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ABSTRACT 

In order to attenuate the migration artifacts and increase the spatial resolution of the 
subsurface reflectivity, conventional migration can be replaced by the least squares 
prestack migration (LSPSM). However, this is a costly procedure and also requires a 
good knowledge of background velocity.  

This paper focuses on migration velocity analysis by measuring semblances on 
common image gather (CIG)s and extends the method to LSPSM CIGs. We show that 
when the data are sampled incompletely or irregularly, the LSPSM offset domain and 
shot domain common image gathers give higher resolution in the semblance or 
unnormalized crosscorrelation panel for choosing the correct velocity than conventional 
migration common image gathers. 

The velocity information extracted by these methods is accurate enough to give a good 
convergence in the least squares conjugate gradients and also a good reconstruction of 
missing data.  

 

INTRODUCTION 

In exploration seismology a source releases energy in the form of elastic waves into 
the subsurface. Designed receiver systems digitize and record the energy (wavefield) that 
arrives directly or reflects back to the earth surface. 

The sampled wavefield will be processed to be interpretable for geophysicists, 
geologists, or mining engineers. In the seismic data processing procedures, noises and 
unwanted signals are attenuated. After normal move out (NMO) correction, all traces 
corresponding to the same common midpoint (CMP) position are stacked to increase the 
signal to noise ratio. There are many other steps in the seismic data processing to give the 
best possible picture of the subsurface. Proper deconvolution, filtering, and multiple 
attenuations are some examples of these steps.  

However, there may be some pre-requisites that are violated or some noises that has 
not been considered. In the simple theory of seismic reflection method, reflectors are 
assumed to be horizontal and also earth is horizontally homogenous. This is not true in 
the real earth. In the simplest case, ignoring this fact leads to an image in which the 
dipping reflectors are not in the correct positions and may also have wrong dip angles.  

Migration is an effective tool in the seismic data processing in order to overcome 
some of these mentioned problems. Ideally, migration not only moves the dipping events 
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to the correct spatial position, but also collapses diffracted energies to the scatterpoints. 
Compared to the other steps in seismic processing, migration is a very complex and 
expensive procedure. It is mostly implemented on prestack data, a usually a very large 
dataset. The result of migration is an image which ideally shows the earth’s reflectivity 
model as a function of time or depth.  

Hagedoorn (1954) introduced the first computational method of migration, diffraction 
summation. In the 70’s Claerbout and Doherty (1972) showed how migration is an 
approximate solution to the wave equation. The integral formulation of the Kirchhoff 
migration was introduced by Schneider (1978). Gazdag (1978) and Stolt (1978) showed 
how to perform migration using properties of the Fourier transform (Gary et. al., 2000). 
Reverse time migration, one of the most expensive wavefield continuation methods of 
migration was introduced later (Baysal et al., 1983; Whitmore, 1983). Hill (1990) 
introduced the Gaussian beam migration based on the decomposition of data and source 
function in Gaussian beams. Researchers still are looking for new ways of migration or 
improvement of the older methods to extend them to be able to image the area with a 
complex geology. 

Each point in the geological domain may be regarded as a scatterpoint. Kirchhoff 
wave equation migration collapses all diffracted energies back to the original scatterpoint. 
In the resulted migration image, each dipping reflector is moved to the correct location 
with true dip and length. Because of its many advantages, when compare to the other 
methods of migration, Kirchhoff remained one of the main migration methods in the 
seismic exploration. Kirchhoff migration algorithms are computationally fast and can 
handle incomplete and/or irregularly sampled data. It can be implemented on both 
poststack and prestack data, and can also be used for the migration of the converted 
waves. Handling irregular topography is easier in with the Kirchhoff migration. Its ability 
to migrate a part of the image is another advantage of Kirchhoff migration. 

With a simple geology structure and in case of regularly and densely sampled data, 
Kirchhoff migration produces an acceptable subsurface reflectivity image. In reality, it is 
difficult to have a dense, regularly sampled seismic data, especially in the 3D surveys. 
Human-made obstacles, mountains, rivers, land topography, acquisition layout, and 
economical aspects, usually leave some gaps or cause an un-even distribution of azimuth 
(in 3D) and offsets in the acquired seismic data. Marine data also lack a wide distribution 
of azimuths, and may have gaps due to the marine construction or streamer feathering.  

The ability of easily handling incomplete and irregular seismic data is probably the 
main advantages of the Kirchhoff to the other methods of migration. However, 
incomplete data produce migration artifacts and give a blurred image of the earth 
reflectivity. Least squares migration (LSM) helps to avoid this problem. 

In order to overcome this shortcoming, Kirchhoff migration can be improved by a 
generalized inverse as an approximation to the exact inverse (Tarantola, 1984). This 
approach is called least squares migration or inversion (Nemeth et. al., 1999, Duquet et. 
al., 2000, Kuehl and Sacchi, 2001). This study focuses on the Kirchhoff least squares 
prestack time migration (LSPSM). Kirchhoff type of LSPSM proposed by Nemeth et. al. 
(1999) and Duquet et. al. (2000). Nemeth et. al. (1999) showed that LSM can be used to 
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reduce the acquisition footprints in the seismic data. LSPSM is not limited to the 
Kirchhoff method. Wave propagation migration and migration methods that utilize 
Fourier domain can also be used in the least squares scheme. However, wave propagation 
migration methods (Kuehl and Sacchi, 2001) have higher cost compare to the Kirchhoff 
method.  

Higher resolution images of the LSM can be used for data reconstruction. However, 
this method require an accurate estimate of the velocity. Migration velocity analysis on 
the Common Image Gather (CIG) is a useful tool to find the required migration velocity. 
the sensitivity of the LSM to the accuracy of the velocity information is a key to use LSM 
for migration velocity analysis, especially with incomplete and irregular data. The high 
sensitivity of LSM to the accuracy of velocity and its low sensitivity to the 
incompleteness and irregularities of data make it a practical choice for the velocity 
analysis. 

 

KIRCHHOFF LEAST SQUARES MIGRATION 

Many seismic processing and imaging problems can be written in the general form of: 

 𝒅 = 𝑮𝒎, (1) 

where 𝒅 is the observed seismic data, 𝒎 is the earth reflectivity model and 𝑮 is an 
operator acting on 𝒎 in order to produce 𝒅. Radon transform and deconvolution are the 
two processes which can be formulated as linear problems. Kirchhoff seismic modelling 
or de-migration is another example of an operator that can be written in terms of a linear 
problem.  

The inverse process,  

 𝒎 = 𝑮ିଵ𝒅, (2)  

recovers the earth model or reflectivity from the seismic data. Since matrix 𝑮 may not be 
square or non-invertible or it may be extremely large, calculating the inverse of 𝑮 may be 
difficult or impossible. Thus, approximations to the inversion are used. The first 
approximation uses the transpose (adjoint) of 𝑮: 

 𝒎ෝ = 𝑮𝑻𝒅, (3) 

where 𝒎ෝ  is the migrated image and 𝑮𝐓 is the migration operator.  

By defining Kirchhoff modelling (equation 1) as a forward operator and Kirchhoff 
migration (equation 3) as its adjoint (conjugate transpose) operator, seismic imaging can 
be considered as an inversion problem. Substitution of 𝒅 from equation 1 into equation 3 
results in: 

 𝒎ෝ = 𝑮𝑻𝑮𝒎. (4) 
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If 𝑮𝑻𝑮 = 𝑰, then Kirchhoff migration would reconstruct the true earth reflectivity 
model. However, due to the geometrical spreading loss during modelling or irregularity 
and/or incompleteness of sampled seismic data, 𝑮𝑻𝑮 is different from an identity matrix. 
In such cases Kirchhoff pre-stack migration produces artifacts in the migrated image. 

In the LSM, migration artifacts are attenuated by minimizing the difference between 
the observed data, 𝒅, and the modeled data, 𝑮𝒎 , expressed by |𝑮𝒎 − 𝒅|, where 𝒎  is an 
approximation to 𝒎. Since data include some errors, trying to find a model to fit the data 
perfectly will be replaced by 

 𝒆 = 𝑮𝒎 − 𝒅, (5) 

where 𝒆 is an error vector (Sacchi, M. D., 2005, course note in MITACS 2005, 
University of Alberta). Minimum norm or Euclidian norm solutions includes finding a 
model, 𝒎 , that minimizes the following cost function: 

 𝐽(𝒎 ) = ‖𝒎 ᇱ𝒎 ‖ଶ, (6) 

subject to the data constraint: 

 ‖𝑮𝒎 − 𝒅‖ଶ = 𝜖. (7) 

 

These two equations, together implies the minimization of a cost function in the form 
of: 

 𝐽(𝒎 ) = ‖𝑮𝒎 − 𝒅‖ଶ + 𝜇ଶ‖𝒎 ‖ଶ.  (8) 

where 𝜇 is the regularization weight. 

In a more general form, an objective function to reduce the migration artifacts can be 
written as (Nemeth, 1999):  

 𝐽(𝒎 ) = ‖𝑮𝒎 − 𝒅‖ଶ + 𝜇ଶℛ(𝒎 ). (9) 

 

The first term in the right hand side of equation 8 is data misfit. In the minimization of 𝐽(𝒎 ), this term recovers a model to fit the data. Second term on the right hand side of 
equations 8 and 9 is a regularization term. 

By ignoring the regularization term, 𝜇 = 0, after taking the first derivative of the 
remaining cost function and setting it equal to zero, the following normal equation is 
achieved: 

 𝑮𝑻𝑮𝒎𝑳𝑺 − 𝑮𝑻𝒅 = 𝟎. (10) 

 

This gives the least squares solution, 𝒎𝑳𝑺,  
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 𝐦𝐋𝐒 = (𝑮𝐓𝑮)ି𝟏𝑮𝐓𝒅.  (11) 

 

Minimum norm is the simplest form of the regularization function, ( ℛ(𝒎) = ‖𝒎‖ଶଶ), 
which leads to the damped least squares solution, 𝒎𝑫𝑳𝑺, to the problem: 

 𝒎𝑫𝑳𝑺 = (𝑮𝐓𝑮 + 𝜇ଶ𝑰)ିଵ𝑮𝐓𝒅.  (12) 

 

Smoothing in the offset direction (smoothing in the direction of the hyperbola 
trajectories in a shot gather) is another constraint which can be performed on the LSPSM 
by assuming ℛ(𝒎) = ‖𝑫𝒎‖ଶଶ, where 𝑫 is the first derivative in the offset direction 
and mathematically is expressed by multiplication of the following matrix to the model 
vector: 

 𝑫 =   −1 +1    0  0 −1 +1  0    0 −1 ⋯⋯⋯⋯ ⋯ ⋯ ⋯ . (13) 

 

First derivative operator acts as a high pass filter. Therefore, minimization of a cost 
function with this regularization term is equal to penalizing high frequency contents. 
Solution to a LSPSM problem with smoothing as the regularization, 𝒎𝑺𝑳𝑺, is: 

 𝒎𝑺𝑳𝑺 = (𝑮T𝑮 + 𝜇ଶ𝑫T𝑫)ିଵ𝑮T𝒅.  (14) 

 

 

Practiced LSPSTM  

Since the images resulted from the least squares migration have higher resolution than 
the images from migration, they can then be used in a forward problem to reproduce or 
interpolate the missing data (Nemeth, 1999).  

There are some issues associated with the replacement of the migration with the least 
squares migration. The main problem is that the convergence of the method to a solution 
depends on the accuracy of the background velocity model. Without a reasonably 
accurate background velocity, least squares migration does not converge to the desired 
solution. Least squares migration is more sensitive to the accuracy of the velocity 
information than the migration itself (Yousefzadeh, 2008).  

The second problem is that least squares migration is more computer time and 
memory consuming procedure than the migration. LSPSM ends up with solving a large 
system of linear equations. A modified version of Conjugate Gradient (CG) (Hestenes 
and Steifel, 1952) method, Least Squares Conjugate Gradient (LSCG) (Scales, 1987) 
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method has been widely used as a solver for the LSM equation (Nemeth et. al., 1999, 
Duquet et. al., 2000, Kuehl and Sacchi, 2001, and Yousefzadeh, 2008). However, this is 
still an expensive method. In solving the equation with LSCG method, each iteration 
requires more than two migration running time. 

To show the advantage of using LSPSM instead of migration consider the acquisition 
geometry in Figure 1 which shows 16 sources and 96 receivers per sources. Source 
interval is 187.5 m and receiver interval is 15.625 m and sampling rate is 2 ms. This 
geometry is considered on an earth with horizontal and faulted dipping and folded layers 
with the velocity shown in Figure 2. The background velocity starts at 2300 m/s at the top 
and increases to 6300m/s at the bottom.  

Using forward Kirchhoff prestack time modelling operator synthetic data are 
generated. Then, %0.2 random noise is added to data. Synthetic data is prestack migrated 
(Figure 3) and least squares prestack Kirchhoff time migrated with 20 iterations using 
LSCG (Figure 4). The LSPSM produced higher resolution image than the migration 
itself. The fault, shallower reflectors, and folds show themselves better on the image 
resulted from LSPSM. The migration artifacts are more attenuated if we use regularized 
LSM with smoothing in the offset direction as the regularization. Figure 5 shows the 
effect of implying this regularization with 𝜇 = 2 × 10ି. Comparing Figure 5 to Figure 
4, regularized LSM shows slightly higher resolution image. 
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FIG. 1. Acquisition geometry used to generate synthetic data. blue: sources, red: receivers, 
green: CMP or image points.  

 

FIG. 2. Interval velocity model used for generation of synthetic data. 
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FIG. 3. Migration of the synthetic data.  

FIG. 4. LSPSM of the synthetic data.  
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FIG. 5. Regularized (smoothing in the offset direction) LSPSM of synthetic data, 𝜇 = 2 × 10ି. 

Decimating some traces increases the migration artifacts. Figure 6 shows the geometry 
when we decimate data by regularly removing %75 of the traces. Migration of these 
dataset is shown in Figure 7. Applying the LSPSM to these data gives the image in 
Figure 8 in which most migration artifacts are attenuated.  

 

  

FIG. 6. Acquisition geometry for the synthetic data, when %75 of traces is removed regularly. 
blue: sources, red: receivers, green: image points. 
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FIG. 7. Migration of synthetic data, when %75 of traces is removed regularly.  

 

FIG. 8. LSPSM of synthetic data, when %75 of traces is removed regularly.  
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As seen in these synthetic examples, LSPSM is able to attenuate migration artifacts 
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FIG. 9. Acquisition geometry for the synthetic data, when %75 of traces is removed randomly. 
blue: sources, red: receivers, green: image points.  

FIG. 10. Migration of synthetic data, when %75 of traces is removed randomly.  
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FIG. 11. LSPSM of synthetic data, when %75 of traces is removed randomly.  

 

Data reconstruction with LSM 

Data reconstruction is one of the least squares migration capabilities. There are many 
processes in the seismic data analysis which ask for regularly sampled data. Some 
methods of multiple attenuation and some powerful methods of migration that are mostly 
being done in the frequency domain require regularly sampled data. Replacing missing 
traces with traces having zero amplitude for all samples introduces some artifacts in the 
resulted images.  

Nemeth et al. (1999) suggested data reconstruction or interpolation using LSM. Since 
the resulting image of LSM is a high resolution image, it can be used for the data 
reconstruction. Suppose 𝑮𝒊 and 𝒅𝒊 show the forward modelling operator for incomplete 
data, and incomplete data, respectively. Then the least squares image may be calculated 
by, 
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Then complete data, 𝒅, are achievable by forward modelling of 𝒎𝑳𝑺: 

 𝒅 = 𝑮𝒎𝑳𝑺 = 𝑮 (𝑮𝒊𝐓𝑮𝒊 + 𝜇ଶ𝑰)ିଵ𝑮𝒊𝐓𝒅𝒊.  (16) 

 

This method of data reconstruction is robust. However this method is relatively more 
expensive than the other methods of data reconstruction which usually use properties of 
the Fourier transform and works with a small part of data (one shotgather for instance) at 
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each time (for methods see: Spitz, 1991, Porsani, 1999, Gulunay, 2003). Using LSPSM, 
the observed data must tolerate several migration and modelling performances in the 
LSCG scheme until the algorithm converges to a reasonable model, and then there is an 
additional forward modelling with the new geometry of the sources and receivers. 

To show the ability of data reconstruction with LSPSM, we used the image of LSPSM 
in Figure 8 for reconstruction when %75 of data which were decimated regularly. Results 
in the first 50 traces from shotgather # 10 are shown in Figure 12. Figures 12a, 12b, 12c, 
and 12d show the original, decimated, reconstructed, and residual data, respectively. With 
having only %25 of data, LSPSM is a powerful method to reconstruct the missing data. 
The same results are achieved with irregularly decimated data as shown in Figure 13. 
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a)  b)  

  

c)  d)  

 FIG. 12. Reconstruction of data by LSM. %75 of data are removed regularly. a) data, b) 
decimated data, c) reconstructed data, d) residuals. First 50 traces from shotgather # 10 are 
shown.  
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a) b) 

  

c) d) 

FIG. 13. Reconstruction of data by LSM. %75 of data are removed randomly. a) data, b) 
decimated data, c) reconstructed data, d) residuals. First 50 traces from shotgather # 10 are 
shown.  
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Solving the least squares migration equation 

The performance of least squares seismic inversion requires solving an usually large 
system of linear equations. When 𝑮𝑻𝑮 is not a large matrix, inverse problem can be 
solved using direct methods. However, in the real seismic imaging problems, 𝑮 is a large 
matrix and its size equals to the number of grids in the model domain multiplied by the 
number of observations (data). In such cases the direct methods are not efficient.  

When 𝑮𝑻𝑮 is a positive definite matrix, Steepest Descent is a powerful method to 
solve equation (9). In this method, the cost function has a paraboloid shape and its 
minimum is the solution to equation (9) (Shewchuk, 1994). The Steepest Descent 
algorithm starts at an arbitrary point and follows the opposite direction of maximum 
gradient until gradient changes, and then it changes the direction to find a new minimum. 
The procedure continues until it arrives at a global minimum or exact solution. 

In the method of CG which is an improvement to the Steepest Descent, the new 
direction is orthogonal to the all previous directions. Therefore CG finds the solution in 
less iterations compare to the method of Steepest Descent (Hestenes and Steifel, 1952).  

CG requires that 𝑮𝑻𝑮 be a symmetric and positive definite matrix. LSCG, a modified 
version of CG method, does not require this condition and directly works with 𝑮 and 𝑮𝑻 
matrices. If equation 𝑮𝒎 = 𝒅 is an overdetrermined problem, then 𝑮𝐓𝑮 is nonsingular 
and LSCG converges to solve equation 𝑮𝑻𝑮𝒎𝑳𝑺 = 𝑮𝑻𝒅. However, since the condition 
number of the matrix 𝑮T𝑮 is square of the condition number of the matrix 𝑮, 
convergence of LSCG method is slower than the convergence of the CG method 
(Shewchuk, 1994). 

A LSCG’s algorithm to solve 𝑮𝑻𝑮𝒎𝑳𝑺 − 𝑮𝑻𝒅 = 𝟎, is in the follow: 

 𝒎 = 𝟎 𝒔 = 𝒅 − 𝑮𝒎 𝒓 = 𝑮𝑻𝒔 𝒑 = 𝒓 𝒒 = 𝑮𝒑 
 𝑖 = 0 

 For 𝑖 = 1: # of iterations 𝛼ାଵ = 𝒓 . 𝒓 𝒒. 𝒒  𝒎ାଵ = 𝒎 + 𝛼ାଵ𝒑 
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𝒔ାଵ = 𝒔 − 𝛼ାଵ𝒒 
 𝒓ାଵ = 𝑮𝑻𝒔ାଵ  ∗ 𝛽ାଵ = 𝒓ାଵ . 𝒓ାଵ 𝒓. 𝒓  𝒑ାଵ = 𝒓 + 𝛽𝒑 𝒒ାଵ = 𝑮𝒑ାଵ ∗∗ 𝑖 = 𝑖 + 1 endfor 

There are two multiplications of 𝑮 or 𝑮𝐓 with a vector (in the lines marked by “∗”and 
“∗∗”, respectively) in each iteration. Since there is no decomposition of 𝑮 or 𝑮𝑻in the 
algorithm, it is possible to use operators instead of explicit forms of 𝑮 or 𝑮𝐓 matrixes. 
This reduces the required memory. However, this means that each iteration in the LSCG 
has twice computational cost of one migration (or modelling). For example 10 iterations 
in the LSCG are equal to 20 migrations in the time cost. 

Each Kirchhoff prestack time migration includes calculation and/or application of the 
Double Square Root equation, proper weight function, rho filter, antialiasing filter, cross-
correlation, and interpolation. In order to have a modelling operator which is exactly the 
adjoint of the migration operator, the adjoint of all these steps must be considered in the 
modelling as well. This procedure causes the modelling operator to be even more 
expensive than the migration operator. For instance, adding triangle anti aliasing filter to 
the migration operator makes the modelling operator two times more expensive than the 
migration. 

For linear problems with any starting point, the Steepest Descent and CG methods 
always converge to the solution after 𝑛 iterations, where 𝑛 is the number of unknowns 
(Hestenes and Steifel, 1952). However, in the case of nonlinear problems, the best result 
is achievable when the starting point is considered to be close to the global minimum of 
the quadratic function. In a linear problem, any rough estimate of 𝒎 is suitable as the 
initial guess (Shewchuk, 1994). If there is not any other information about 𝒎, 𝒎 = 𝟎 is 
best choice.  

LSPSM images in Figures 4, 8, and 11 are calculated with 20 iterations in LSCG. 
Convergence rate in the CG method is an appropriate way of measuring the ability of the 
LSPSM in finding the best reflectivity image. In this paper, convergence rate is the 
relative Euclidean norm of the difference between the original data and the data achieved 
by forward modelling of LSPSM image after each iteration. Figure 14 shows the 
convergence rate for these images. As seen in this figure, LSCG is an efficient method to 
solve LSM problems. With known background velocity, residuals reduced to %10 in less 
than 10 iterations. 
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FIG. 14. Convergence of LPSTM with all data, and %75 regularly and randomly decimated data.  

 

MIGRATION AND LSPSM VELOCITY ANALYSIS 

As the industry moves to exploit smaller hydrocarbon resources in the areas with 
sophisticated geology, more advanced imaging techniques are required to provide a 
higher resolution of the subsurface image. LSM is one of these methods. Any advanced 
imaging method requires relatively accurate velocity information. Extracting proper 
velocity information is a main step for subsurface imaging and in seismic data processing 
in general. LSPSM recovers a high resolution image of subsurface reflectivity. In order to 
recover the unknown reflectivity, 𝒎, in LSPSM we have to define Kirchhoff modelling 
and migration operators, 𝑮 and 𝑮𝑻, as accurately as possible. These operators need a 
good estimation of the rms velocity to do migration and modelling correctly.  

A proper subsurface velocity information leads to a well-focused migration image. An 
inaccurate velocity model distorts the migration image. However, these distortions have 
some useful information about the velocity and can be used to modify the velocity model 
used in imaging. 

In the simplest method of velocity analysis in the data domain, one can use a CMP 
gather which has been NMO corrected several times using a plausible range of constant 
velocities. Correct velocity at each time results in flat events at that time. With a lower or 
higher velocity implemented, events will be over- or under-corrected, respectively. 
Flatness of the events can be used as a measurement tool for finding better velocity 
estimation at each time. Proper velocity at each time gives the maximum coherency at 
that time. Semblance is a commonly used type of the coherency measurements which can 
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 𝑆 = ଵெ ∑ ൫∑ ,()ಾసభ ൯మ∑ ∑ ,()మಾసభ ,  (17) 

where 𝑓,௧() is the amplitude of 𝑖th trace at time 𝑡(𝑖) amd 𝑀 is the number of traces that 
contributes to the measurements. Semblance is the energy of the stack normalized by the 
energy of the components of stack (Sheriff, 2002). 

By calculating semblance at each time and for all constant velocities in the range, a 
panel of semblance is obtained. In this panel the horizontal axis is the velocity and the 
vertical axis is two way traveltime. By choosing the maximum semblance at each time, 
the best velocity for that time in the corresponding CMP position is achieved. Yilmaz 
(2008) motioned a complete list of the other methods of coherency measurements which 
are useful for velocity analysis. 

NMO correction and semblance analysis are based on horizontal reflectors but will 
focus dipping events with higher velocity referred to as stacking velocities. With the rms 
velocity, NMO correction is not able to flatten dipping events. Velocity analysis on 
image domain instead of data domain can be used. 

Migration velocity analysis can be implemented by performing migration with a range 
of constant velocities and creating many migration images. Then comparing best image 
focusing for each time, we achieve a migration velocity function. In a better way this can 
be done by doing velocity analysis on each CIG, instead of the whole image. Here, we 
extend this method to the CIGs resulted from LSPSM. 

Prestack Kirchhoff migration of 2D data produces a migrated section with two spatial 
coordinates, 𝑥 and 𝜏. It is not difficult to divide the integration of Kirchhoff migration to 
a few sets of different recording offsets (and azimuths in 3D) (Biondi, 2007). The result 
will be a cube (or hypercube, 4D) and each section is a “prestack partial image” as called 
by Biondi (2007). CIG or Common Reflection Point (CRP) referred as a part of the image 
that corresponds to the specific surface point. 

Offset domain CIG are equivalent to CMP gathers after NMO correction. However, in 
the image gathers, the focused energy is migrated and comes from the area below the 
CMP position. Hence, they are better than the data domain gathers for velocity estimation 
of dipping layers. Velocity analysis based the on semblance method can be extended to 
the migration velocity analysis on offset domain CIGs.  

There are three common types of CIG. Offset domain CIG is probably easiest one to 
produce and work with. In the offset domain CIG, horizon axis is the absolute source-
receiver distance. In the angle domain CIG, horizon axis shows the incident angle 
parameter. In shot domain CIG, the distance between image point and source is the 
horizontal axis. Both, offset domain and shot domain CIGs can be can be sassily obtained 
by prestack Kirchhoff migration. Our focus in this paper is on the offset domain and shot 
domain CIGs. We show the effect of error in velocity information on the LSPSM images 
and then we show relative advantages of using CIGs from LSPSM instead of CIGs from 
migration. 
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Effect of the velocity accuracy on LSPSM 

To see the effect of the velocity accuracy on LSPSM, let study two cases with error in 
the velocity information. First, the velocity is %10 more than the true velocity, and 
second, the velocity is %10 less than the true velocity. 

Consider a data acquisition geometry as in Figure 1 and the velocity model shown in 
Figure 15. Data are produced using these geometry and model, then after adding one 
percent random noise, the data are decimated by removing %75 of the traces, regularly. 
This data are migrated using the true velocity. Figure 16 shows the result of migration. 
Result of LSPSM is shown in Figure 17. LSPSM image has higher resolution and the 
reflectors show better resolution and continuity as we expected from the previous 
discussions.  

 

 

FIG. 15. Velocity model used for studying the effect of velocity errors on LSPSM. 
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FIG. 16. Migration image of %75 decimated data with the true velocity. 

 

FIG. 17. LSPSM image of %75 decimated data with the true velocity. 
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migration resolution, but also it seems to introduce more noise to the resulted image. This 
image has been used for data reconstruction. Figure 20 shows the result of the data. 
Figures 20a, 20b, 20c, and 20d are the first 50 traces from shot number 10 in the original 
data, reconstructed data, the difference between original and reconstructed data, and the 
difference between the original and reconstructed data when true velocity is used in 
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LSPSM, respectively. Where Figure 20d shows a very good reconstruction of data, 
Figure 20c shows the data reconstruction failed because of using only %10 lower than the 
true velocity. Same result is achieved with using a velocity that is %10 higher than the 
true velocity. Figures 21, 22, and 23 show the migration image, LSPSM image, and data 
reconstruction, respectively, when velocity is %10 higher than the true velocity and 
complete data are being used.  

 

FIG. 18. Migration of complete data with the velocity %10 lower than the true velocity. 

 

FIG. 19. LSPSM of complete data with the velocity %10 lower than the true velocity. 
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a) b) 

  

c) d) 

FIG. 20. Reconstruction of data by LSPSM. Complete data are used but velocity is 10% lower 
than the true velocity. a) data, b) reconstructed data, c) residual with wrong velocity, d) residual 
with true velocity. First 50 traces from shotgather # 10 are shown.  
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FIG. 21. Migration of complete data with the velocity %10 higher than the true velocity. 

 

FIG. 22. LSPSM of complete data with the velocity %10 higher than the true velocity.  
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a) b) 

  

c) d) 

FIG. 23. Reconstruction of data by LSPSM. Complete data are used but velocity is 10% higher 
than the true velocity. a) data, b) reconstructed data, c) residual with wrong velocity, d) residual 
with true velocity. First 50 traces from shotgather # 10 are shown. 
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Figure 24 shows the convergence rate for these three examples of LSPSM. As seen 
when the residuals converges to %10 in three iterations in case of using true velocity, it 
will not go to less than %75 with %10 higher velocity and %85 with %10 lower velocity 
is used in the LSPSM. 

 

FIG. 24. Convergence of LSPSM in 20 iteration with true, %10 more, and %10 less velocity  

 

Velocity analysis on LSPSM offset domain CIGs 

Now we construct the offset domain CIGs by dividing data into ten offset bins and 
migrating and performing LSPSM on the each offset bin separately using true velocity. 
The final image can be obtained by stacking images from all bins together. Figure 25 
shows the migration of first offset bin and Figure 26 shows the stack of images from all 
offset bins. Figures 27a and 27b show the corresponding offset domain CIG at 𝑥 =2250 𝑚 with using %25 of regularly sampled data, after migration and LSPSM, 
respectively. Figures 28 and 29 show same CIG when the implemented velocity is %10 
lower or higher than the true velocity, respectively. Offset domain CIGs from LSPSM 
have slightly higher resolution especially in the shallower parts of the CIGs. The higher 
resolution image of offset domain CIGs resulted from LSPSM compare to migration 
image make it attractive to use them for velocity estimation by the semblance method. 
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FIG. 25. Migration of first offset bin with true velocity. 

 

FIG. 26. Image resulted from stacking all offset bins migration images. 
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a) b) 

FIG. 27. Offset domain CIG at 𝑥 = 2250 𝑚 with the true velocity from a) migration and b) LSPSM. 

  

a) b) 

FIG. 28. Offset domain CIG at 𝑥 = 2250 𝑚 with %10 lower velocity from a) migration and b) 
LSPSM. 
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a) b) 

FIG. 29. Offset domain CIG at 𝑥 = 2250 𝑚 with %10 higher velocity from a) migration and b) 
LSPSM. 

In this section we use LSPSM offset domain CIGs for velocity analysis and compare it 
with velocity analysis based on migration offset domain CIGs. For this reason first we 
performed velocity analysis on %50 regularly sampled data using semblance method on 
CMP gathers, offset domain CIG gathers from migration, and offset domain CIG gathers 
from LSPSM. The velocity range starts from 2000m/s and with the increment of 50m/s 
increases to 4500m/s.  

Figures 30, 31, and 32 show the semblance spectrums at the position 𝑥 = 2250 𝑚 
with %50 of data. Figure 30 shows the semblance spectrum for CMP gather, and Figures 
31, and 32 show the semblance spectrum for offset domain CIG from migration and 
LSPSM, respectively. The difference between the spectrum resulted from LSPSM and 
the migration is negligible.  

However the improvement in the semblance by using LSPSM instead of migration 
becomes more visible when most of the data are decimated. Figures 33, 34, and 35 show 
the semblance spectrum on data, on migration offset domain CIG, and on LSPSM offset 
domain CIG at the same position, 𝑥 = 2250𝑚, when %90 of data regularly decimated. 

Comparison between Figures 34 and 35 shows that offset domain CIG from LSPSM 
gives a better image for the velocity estimation than the migration offset domain CIGs.  
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FIG. 30. Semblance spectrum for CMP at 𝑥 = 2250 𝑚 with %50 of data. 

 

FIG. 31. Semblance spectrum for Migration offset domain CIG at 𝑥 = 2250 𝑚 with %50 of data. 
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FIG. 32. Semblance spectrum for LSPSM offset domain CIG at 𝑥 = 2250 𝑚 with %50 of data. 

 

FIG. 33. Semblance spectrum for CMP at 𝑥 = 2250 𝑚 with %10 of data. 
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FIG. 34. Semblance spectrum for Migration offset domain CIG at 𝑥 = 2250 𝑚 with %10 of data. 

 

 

FIG. 35. Semblance spectrum for LSPSM offset domain CIG at 𝑥 = 2250 𝑚 with %10 of data. 
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With the velocity information extracted by this method on the %10 of regularly 
decimated data, decimated data are migrated. Figure 36 shows the migration result. 
Figure 37 shows the LSPSM result when the same data and velocity is used. Migration 
image is blurred but LSPSM is able to give a high resolution image with less blurriness.  

This image is used for the reconstruction of %90 missing data. Figure 38 shows the 
result. In this figure, 38a shows the decimated data and 38b shows the reconstructed data. 
Difference between original and reconstructed data is shown in Figure 38c. Figure 38d 
shows when true velocity is used for data reconstruction. Comparison between Figures 
38c and 38d shows that the data reconstruction was successful.  

 

 

FIG. 36. Migration of %10 regularly decimated data with the velocity extracted with semblance 
analysis on LSPSTM offset domain CIGs. 
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FIG. 37. LSPSTM of %10 regularly decimated data with the velocity extracted with semblance 
analysis on LSPSTM offset domain CIGs. 
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a) b) 

  

c) d) 

FIG. 38. Reconstruction of %90 data by LSPSM using extracted velocity information. a) 
decimated data, b) reconstructed data, c) residual using extracted velocity, d) residual with true 
velocity. First 50 traces from shotgather # 10 are shown. 
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To see accuracy of the extracted velocity information, it is also useful to compare the 
convergence rate of the LSPSM with true velocity and when the achieved velocity is 
implemented. Figure 39 shows the convergence when true, %10 more, %10 less, and the 
extracted velocity is used in LSPSM. In one iteration LSPSM with the extracted velocity 
converge to %31 of the original difference where this amount with true velocity is %27. 
Finally in 20 iterations, the extracted velocity cause the convergence rate goes down to 
%7, only %3 more than when the true velocity has been used for LSPSM. 

 

 

FIG. 39. Convergence of LSPSM in 20 iteration with true, %10 more, and %10 less and extracted 
velocity. 

 

Velocity analysis on LSPSM Shot domain CIGs 

In this section, the idea of velocity analysis on LSPSTM offset domain CIGs is 
extended to the LSPSM shot domain CIGs. We use LSPSM shot domain CIGs for 
velocity analysis and compare it with velocity analysis based on migration shot domain 
CIGs. 

In the shot domain CIGs, the horizontal axis shows the distance between the source 
position and the corresponding image position. Therefore, the number of traces per CIG 
is equal to the number of shot points. The number of the shot points for a 2D seismic line 
can be relatively a large number, therefore, we limit the number of traces in the shot 
domain CIGs by binning the maximum source to image point distance to a reasonably 
small number. The number of bins depends on the shot distance and the complexity of 
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area. The best choice of the number of bins is when there are between two to five shot 
points stacked in one CIG bin. 

For all analyses in this section, synthetic data created for the acquisition geometry 
shown in Figure 1 and the velocity model shown in Figure 15. The mentioned geometry 
includes 16 sources. We realized that 8 is a reasonable number for binning the source 
image point distance. Binnig to the higher number introduces some artifacts to the 
migration of each bin. With this binning, and using the complete dataset, we performed 
migration and LSPSM. 

Figure 40 shows two migration shot domain CIGs in the surface positions 𝑥 = 900𝑚 
and 𝑥 = 2250𝑚. Figure 41 shows the two LSPSM shot domain CIGs from the same 
positions. Migration and LSPSM of the data in the shot domain CIGs are shown in 
Figures 42 and 43. LSPSM images show higher resolution than the migration image in 
both, the shot domain CIGs and the final images.  

 

  

a) b) 

FIG. 40. Migration shot domain CIGs. a) at position 𝑥 = 900 𝑚, b) at position 𝑥 = 2250 𝑚. 
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a) b) 

FIG. 41. LSPSM shot domain CIGs. a) at position 𝑥 = 900 𝑚, b) at position 𝑥 = 2250 𝑚. 

 

 

FIG. 42. Migration of shot domain binned synthetic data.  
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FIG. 43. LSPSM of shot domain binned synthetic data.  

 

Now, using an incorrect velocity, migration and LSPSM is performed on the data. The 
resulted shot domain CIGs at the positions 𝑥 = 900𝑚 and 𝑥 = 2250𝑚 with a velocity 
that is %10 lower than the true velocity are shown in Figure 44. With this velocity, 
LSPSM shot domain CIGs at the same positions are shown in Figure 45. 
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highly decimated. Figure 48 shows the migration and LSPSM shot domain CIGs at the 
position 𝑥 = 2250𝑚 when %90 of data decimated regularly.  
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a) b) 

FIG. 44. Migration shot domain CIGs with a velocity %10 less than the true velocity. a) at position 𝑥 = 900 𝑚, b) at position 𝑥 = 2250 𝑚. 

  

a) b) 

FIG. 45. LSPSM shot domain CIGs with a velocity %10 less than the true velocity. a) at position 𝑥 = 900 𝑚, b) at position 𝑥 = 2250 𝑚. 
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a) b) 

FIG. 46. Migration shot domain CIGs with a velocity %10 higher than the true velocity. a) at 
position 𝑥 = 900 𝑚, b) at position 𝑥 = 2250 𝑚. 

  

a) b) 

FIG. 47. LSPSM shot domain CIGs with a velocity %10 higher than the true velocity. a) at position 𝑥 = 900 𝑚, b) at position 𝑥 = 2250 𝑚. 
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a) b) 

FIG. 48. Shot domain CIGs at the position 𝑥 = 2250 𝑚 with a velocity that is %10 lower than the 
true velocity and %90 of data decimated regularly. a) Migration, b) LSPSM. 

 
The high sensitivity of the shot domain LSPSM CIGs to the velocity accuracy make it 

attractive for the velocity analysis. We perform velocity analysis on the shot domain 
CIGs in the same method that we used semblance analysis on the offset domain CIGs. 
Using constant velocities within a range that starts at 2000m/s and with the increment of 
25m/s increases to 4500m/s, we performed constant velocity migration and LSPSM on 
the data and we achieved a semblance spectrum for each CIG.  

Figure 49 shows the semblance spectrum on the migration shot domain CIG at the 
position 𝑥 = 2250𝑚 when %50 of data regularly decimated. It is hard to choose the 
correct velocities for each time from this panel. This is due to strong incoherency of shot 
domain CIGs when the incorrect velocity is used. Fortunately, there are other methods of 
coherency measurements for velocity analysis. We found that the “unnormalized 
crosscorrelation sum” (Yilmaz, 2008), XC, is a useful quantity for measuring the 
coherency in the shot domain migration and LSPSM CIGs. XC is defined by,  

 𝑋𝐶 = ଵଶ ∑ ቄൣ∑ 𝑓,௧()ெୀଵ ൧ଶ − ∑ 𝑓,௧()ଶெୀଵ ቅ ,௧   (18)  

where 𝑓,௧() is the amplitude of 𝑖th trace at time 𝑡(𝑖) amd 𝑀 is the number of traces that 
contributes to the measurements in a defined gate (Yilmaz, 2008). Yilmaz (2008) 
interpreted XC is “half the difference between the output energy of the stack and the 
input energy”. 

0 1000 2000 3000

0

0.5

1

1.5

2

S-I Offset(m)

T
im

e(
s)

CIG 50 BIN Migration

0 1000 2000 3000

0

0.5

1

1.5

2

S-I Offset(m)
T

im
e(

s)

CIG 50 BIN LSCG



LSM Velocity analysis 

 CREWES Research Report — Volume 23 (2011) 43 

Figure 50 shows the XC spectrum for the migration shot domain CIG at the position 𝑥 = 2250𝑚 when %50 of data are regularly decimated. Comparison between figures 49 
and 50 shows the effectiveness of using XC instead of semblance for velocity analysis on 
the shot domain CIGs. 

 

FIG. 49. Semblance spectrum for the migration shot domain CIG at 𝑥 = 2250 𝑚 with %50 of data. 
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FIG. 50. XC spectrum for the migration shot domain CIG at 𝑥 = 2250 𝑚 with %50 of data. 

 

Figures 51, and 52 show the XC spectrums for the migration and LSPSM shot domain 
CIGs, respectively, at the position 𝑥 = 900 𝑚 when only %10 of data is used. Figures 53 
and 53 shows the same spectrum at the position 𝑥 = 2250𝑚. The improvement in the 
XC resolution for velocity analysis by using LSPSM shot domain CIGs instead of 
migration shot domain CIGs is noticeable.  

 

Velocities"m/sec"

T
im

e"
se

c"

XC

2000 2500 3000 3500 4000

0

0.5

1

1.5

2



LSM Velocity analysis 

 CREWES Research Report — Volume 23 (2011) 45 

  

FIG. 51. XC spectrum for the migration shot domain CIG at 𝑥 = 900 𝑚 with %10 of data. 

 

 

FIG. 52. XC spectrum for the LSPSM shot domain CIG at 𝑥 = 900 𝑚 with %10 of data. 
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 FIG. 53. XC spectrum for the migration shot domain CIG at 𝑥 = 2250 𝑚 with %10 of data. 

 

FIG. 54. XC spectrum for the LSPSM shot domain CIG at 𝑥 = 2250 𝑚 with %10 of data. 
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True rms velocity function and the rms velocity function achieved by XC analysis on 
the LSPSM shot domain CIGs are shown in Figures 55 and 56, respectively. The 
extracted velocity is highly agreed with the true velocity. However, it is not able to reveal 
the low velocity channel at the middle of the model.  

 

FIG. 55. RMS velocity model used for generation of synthetic data. 

  

FIG. 56. RMS velocity model extracted using XC method on the LSPSM shot domain CIGs. 
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of data is only twice more expensive than the velocity analysis on migration CIGs using 
all data.  

 

CONCLUSION 

Kirchhoff is an efficient migration method for seismic imaging. However, Kirchhoff 
LSPSM with using proper velocity information gives a higher resolution image than the 
standard Kirchhoff migration and produces less acquisition footprints.  

With dipping reflectors, semblance velocity analysis in the data domain fails to give 
the correct rms velocity. Semblance method on the offset domain CIGs or unnormalized 
crosscorrelation on the shot domain CIGs from migration can be used instead.  

We showed that doing velocity analysis with semblance method on the migration 
offset domain CIGs, which is a robust tool for migration velocity analysis, can be 
extended to the LSPSM offset domain CIGs.  

This gives better result when the data are irregularly or incompletely sampled. We 
showed that the velocity extracted by this method is accurate enough to give a high 
resolution image in LSPSM and works well for the data reconstruction. The same result 
is achieved by using an unnormalized crosscorrelation on the shot domain CIGs.  

Replacement of migration CIGs with LSPSM CIGs for velocity analysis is a costly 
procedure. However, it gives better results with incomplete or irregular data.  
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