
S-wave and C-wave time-lapse AVO

A framework for linear and nonlinear S-wave and C-wave
time-lapse difference AVO

Shahin Jabbari and Kristopher A. Innanen

ABSTRACT

Multicomponent time-lapse amplitude variation with offset (AVO) may improve ap-
proximating time-lapse difference data. The difference data during the change in a reser-
voir from the baseline survey relative to the monitor survey are described for shear wave,
and converted waves. We defined a framework for the difference reflection data, ∆RSS(θ),
∆RPS(θ), and ∆RSP (θ), in order of physical change or baseline interface contrast and
time-lapse changes. A framework for linear and non linear time-lapse difference data are
formulated using amplitude variation with offset (AVO) methods. The higher order terms
represent corrections appropriate for large contrasts. We conclude that in many plausible
time-lapse scenarios the increase in accuracy associated with higher order corrections is
non-negligible for shear wave and converted wave as well as P-wave.

INTRODUCTION

Production or employment of enhanced oil recovery techniques (EOR) will affect the
reservoir properties such as fluid flow and pressure. 4D Time-lapse extends the useful life of
an oilfield by monitoring these changes. Prior to utilizing a reservoir, a first seismic experi-
ment called the baseline survey is acquired, and after a particular interval of time following
several geological/geophysical changes, another seismic survey, called a monitor survey, is
acquired and then compared with the baseline survey (Greaves and Fulp, 1987; M. Landrø
and Strønen, 1999; Lumley, 2001). The measurable difference in the seismic trace between
the baseline and monitor survey, difference data, can be in amplitude, frequency, polarity,
or the location of the interfaces. Perturbation (scattering) theory and amplitude variation
with offset (AVO) methods can be used as a framework to model the difference data in a
time lapse survey. The baseline survey is taken to describe the background medium against
which to measure the perturbation detected in the monitor survey. The perturbation quanti-
fies the changes in P wave and S wave velocities and density from the time of the baseline
relative to the monitor survey (Innanen et al., 2013).

AVO methods indicate a nonlinear relationship between the pressure and saturation
changes and P wave velocity change. Indeed, there is a highly non-linear relationship
between P wave velocity change and the pressure change in a reservoir, demanding the use
of higher order terms (Landrø, 2001).

A framework has been formulated to model linear and nonlinear elastic time-lapse dif-
ference AVO (∆RPP (θ)) for P-P sections (Jabbari and Innanen, 2013). The study described
here focuses on applying the perturbation theory in a time-lapse amplitude variation with
offset (Time-lapse AVO) method to model a framework to describe the difference data for
the converted wave and shear wave.

Although P-wave seismic is the primary survey method in seismology, using multicom-
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FIG. 1. Displacement amplitude of an incident P-wave with related reflected and transmitted P and
S waves.

ponent recording can improve and support P-wave seismic data, specially for rocks with
similar p-wave properties which may show a greater variation in S-wave properties (Figure
1). Multicomponent surveying has developed rapidly in both land and marine acquisition
and processing techniques, with many applications in structural imaging, lithologic estima-
tion, anisotropy analysis, and reservoir monitoring. The elastic properties of a rock, as well
as acoustic properties, changes when the pressure and fluid flow is altered in a reservoir
due to production. This raise the necessity of multicomponent 4D time-lapse analysis in a
reservoir (Stewart et al., 2002, 2003).

Theory

We will consider two seismic experiments involved in a time-lapse survey, a baseline
survey followed by a monitoring survey. The P-wave and S-wave velocities and the density
change from the time of the baseline survey relative to the monitoring survey. This pair
of models is consistent with an unchanging cap rock overlying a porous target which is
being produced. Let VP0 , VS0 , ρ0 and VPb

, VSb
, ρb be the rock properties of the cap rock and

reservoir at the time of the baseline survey. Amplitudes of reflected and transmitted P and
S waves impinging on the boundary of a planar interface between these two elastic media
are calculated through setting the boundary conditions in the Zoeppritz equations which
can be rearranged in matrix form e.g. (Aki and Richards, 2002):

P


RPP

RPS

TPP
TPS

 = bP and S


RSS

RSP

TSS
TSP

 = bS, (1)
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where

P ≡


−X −

√
1−B2X2 CX

√
1−D2X2

√
1−X2 −BX

√
1− C2X2 −DX

2B2X
√

1−X2 B(1− 2B2X2) 2AD2X
√

1− C2X2 AD(1− 2D2X2)

−1 + 2B2X2 2B2X
√

1−B2X2 AC(1− 2D2X2) −2AD2X
√

1−D2X2

 ,
(2)

S ≡


Y −

√
1−B′2Y 2 FY −

√
1− E2Y 2

−
√

1− Y 2 −B′Y
√

1− F 2Y 2 EY

−2Y
√

1− Y 2 B′(1− 2X2) 2AF 2Y
√

1− F 2Y 2 −AE(1− 2F 2Y 2)

1− 2Y 2 2Y
√

1−B′2Y 2 AF (1− 2F 2Y 2) 2AF 2Y
√

1− E2Y 2

 ,
(3)

X = sin θ, θ is the P-wave incident angle, and Y = sinφ, φ is the S-wave incident
angle , and

bP ≡


X√

1−X2

2B2X
√

1−X2

1− 2B2X2

 , and bS ≡


Y√

1− Y 2

2Y
√

1− Y 2

1− 2Y 2

 , (4)

The ratio of elastic parameters are defined as:

A ≡ ρ1

ρ0

, B ≡ VS0

VP0

, B′ ≡ VP0

VS0

, C ≡ VP1

VP0

, D ≡ VS1

VP0

, E ≡ VP1

VS0

, F ≡ VS1

VS0

. (5)

Reflection coefficients are determined by using Cramer’s rule and forming auxiliary ma-
trices PP and PS by replacing the first and then second columns of P with bP , and then
forming a further two auxiliary matrices SS and SP by replacing the first and then second
columns of S withbS :

RPP (θ) =
det(PP )

det(P )
, RPS(θ) =

det(PS)

det(P )
RSS(φ) =

det(SS)

det(S)
, RPS(φ) =

det(SP )

det(S)
.

(6)

RPP , RPS , RSS , and RSP for the monitor survey are calculated using the same method.
Rock properties for cap rock are the same, but reservoir properties change to VPm, VSm,
ρm. The difference data reflection coefficients between the baseline and monitor survey is
then calculated as:

∆RPP (θ) =Rm
PP (θ)−Rb

PP (θ)

∆RPS(θ) =Rm
PS(θ)−Rb

PS(θ)

∆RSS(φ) =Rm
SS(φ)−Rb

SS(φ)

∆RSP (φ) =Rm
SP (φ)−Rb

SP (φ).

(7)
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In our time lapse study we have considered two groups of perturbation parameters (Innanen
et al., 2013; Stolt and Weglein, 2012). we use the same standard scattering nomenclature
found in e.g. Stolt and Weglein (2012). The first group expresses the perturbation caused
by propagating the wavefield from the first medium to the second medium in the baseline
survey:

bV P = 1−
V 2
P0

V 2
Pb

, bV S = 1−
V 2
S0

V 2
Sb

, bρ = 1− ρ0

ρb
. (8)

The second group is to account for the change from the baseline survey relative to the
monitor survey, the time lapse perturbation, we define:

aV P = 1−
V 2
Pb

V 2
Pm

, aV S = 1−
V 2
Sb

V 2
Sm

, aρ = 1− ρb
ρm

. (9)

Elastic parameters may re-defined in terms of perturbations in P-wave and S-wave veloci-
ties and the densities as:

A =(1− bρ)−1 × (1− aρ)−1,

C =(1− bV P )−
1
2 × (1− aV P )−

1
2 ,

D =
VS0

VP0

× (1− bV S)−
1
2 × (1− aV S)−

1
2 ,

E =
VP0

VS0

× (1− bV P )−
1
2 × (1− aV P )−

1
2 ,

F =(1− bV S)−
1
2 × (1− aV S)−

1
2

(10)

These forms are substituted into equation (2) and (3), and the determinants and determina-
tions in equation (6) are expanded in orders of all six perturbations, sin2 θ, and sin2 φ.

∆RPP (θ) =∆R
(1)
PP (θ) + ∆R

(2)
PP (θ) + ∆R

(3)
PP (θ) + ...

∆RPS(θ) =∆R
(1)
PS(θ) + ∆R

(2)
PS(θ) + ∆R

(3)
PS(θ) + ...

∆RSS(φ) =∆R
(1)
SS(φ) + ∆R

(2)
SS(φ) + ∆R

(3)
SS(φ) + ...

∆RSP (φ) =∆R
(1)
SP (φ) + ∆R

(2)
SP (φ) + ∆R

(3)
SP (φ) + ...

(11)

∆RPP (θ) for first order, second order, and third order can be found in Jabbari and Inna-
nen (2013). Reflection coefficient difference data for converted wave and shear wave are
presented in the following section.
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Time-lapse difference data for converted wave and shear wave

Linear and higher order terms for a down going p-wave and upcoming S-wave are:

∆R
(1)
PS(θ) =

[
−VS0

VP0

sin θ

]
aV S +

[
−1

2

(
2
VS0

VP0

+ 1

)
sin θ

]
aρ

∆R
(2)
PS(θ) =

[
−3

4

VS0

VP0

sin θ

]
a2
V S +

[
−1

2
sin θ

]
a2
ρ +

[
1

2

(
2
VS0

VP0

− 1

)
sin θ

]
bρaρ

+

[
−1

2

VS0

VP0

sin θ

]
bV SaV S +

[
1

4

VS0

VP0

sin θ

]
(aV paV S + aV pbV S + bV paV S)[

1

8

(
2
VS0

VP0

− 1

)
sin θ

]
(aV paρ + bρaV p + aρbV p + aρaV S + aρbV S + bρaV S)

∆R
(3)
PS(θ) =

[
−5

8

VS0

VP0

sin θ

]
a3
V S +

[
1

8

(
2
VS0

VP0

− 3

)
sin θ

]
a3
ρ +

[
−3

8

VS0

VP0

sin θ

]
(bV Sa

2
V S + b2

V SaV S) +

[
1

16

(
6
VS0

VP0

− 1

)
sin θ

]
(a2
ρaV S + b2

ρaV S + a2
ρbV S)+[

1

16

(
4
VS0

VP0

− 1

)
sin θ

]
(aρb

2
V S + aρa

2
V S + bρa

2
V S) +

[
1

16

(
2
VS0

VP0

− 1

)
sin θ] (bρa

2
V P + b2

ρaV P + aρb
2
V P + a2

ρbV P + a2
ρaV P + aρa

2
V P )+[

1

8

VS0

VP0

sin θ

]
(b2
V PaV S + a2

V P bV S + a2
V PaV S + bV P bV SaV S + aV P bV SaV S)

+

[
1

8

(
6
VS0

VP0

− 1

)
sin θ

]
(b2
ρaρ + bρa

2
ρ) +

[
1

32

(
2
VS0

VP0

− 1

)
sin θ

]
(aρbV PaV S

+ aρbV P bV S + bρaV PaV S + bρaV P bV S + aρaV PaV S + aρaV P bV S + bρbV PaV S)[
1

4

VS0

VP0

sin θ

]
(bρbV SaV S + aρbV SaV S) +

[
1

2

VS0

VP0

sin θ

]
(bρaρaV S + bρaρbV S)

+

[
3

16

VS0

VP0

sin θ

]
(aV P b

2
V S + aV Pa

2
V S + bV Pa

2
V S)

(12)
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Firs, second, and third order terms for time-lapse difference data for a down going S-wave
and upcoming P-wave are:

∆R
(1)
SP (φ) =

[
−VS0

VP0

sinφ

]
aV S +

[
−1

2

(
2
VS0

VP0

+ 1

)
sinφ

]
aρ

∆R
(2)
SP (φ) =

[
−
(

3

4

)
VS0

VP0

sinφ

]
a2
V S +

[
−1

2
sinφ

]
a2
ρ +

[
1

2

(
2
VS0

VP0

− 1

)
sinφ

]
bρaρ

+

[
−
(

1

2

)
VS0

VP0

sinφ

]
bV SaV S +

[(
1

4

)
VS0

VP0

sinφ

]
(aV PaV S + aV pbV S + bV paV S)[

1

8

(
2
VS0

VP0

− 1

)
sinφ

]
(aV paρ + bρaV p + aρbV p + aρaV S + aρbV S + bρaV S)

∆R
(3)
SP (φ) =

[(
3

8

)
VS0

VP0

sinφ

]
a3
V S +

[
1

8

(
10
VS0

VP0

+ 1

)
sinφ

]
(a3
ρ + bV SbρaV S + bV SaρaV S

+ bρa
2
V S + aρa

2
V S + aρb

2
V S) +

[
1

32

(
2
VS0

VP0

− 1

)
sinφ

]
(bV P bρaV S+

bV PaρaV S + bV SbρaV P + bV SaρaV P + bV PaρbV S + aV P bρaV S + aV PaρaV S)

+

[
1

4

(
6
VS0

VP0

+ 1

)
sinφ

]
(aρbρaV S + aρbρbV S) +

[
1

16

(
22
VS0

VP0

+ 3

)
sinφ

]
(aV Sa

2
ρ + bV Sa

2
ρ + aV Sb

2
ρ) +

[
1

8

(
14
VS0

VP0

+ 3

)
sinφ

]
(bρa

2
ρ + aρb

2
ρ)

[
1

16
+(

2
VS0

VP0

− 1

)
sinφ

]
(bV Pa

2
ρ + aV P b

2
ρ + aV Pa

2
ρ + a2

V P bρ + a2
V Paρ + b2

V Paρ)

+

[(
5

8

)
VS0

VP0

sinφ

]
(aV Sb

2
V S + bV Sa

2
V S) +

[(
1

8

)
VS0

VP0

sinφ

]
(aV Sb

2
V P + bV Sa

2
V P + aV Sa

2
V P

+ aV SbV SaV P + aV SbV SbV P ) +

[(
3

16

)
VS0

VP0

sinφ

]
(bV Pa

2
V S + aV P b

2
V S + aV Pa

2
V S)

(13)
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The results for shear wave, down going S-wave and upcoming S-wave are:

∆R
(1)
SS(φ) =

[
1

4

(
7 sin2 φ− 1

)]
aV S +

[
1

2

(
4 sin2 φ− 1

)]
aρ

∆R
(2)
SS(φ) =

[(
7

4
− VS0

VP0

)
sin2 φ− 1

8

]
a2
V S +

[(
1 +

(
1

4

)
VP0

VS0

− VS0

VP0

)
sin2 φ− 1

4

]
a2
ρ

+

[(
1− 2

VS0

VP0

)
sin2 φ

]
(aV Saρ + aV Sbρ + bV Saρ)

+

[(
7

4
− 2

VS0

VP0

)
sin2 φ

]
(aV SbV S) +

[((
1

2

)
VP0

VS0

− 2
VS0

VP0

)
sin2 φ

]
(aρbρ)

∆R
(3)
SS(φ) =

1

64

[
5−

(
96
VS0

VP0

+ 63

)
sin2 φ

]
a3
V S +

1

8

[(
3
VP0

VS0

− 4
VS0

VP0

− 16

)
sin2 φ+ 3

]
a3
ρ +

1

4
sin2 φ(aV Pa

2
V S + aV P b

2
V S + bV Pa

2
V S)

+
1

32

[
7−

(
48
VS0

VP0

+ 78

)
sin2 φ

]
(bρa

2
V S + aρa

2
V S + aρb

2
V S)

+
1

64

[
7−

(
160

VS0

VP0

+ 125

)
sin2 φ

]
(bV Sa

2
V S + aV Sb

2
V S)

+
1

8

[(
2
VP0

VS0

+ 8
VS0

VP0

− 35

)
sin2 φ+ 3

]
(bV Sbρaρ + aV Sbρaρ)

+
1

4

[(
2
VS0

VP0

− 1

)
sin2 φ

]
(bV SbV Paρ + bV SaV P bρ + aV PaV Saρ + aV SaV P bρ

+ aV SbV Paρ + bV PaV Sbρ + bV SaV Paρ) +
1

8

[(
VP0

VS0

+ 4
VS0

VP0

−4) sin2 φ
]

(bV Paρbρ + aV Paρbρ) +
1

16

[(
VP0

VS0

+ 4
VS0

VP0

− 4

)
sin2 φ

]
(aV P b

2
ρ + aV Pa

2
ρ + bV Pa

2
ρ) +

1

2

[
VS0

VP0

sin2 φ

]
(bV SaV PaV S + bV P bV SaV S)

+
1

8

[(
5
VP0

VS0

+ 4
VS0

VP0

− 32

)
sin2 φ+ 5

]
(aρb

2
ρ + bρa

2
ρ)

1

16

[
3−

(
16
VS0

VP0

+ 54

)
sin2 φ

]
(bV SaV Saρ + bV SaV Sbρ)

+
1

16

[(
2
VP0

VS0

− 8
VS0

VP0

− 47

)
sin2 φ+ 5

]
(aV Sb

2
ρ + aV Sa

2
ρ + bV Sa

2
ρ)

(14)

Time-lapse AVO in terms of relative seismic parameter changes

The linear and higher order approximation solutions for ∆R are presented as expan-
sions of the perturbation parameters in the previous section. We will compute time-lapse
difference data in terms of relative changes in seismic parameters, ∆VP

VP
, ∆VS

VS
, and ∆ρ

ρ
, be-

cause this choice permits quantitative comparison with other studies in the literature, and
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furthermore because AVO modelling series in order of relative change may have improved
convergence properties (Innanen, 2013). We designate the capital delta symbol to indicate
the relative changes in seismic parameters for the physical contrast between the cap rock
and reservoir in the baseline survey. To present changes in the seismic parameters due to
time lapse variations in the reservoir, we use a small delta symbol. The relative changes in
the baseline survey are defined as follows:

∆VP
VP

=2× VPb − VP0

VPb + VP0

,

∆VS
VS

=2× VSb − VS0

VSb + VS0

,

∆ρ

ρ
=2× ρb − ρ0

ρb + ρ0

,

(15)

while time-lapse perturbations are defined as :

δVP
VP

=2× VPm − VPb
VPm + VPb

,

δVS
VS

=2× VSm − VSb
VSm + VSb

,

δρ

ρ
=2× ρm − ρb

ρm + ρb
.

(16)

To express our linear and higher order time lapse difference data results in terms of relative
changes, we expand bV P , bV P , bV P , and ... in terms of the appropriate series of relative
changes as:

bV P =2

(
∆VP
VP

)
− 2

(
∆VP
VP

)2

+
3

2

(
∆VP
VP

)3

− ...

bV S =2

(
∆VS
VS

)
− 2

(
∆VS
VS

)2

+
3

2

(
∆VS
VS

)3

− ...

bρ =

(
∆ρ

ρ

)
− 1

2

(
∆ρ

ρ

)2

+
1

4

(
∆ρ

ρ

)3

+ ...,

(17)

and

aV P =2

(
δVP
VP

)
− 2

(
δVP
VP

)2

+
3

2

(
δVP
VP

)3

− ...

aV S =2

(
δVS
VS

)
− 2

(
δVS
VS

)2

+
3

2

(
δVS
VS

)3

− ...

aρ =
δρ

ρ
− 1

2

δρ

ρ

2

+
1

4

δρ

ρ

3

+ ...,

(18)

Substituting equation (17) and equation (18) into the equations for ∆RPP , ∆RPS , ∆RSP ,
∆RSS and linearizing them, and assuming small angles such that sin2 θ � 1 and sin2 φ�
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1,

∆RPP (θ) ∼ ∆R
(1)
PP (θ) =

1

2

(
δρ

ρ
+
δVP
VP

)
− sin2 θ

2V 2
S

V 2
P

(
δρ

ρ
+ 2

δVS
VS

)
+
δVP
2VP

sin2 θ

∆RSS(φ) ∼ ∆R
(1)
SS(φ) =

1

2

(
7 sin2 φ− 1

) δVS
VS

+
1

2

(
4 sin2 φ− 1

) δρ
ρ

∆RPS(θ) ∼ ∆R
(1)
PS(θ) =

(
−2

VS
VP

sin θ

)
δVS
VS
− 1

2

(
2
VS
VP

+ 1

)
sin θ

δρ

ρ

∆RSP (φ) ∼ ∆R
(1)
SP (φ) =

(
−2

VS
VP

sinφ

)
δVS
VS
− 1

2

(
2
VS
VP

+ 1

)
sinφ

δρ

ρ
(19)

Linearizing ∆RPP , we recover Landrø’s equation for approximation of the difference re-
flection data for P-P sections. The second and third order terms of the difference reflection
data in terms of relative parameters can be derived using the same process.

Numerical example

In this section, we examine the derived linear and non linear difference time lapse AVO
terms qualitatively with a numerical example. The exact difference data are compared with
our derived linear and higher order approximations for down going P-wave and upcoming
S-wave, and down going S-wave and upcoming P-wave in Figure 2. The second and third
approximations are in better agreement with the exact difference data, especially for angles
below the critical angle, which correspond to the range of study in this project.

CONCLUSION

Time-lapse measurements provide a tool to monitor the dynamic changes in subsur-
face properties during the time of the exploitation of a reservoir. Changes in the fluid
saturation and pressure will have an impact in elastic parameters of subsurface, such as
P wave and S wave velocities and density, which can be approximated by applying time-
lapse AVO analysis methods. A well-developed AVO regimes analyses converted wave and
shear waves AVO as well the P-wave AVO. Jabbari and Innanen have already investigated
P-wave time-lapse AVO and showed that adding the higher order terms in ∆RPP to the
linear approximation for difference time-lapse data increases the accuracy of the ∆RPP

and corrects the error due to linearizing ∆RPP (Jabbari and Innanen, 2013). In the current
research, we extended this work by formulating a framework for the difference reflection
data in ∆RSS , ∆RPS , and ∆RSP . The results showed that, including higher order terms
in ∆R for shear waves and converted wave improves the accuracy of approximating time
lapse difference reflection data, particularly for large contrast cases. Comparing linear,
second , and third order terms for ∆RPS and ∆RSP indicates as we are moving toward
higher order approximations; ∆RPS and ∆RSP are different. This confirms the difference
between exact ∆RPS and ∆RSP which does not show up in the linear approximation case.
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FIG. 2. ∆RPS , and ∆RSP for the exact, linear, second order, and third order approximation.
Elastic incidence parameters: VP0 = 2000m/s, VS0 = 1500m/s and ρ0 = 2.0g/cc ; Baseline
parameters:VPBL

= 3000m/s, VSBL
= 1700m/s and ρBL = 2.1g/cc; Monitor parameters:VPBL

=
4000m/s, VSBL

= 1900m/s and ρBL = 2.3g/cc .
Black: Exact difference data, Blue: Linear approximation, Red: Second order approximation, and
Green: Third order approximation.
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