

Herrmann, F. J., and G. Hennenfent, 2008, Non-parametric seismic data recovery with curvelet frames: 
Geophysical Journal International, 173, no. 1, 233–248, doi:10.1111/j.1365-246X.2007.03698.x. 

Hestenes, M. R., and E. Stiefel, 1952, Methods of conjugate gradients for solving linear systems: Journal 
of Research of the National Bureau of Standards, 49, 409–436. 

Leggott, R. J., R. Wombell, G. Conroy, T. Noss, and G. Williams, 2007, An efficient leasts-quares 
migration: 69th EAGE Conference and Exhibition, Expanded Abstracts, P178. 

Liu, B., 2004, Multi-dimensional reconstruction of seismic data: PhD thesis, University of Alberta. 

Liu, B., and M. D. Sacchi, 2004, Minimum weighted norm interpolation of seismic records: Geophysics, 
69, 1560–1568, doi:10.1190/1.1836829. 

Liu, B., M. D. Sacchi, and D. Trad, 2004, Simultaneous interpolation of 4 spatial dimensions: SEG 
Expanded Abstracts, 23, no. 1, 2009–2012, doi:10.1190/1.1851187. 

3660SEG Denver 2010 Annual Meeting
© 2010 SEG



Malcolm, A. E., M. V. de Hoop, and J. H. LeRousseau, 2005, The applicability of dip moveout/azimuth 
moveout in the presence of caustics: Geophysics, 70, no. 1, S1–S17, doi:10.1190/1.1852785. 

Marple, S. L., ed., 1987, Digital spectral analysis with applications: Prentice-Hall Inc. 

Menke, W., 1989, Geophysical Data Analysis: Discrete Inverse Theory: Academic Press. 

Naghizadeh, M., and M. D. Sacchi, 2007, Multi-step auto-regressive reconstruction of seismic records: 
Geophysics, 72, no. 6, V111–V118, doi:10.1190/1.2771685. 

Naghizadeh, M., and M. D. Sacchi, 2009, f-x adaptive seismic-trace interpolation: Geophysics, 74, no. 1, 
V9–V16, doi:10.1190/1.3008547. 

Ronen, J., 1987, Wave-equation trace interpolation: Geophysics, 52, 973–984, doi:10.1190/1.1442366. 

Schonewille , M., A. Klaedtke, A. Vigner, J. Brittan, and T. Martin, 2009, Seismic data regula rization with 
the anti-alias anti-leakage Fourier transform: First Break, 27, 85–92. 

Spitz, S., 1991, Seismic trace interpolation in the F-X domain: Geophysics, 56, 785–794, 
doi:10.1190/1.1443096. 

Stolt, R. H., 2002, Seismic data mapping and reconstruction: Geophysics, 67, 890–908, 
doi:10.1190/1.1484532. 

Tikhonov, A. N. and A. V. Goncharsky, 1987, Ill-posed problems in the natural sciences: MIR Publisher. 

Trad, D., 2003, Interpolation and multiple attenuation with migration operators: Geophysics, 68, 2043–
2054, doi:10.1190/1.1635058. 

Trad, D., 2009, Five-dimensional interpolation: Recovering from acquisition constraints: Geophysics, 74, 
no. 6, V123–V132, doi:10.1190/1.3245216. 

Vermeer, G., 1990, Seismic wavefield sampling, volume 4: Society of Exploration Geophysic ists. 

Zwartjes, P., and A. Gisolf, 2006, Fourier reconstruction of marinestreamer data in four spatial 
coordinates: Geophysics, 71, no. 6, V171–V186, doi:10.1190/1.2348633. 

3661SEG Denver 2010 Annual Meeting
© 2010 SEG


