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The S-transform and seismic data 
processing

• A seismic signal is often non-stationary,A seismic signal is often non stationary, 
meaning its frequency content changes with 
time (Margrave 1998)

• The S-transform is a technique of time-
frequency decomposition, enabling non-
stationary processing of seismic data 
A  basis for seismic interpolation (Naghizadeh and 

)Innanen 2010)
A tool for the estimation of local spectra



S-transformS transform
• For a time signal f(t), The S-transform [Stockwell et al. (1996)] 
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• The Gaussian window provides (1) time localization and (2) 
progressive resolution. 

• High computational cost has limited its use• High computational cost has limited its use.
• FGFT, proposed by Brown et al. (2010) and implemented by 

Naghizadeh and Innanen (2010) is a fast, non-redundant 
methodmethod  



S-transform from α-domainS transform from α domain 

• It is possible to calculate the S-transform from Brown et s poss b e o ca cu a e e S a s o o o e
al.(2010) refer to as the α-domain

),'()'(),'( ωωωωωωα WG ⋅+=
• Where G(ω+ ω’) is the FT of the signal shifted by ώ.  
• W(ω’, ω) is the FT of the Gaussian window functions.
• S-domain is obtained by taking FT of α-domain along the 

ω’ axis.  Given in Brown et al. (2010)
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Example: sum of two harmonicsExample: sum of two harmonics

Time signal Fourier Transform
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To make fast, segment in the α-

α - domain S - domain

domain 
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Unit Impulse Response of Fourier 
transform
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What about the Unit Impulse 
Response of the FST
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(a) Unit Impulse

e

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0

0.5

ti ( )

un
it 

im
pu

ls

time (s)
(b) S-domain of Unit Impulse

ν 
(H

z)

0

50

100

tau (s)

ν

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

100

20
(c) Profile through S-domain at location of Unit Impulse

0 20 40 60 80 100 120 140
0

10

f (H )

am
pl

itu
de

frequency (Hz)



Dependence upon position of unit 
impulse in time
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unit impulse at sample 50
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The calibrated fast S-transform 
(FST)

1
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Spectrum fidelity thresholds based 
on proximity of events

• Due to low resolution at low 
frequency nature of the FST 
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AVFAVF 

• Frequency dependent reflections in seismicFrequency dependent reflections in seismic 
field data have been associated with highly 
attenuative targets (Odebeatu et al 2006)attenuative targets (Odebeatu et al. 2006)

• Geologically, this may occur for a gas 
saturated reservoirsaturated reservoir

• AVF (Amplitude variations with frequency) 
i i f d i iinversion presents an avenue of determining 
subsurface rock properties/reservoir 
h i icharacterization



Anelastic ReflectivityAnelastic Reflectivity

• Frequency dependentFrequency dependent 
reflection coefficient 
associated with a gas 
saturated target 
(Odebeatu et al. 2006)

• Our goal is to develop 
the means to extract 
target information fromtarget information from 
this type of variability



AVF InversionAVF Inversion

• AVF inversion presents an untapped avenue ofAVF inversion presents an untapped avenue of 
determining subsurface rock 
properties/reservoir characterizationproperties/reservoir characterization 

• Theory for determining target Q, Qp or Qs 
given frequency dependent reflectiongiven frequency dependent reflection 
coefficient as input



Anelastic Reflection coefficientsAnelastic Reflection coefficients

• Reflection Coefficient(R) in terms of vertical wavenumber ( )

(1)
Use expression for wavenumber from Aki and Richards
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Use expression for wavenumber from Aki and Richards
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• Substitute  (2) into (1) To obtain expression for anelastic 
Reflection coefficients.
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Anelastic Reflection CoefficientsAnelastic Reflection Coefficients
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The Forward AVF ProblemThe Forward AVF Problem

• Innanen et al. (2008) cast the problem in terms of a e et a . ( 008) cast t e p ob e te s o
perturbations:
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• Expand and linearize equation (4) to obtain
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AVF inversionAVF inversion

• Equation (5) aFaR 1)(1)( +−= ωωEquation (5) 

i d i h i bl f

cQ aFaR
4
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• We are interested in the inverse problem of 
determining aQ from estimates of R(ω).  

• Given R(ω) at two exact values of frequency, 
ω1 and ω2,  aQ is estimated linearly as
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Realistic input for AVF InversionRealistic input for AVF Inversion
• A time-frequency decomposition such as the FST 

generates average amplitudes over fixedgenerates average amplitudes over fixed 
frequency bands

• Alter inverse theory to accommodate input fromAlter inverse theory to accommodate input from 
FST
Use forward modeling codes to generate traces with 

anelastic reflection coefficientsanelastic reflection coefficients
Implement the FST to estimate R(ω).  Call this 

estimate ( )ωR~

Compare with R(ω)
Reformulate AVF  inversion to take            as input 

( )ωR~

( )ωR~



Forward modeling anelastic 
reflection coefficients

C0 , Q0~∞

C1 , Q1 highly g y
attenuative target



Spectrum from FST compared with FFTSpectrum from FST compared with FFT 

0.08
(a) reflection coefficient for a two layer model, Q2=20Target Q=20

0 02

0.04

0.06

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

0

0.02

0.08

0.1
(c) reflection coefficient profile through S-domain and fft of reflection coefficient

Analytic 
The FST 
provides a very 

0 20 40 60 80 100 120 140

0.04

0.06spectrum

Spectrum 
ti t d

good 
approximation 
to the average

0 20 40 60 80 100 120 140estimated 
by FST Frequency (Hz)



Comparison of FST spectrum to FFTComparison of FST spectrum to FFT 
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(a) reflection coefficient for a two layer model, Q1=20
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0 20 40 60 80 100 120
0

0.05

0.1

A
m

pl
itu

de

0 20 40 60 80 100 120
frequency (Hz)



0.05

(a) reflection coefficient for a two layer model, Q1=15
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(a) reflection coefficient for a two layer model, Q1=13
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(c) profile through S-domain(blue) and FT of trace(black)
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(a) reflection coefficient for a two layer model, Q1=10
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(a) reflection coefficient for a two layer model, Q1=8
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(c) profile through S-domain(blue) and FT of trace(black)
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(a) reflection coefficient for a two layer model, Q1=7
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(c) profile through S-domain(blue) and FT of trace(black)
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(a) reflection coefficient for a two layer model, Q1=6
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(c) profile through S-domain(blue) and FT of trace(black)

0 20 40 60 80 100 120
0

0.05

0.1

A
m

pl
itu

de

0 20 40 60 80 100 120
frequency (Hz)



0.05

(a) reflection coefficient for a two layer model, Q1=5
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(c) profile through S-domain(blue) and FT of trace(black)
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(a) reflection coefficient for a two layer model, Q1=4
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(c) profile through S-domain(blue) and FT of trace(black)
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Error between FST and analyticError between FST and analytic
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Reformulating inversion to take
( )R~ as input

• The             values are an 

( )ωR
( )ωR~

average of the true 
spectrum over the 
frequency band of each tile
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Reformulating inversion to take
( )R~ as input

• let m1 and m2 be the

( )ωR
let m1 and m2 be the 
number of samples in 
Band 1 and Band 2 0.078

0.08
reflection coefficient profile through S-domain and fft of reflection coefficient

2
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BR

• Z is a normalization 
parameter
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• Then the equation for 
AVF inversion becomes
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See report for details



Initial Results
fQ ranges from 130 to 200
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A comparison of inverted Q to actual Q.  Q ranges from 130 to 200.
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Initial Results
Q ranges from 50 to 120

130
A comparison of inverted Q to actual Q.  Q ranges from 50 to 120.
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Initial Results
Q ranges from 1 to 40
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ConclusionsConclusions

• The calibrated FST produces closeThe calibrated FST produces close 
approximation of spectrum

• The AVF inversion theory was reformulated to• The AVF inversion theory was reformulated to 
use FST estimates of reflectivity as input
Th i d l f Q i l• The inverted values of Q are in close 
agreement with the actual values until Q 
d b l 8 I hi i ddrops below 8.  In part, this is due to 
linearization error.



Future WorkFuture Work

• Non-normal incidenceNon normal incidence
– Aperture limitations

Consider problem in space domain– Consider problem in space domain

• Implement non-linear corrections
• Anelastic formulations
• Wavelet, Noise
• Fidelity thresholds of spectrum based on 

proximity of eventsproximity of events
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