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Abstract

In this dissertation, the seismic properties of thin layers are studied. The normal-

incidence properties of one layer and two layers are studied in terms of amplitude,

frequency, and complex attributes of the composite wavelet. The offset-dependent

properties of one layer are also studied.

The amplitude results for one-layer models indicate that, as the thickness increases

from zero to the (l/8)Xd value, the amplitude changes quadratically. However, if the two

reflection coefficients have equal magnitudes and opposite polarities, the amplitude

increases linearly. At (l/4)Xd thickness, all four models show tuning effect.

The amplitude results for two-layered models show that the amplitude changes

quadratically as the thickness of one of the two layers increases from zero to the (1/S)X^

value, with tuning effect occurring at close to the (IM)X^ thickness. However, the model

with alternating polarities for the three reflection coefficients exhibits a minimum at

approximately the (1/16)Kd thickness, and a maximum at close to the (l/4)Xrf thickness.

These properties do not change appreciably as the thickness of one of the two layers

increases within a range of five fold.

In the frequency study, the results indicate that, as the thickness increases, the peak

frequencies of the composite reflections decrease slowly. However, for the one-layered

model whose reflection coefficients have unequal magnitude and opposite polarities and

the two-layered model whose reflection coefficients have alternating polarities, the peak

frequencies increase as the thickness increases from zero to the (1/16JA^VaIuC, and then

decrease as the thickness increases further.

The complex attributes study indicates that the instantaneous frequency is useful

for studying wavelet interference. Amplitude tuning effect combined with frequency
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tuning effect appears to be a good indicator of the existence of thin layers. However, the

use of complex attributes remains largely empirical and a pattern recognition tool.

The results of the offset-dependent study show that tuning effect can change

drastically the effect of lateral changes in Poisson's ratio in terms of amplitude, peak

frequency, and complex attributes. To interpret AVO effect properly in thin-bed

interpretation, the effect of offset-dependent tuning must be accounted for.
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Chapter 1 - Introduction

1.1 Background

In the Western Canadian Sedimentary Basin, geological formations of the Lower

Cretaceous and the Triassic periods have produced large quantity of hydrocarbons, and

are continuing to do so. Lower Cretaceous formations alone probably contain nearly 50%

of the total oil and gas reserves of western Canada (Masters, 1984). A more recent

publication by Anderson et al. (1989) shows that the total remaining gas reserves for

Lower Cretaceous formations in western Canada is approximately 726x109 cubic metres.

Therefore, a great deal of exploration effort has been, and still is, devoted to delineating

hydrocarbon reservoirs in these rocks. Most of these formations are clastic rocks in layers

whose thicknesses are below the temporal resolution of seismic data with respect to the

dominant frequencies commonly obtained in data from western Canada. Hence, one

cannot resolve separate reflections from the tops and bottoms of such formations. Under

such circumstances, stratigraphic interpretation is employed where waveform analysis is

used to deduce information on the thickness and lithology of a formation (Neidell and

Poggiagliolmi, 1977). For example, the presence of bright spots on seismic data often

indicates the presence of thick porous sands. Recently, peak frequency information has

also been considered in thin-layer stratigraphic interpretation (Lange and Almoghrabi,

1988), although their treatment is qualitative only.

Waveform analysis is not unambiguous, since waveform changes can be attributed

to more than one cause. Jain (1985) discussed briefly some of the imperfections of

stacked seismic data for stratigraphic interpretation. In the last decade, improvements in

field data acquisitions technique have also enabled geophysicists to make use of AVO
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(amplitude variation with offset) effects for interpretation. This, however, brings both

advantages and disadvantages, since an AVO response can also be attributed to many

causes, some of which are not geological (Neidell, 1986). However, what most

complicates waveform interpretation of seismic data from thin geological formations are

variable tuning effects due to changing layer thicknesses. Channels, pinchouts, and

angular unconformities are typical geological features where the thicknesses of the targets

can vary laterally. Tuning effects, for both normally incident and obliquely incident data,

often create anomalies which might otherwise be interpreted as changes in lithology and

therefore such effects must be accounted for in the interpretation of seismic data from

thinly stratified media.

Most stratigraphic interpretations of seismic data focus on amplitude studies. The

approach of this dissertation is to examine not only amplitude characteristics, but also

frequency and phase of seismic events, since these are all equally important attributes of a

wavelet. For frequency, the behaviour of the peak frequency will be studied; to study

phase, which partially determines the shape of the wavelet, complex attributes will be used

in lieu of the Fourier phase spectrum to study subtle waveform changes. This offers an

opportunity to study the usefulness of a physical method which has been proposed but not

widely used in exploration. Whenever possible, mathematical expressions will be

developed.

1.2 Dissertation objectives

The main goals of the dissertation are to study the seismic properties of thin

geological formations and to investigate how to make use of some of these properties to

assist in seismic interpretation. These goals will be achieved through four approaches.

The first component is to study the responses of a thin bed to normally incident plane
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waves for the general case. There has been a considerable number of seismic studies of a

thin bed embedded in an infinite homogeneous medium, almost exclusively dealing with

the case where the reflection coefficients on either side of the thin bed are of opposite

polarities and equal value. However, there is very little published literature on the general

case, that is opposite and/or equal polarities, and equal and/or different values for these

reflection coefficients.

The second component of the dissertation is to examine the responses to normally

incident plane waves of two thin beds embedded in an infinite and homogeneous medium.

Three models simulating three geological situations are studied. These responses are

compared to that of a single layer with the purpose of determining to what extent theories

developed for one thin layer can be applied to two thin layers. This comparison is

important because most seismic reflections are from geological sequences involving more

than one layer.

The third component is to evaluate the offset-dependent behaviour of P-wave (P-

P) and converted shear wave (P-S) reflections from a single thin bed. These responses are

compared to the responses of normally incident plane waves with the objective of

determining how much effect the stacking process actually has on the reflected wavelet in

terms of its amplitude, frequency, and phase. The final objective is to determine the

usefulness of complex attributes in seismic exploration in basins containing thin beds. The

approach is simply to apply existing theories of complex attributes and study the observed

results for the thin-bed case. The emphasis is on using complex attributes in lieu of the

phase spectrum to detect subtle waveform changes.



1.3 The seismic responses of thin beds

Historically, the definition of a thin bed is related intimately to the temporal or

vertical resolving power of the seismic wavelet. Ricker (1953) studied the composite

waveform as a function of the temporal separation of two equal-value reflection

coefficients of equal polarity. He chose the limit of resolution to be the separation at

which the composite waveform has a flat spot at its central maximum, and showed that it

can be determined by differentiating the wavelet twice. Conversely, Widess (1973)

studied the case of two equal-value reflection coefficients but with opposite polarities. He

investigated the composite waveform obtained by convolving a zero-phase wavelet with

the two coefficients, and observed that, as the separation between them decreases to about

a value of (1/S)A^, where \d is the predominant wavelength of the input wavelet, the

composite wavelet assumes the shape of the derivative of the input wavelet. Below (1/8)

\d separation, there was no further apparent change in the wavelet shape. Therefore,

Widess established the (\l$)\d separation as the limit of resolution of a thin bed.

Other authors (Meckel and Nath, 1977; Neidell and Poggiagliolmi, 1977) simply

defined the limit of resolution of a thin layer to be the thickness equal to (1/4)^ of the

input wavelet. This thickness is also the tuning thickness of a thin layer, namely the

thickness at which the amplitude of the reflected wavelet is a maximum if the two

reflection coefficients are of opposite polarities, and is a minimum if they are of equal

polarity. It should also be emphasized that, in terms of 2-way traveltime, (l/4)Xrf is

transformed into only half the corresponding 2-way traveltime between the two reflection

coefficients. Taking both the criteria of Ricker (1953) and Widess (1973) for the limit of

resolution, KaII weit and Wood (1982) generalized the limit of thin-bed resolution to be the

separation between the inflection points on the central lobe of the convolved wavelet

regardless of the polarities of the reflection coefficients. They also pointed out that the
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composite wavalet described by Widess (1973) does not stabilize in shape at the bed

thickness equal to (l/8)Xrf as Widess concluded on a visual basis. Rather, the predominant

wavelength keeps decreasing (peak frequency increasing) as the bed thins, and stabilizes

only at the limit of zero separation.

A second approach to defining a thin bed is given by the linearity limit of the

maximum amplitude of the composite wavelet as a function of the bed thickness. By

approximating the amplitude behaviour of a wavelet near its peak with that of a

monochromatic sine wave whose period is equal to the predominant period of the wavelet,

Widess (1973) derived the expression:

4nA,rb
———— 0.1)

where Ad= maximum amplitude of the composite wavelet

A{ = mean amplitude of the maximum peak and trough of the input wavelet

r = magnitude of the reflection coefficients

b = thickness of the thin bed

Kd = predominant wavelength in the thin bed

The above expression indicates that, for thin beds, the maximum amplitude of the

reflection is approximately proportional to the thickness of the bed and inversely

proportional to the predominant wavelength. Indirectly, Widess (1973) defined a thin bed

as a bed whose thickness is such that the amplitude of a composite reflection obeys the

above expression. Koefoed and de Voogd (1980) refined this definition and proposed that

a bed is thin if the amplitude response, as a function of thickness, deviates less than 10%
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from a linear relationship. Using an integral representation of a wavelet, de Voogd and

den Rooijen (1983) derived the relationship:

b(x, t) = -!—— a'(x, 1) (1.2)
1-r2

where b(x, t) = composite wavelet, x being the depth

a'(x, /)= first derivative of the input wavelet a(x, t) with respect to time

r = reflection coefficient

C, - 2-way traveltime in the thin layer

They concluded that a layer is thin if the composite reflection has the shape of the

first derivative of the wavelet and if its amplitude is proportional to the thickness of the

layer and to a factor depending upon the reflection coefficient of one of the interfaces.

Note that Widess (1973), Koefoed (1980), and de Voogd (1980, 1983), all considered

only vertical plane waves incident upon a thin layer within a homogeneous medium; i.e.

two equal-value coefficients with opposite polarities. Hence, their conclusions cannot be

considered general.

Stratigraphic interpretation of thin layers was not emphasized until the late 197Os

when advances in field acquisition techniques rendered seismic amplitude interpretation

more reliable. Since then, there has been steady but not an extensive published volume of

literature on the subject. Most of the investigations are non-analytical, with quantitative

results obtained mostly from modelling. Ricker (1953) first studied the relationship

between the resolution of the top and bottom of a thin layer and the wavelength of a

source wavelet. Based on modelling results, Meissner and Meixner (1969) showed that

single thin layers, as well as two thin layers, can deform the input wavelet due to complex

interference between reflections from the various boundaries. Widess (1973), as shown
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earlier, explicitly defined a thin layer and derived a mathematical expression relating the

amplitude of the composite wavelet to the thickness of a single layer, as well as to the

wavelength of the input wavelet. Meckel and Nath (1977) and Neidell and Poggiagliolmi

(1977) discussed various aspects of stratigraphic interpretation, including the limits of

both vertical and lateral resolution, as well as geological factors leading to waveform

changes. However, most of their interpretations were based on modelling results.

Koefoed and de Voogd (1980) showed that, within the linearity criterion discussed above,

a thin layer may be replaced by an equivalent layer which gives the same reflection

response but differs in thickness and in acoustic impedance. The results were applied to

modelling the seismic response of coal seams for which the two-way traveltimes are less

than the trace sampling interval. Similarly, Gochioco (1991) also studied the reflection

responses of thin coal seams, although his emphasis was entirely on qualitative tuning and

interference effects. Robertson and Nogami (1984) used complex attributes to delineate

thin layers, and showed that, as the time thickness of the layer thins to a quarter period of

the dominant seismic energy, there is an anomalous increase in instantaneous frequency,

which remains high as the layer thins to zero thickness. This technique is demonstrated in

Chapter 6 for a Glauconitic gas-filled sandbar in southern Alberta. Knapp (1990)

discussed the relationship between the vertical resolution of thick beds, thin beds, and

thin-bed cyclothems. However, the peak frequency of the input seismic signal used in his

study was of the order of 500 Hz. This contrasts with the common peak frequency of

about 30-50 Hz found in most exploration seismic data.

Almoghrabi and Lange (1986; 1988) combined the amplitude responses and AVO

responses of a thin layer to normally incident plane waves. They used amplitude,

frequency, and phase information of both P-P and mode-converted (P-S) waves to deduce

lithological information about the thin layer. Their multi-parameter analysis leads to a

flow-chart which can assist in identifying pore-fluid type. However, they considered only
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the case of a thin layer bounded by two opposite-polarity reflection coefficients, and did

not examine the case of a thin layer bounded by two equal-polarity reflection coefficients.

Mazzotti (1991) also studied the AVO effects of layers in terms of amplitude, frequency,

and phase indicators derived from complex attributes. He emphasized that differential

interference with offset, i.e. offset-dependent tuning, must be considered in AVO

interpretation of thin layers. In recent years, there has also been increasing emphasis on

reservoir characterization where seismic amplitude information from thin reservoirs is

correlated with reservoir parameters through modelling to deduce optimum development

drilling locations. Neffs (1990; 1993) incremental pay thickness methods are good

examples.

For the purpose of this dissertation, a thin bed is defined simply as a layer whose

thickness is equal to or less than 1/4 of the predominant wavelength of the propagating

seismic energy. Hence, the term "thickness of interest", which will be used throughout the

dissertation, is defined as the thickness range between O to 1/4 of this wavelength.

1.4 Amplitude variation with offset (AVO)

Consider a plane P-wave with amplitude A0 incident on the boundary between two

isotropic and homogeneous media in welded contact. Boundary conditions, requiring the

continuity of normal and tangential stresses and displacements at the boundary, lead to

four equations with four unknowns. These unknowns correspond to the amplitudes of the

reflected and refracted P- and S-waves. This is illustrated in Figure 1.1 where A}J A2, 6,

and Q2 are the amplitudes and incidence angles of the reflected and refracted P-waves and

B1, B2, K} and X2 are the amplitudes and incidence angles of the reflected and refracted S-

waves, respectively.
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Figure 1.1 Waves generated at an interface by an incident P-wave.

If a, and (3, are the P- and S-wave velocities of the upper (incident) medium, and

Oc2 and P2 are those of the lower medium, then Snell's Law gives:

sinG j sin0 2 s inX, sinX,2

a a (3,

where p is commonly called the ray parameter. This means that once the incidence angle

9, is given, all the other angles can be found by the above expression.

Knotts (1899) and Zoeppritz (1919) developed independently the set of four

equations, which can be found in many standard geophysics texts such as Telford et al.

(1976). Muskat and Meres (1940) were among the first investigators to study the results

of these equations, and they published tables of angle-dependent reflection and

transmission coefficients for plane waves incident on elastic interfaces, using both P- and

.V-waves. Koefoed (1955) showed that the reflection coefficient's dependence on the

incident angle was strongly affected by the value of the Poisson's ratio, which is defined

as:
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r
0.3)

where Fp and Vs are the P- and S-waves velocities, respectively.

The Zoeppritz equations can be solved by setting up a 4x4 matrix and using a

standard computer program for solving matrices. Bortfeld (1961) linearized these

equations by assuming small changes in layer properties and both Aki & Richards (1980)

and Shuey (1985) have derived approximate solutions to these equations based on similar

assumptions.

Literature on the use of AVO in seismic exploration is extensive with many papers

published over the last ten years. Most of these papers can be categorized into two

groups. The first group focuses on the use of P-wave data only, using forward modelling

or inversion of the amplitude variation to deduce a change in Poisson's ratio across the

reflector. Since gas-saturated sands have lower values of Poisson's ratio than water-

saturated sands, such a procedure can theoretically be used to predict the presence of gas.

Ostrander (1984) discussed how gas sands can be detected on P-wave data when they are

studied in CDP (common depth point) gather format instead of the conventional stack

format. He pointed out that high-porosity gas sands tend to have abnormally low

Poisson's ratios, and they should result in an increase in reflected P-wave energy with

increasing angle of incidence if they are embedded into sediments with higher Poisson's

ratios. However, in his example, the sand thickness is in excess of 30 m, and hence tuning

effects are not considered. Wren (1984) also observed AVO changes in some P-wave

reflection data for the Cardium Formation in Central Alberta, his emphasis being on the

usefulness of partial stacks. In practice, many other factors can contribute to AVO effects

(Ostrander, 1984; Neidell, 1986), and the method is far from straightforward.
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The second group of AVO studies focuses on the use of both P-wave and S-wave

data. Since pore-fluid type affects P-wave velocity significantly but S-wave velocity only

slightly (Ensley, 1984), a change of pore-fluid such as from water to gas will lead to a P-

wave amplitude anomaly without a corresponding iS-wave amplitude anomaly.

Conversely, a lateral change in lithology will produce amplitude anomalies for both P- and

S-waves. Hence, by comparing the two data sets, one may be able to predict whether or

not a P-wave AVO anomaly is the result of pore-fluid change or lithology change. Some

authors (Tatham, 1982; McCormack et al.y 1984) also studied the relationship between

changes in VpIV3 and changes in physical properties of a formation.. Almoghrabi and

Lange (1986) stressed the importance of using a multi-parameter approach to evaluate

pore fluid type from seismic amplitude distributions of both reflected P-waves and mode-

converted S-waves. While the approach of using both P-wave and converted S-wave data

is subjected to similar limitations as the use of P-wave data alone, it offers a potential

advantage when applied to thin-bed analysis. This is because S-waves have a lower

propagation velocity than P-waves and hence will suffer less differential tuning effects for

the same thin bed, assuming that they have similar frequencies in the bed.

While the use of AVO anomaly can be informative, its interpretation is far from

simple. Gas-saturated sands with low Poisson's ratios are one of many situations that

could lead to AVO anomalies. Poley el a/. (1985) demonstrated that when large velocity

contrasts occur in or above the depths of interest, variations in recorded amplitude and

phase with offset will be particularly pronounced. Eaton (1989) showed a similar result.

Using a synthetic model of a 15-meter-thick gas sand buried to a depth of 1500 m, he

showed that the Poisson's ratio estimated from inverting the AVO effects can exhibit

significant errors if the free surface effect of a high velocity surface layer is not accounted

for. Conversely, Jain (1987) showed that for Cretaceous gas prospects in central Alberta

using recording spreads of typical length (2 km), the phase of reflected waves is stable and
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amplitude changes on CDP gathers are too small to be mapped reliably in the presence of

noise, due to surface waves and other sources. Rutherford and Williams (1989) separated

gas sands into three classes: Class 1 have higher impedance than the encasing shale, with

relatively large positive R0 values, where R0 is the normal incidence reflection coefficient;

Class 2 have nearly the same impedance as the encasing shale and are characterized by

values of R0 near zero; Class 3 gas sands have lower impedance than the encasing shale

with large negative values for R0. They showed that each class of sands has a distinct

AVO characteristic. However, they considered sands that are relatively thick (50 meters

or more) and hence ignored tuning effects. Their conclusions therefore may not be

applicable to thin sands, such as the ones found in the Cretaceous formations of southern

Alberta. Similarly, using seismic data from the Mestena Grande field in Texas, Burnett

(1990) showed three categories of AVO characteristics which correspond to three

production results. He attributed the differences between the modelling results and the

real data partly to the presence of very thin beds.

Using the Monte Carlo method of analysis, Hampson (1991) showed that multi-

layer AVO inversion is feasible, but the method still suffers from the problem of

nonuniqueness. More recently, Kim et al. (1993) showed that anisotropy also has a

significant effect on the AVO signature of P-waves for transversely isotropic media, and

Xu et al. (1993) showed that AVO inversion may result in significant errors in velocity,

density, and Poisson's ratio if inhomogeneous subsurface media are assumed to be

homogeneous for the inversion.

1.5 Review of complex attributes

Consider a recorded seismic signal x(/). The corresponding complex trace, n(t) is

defined as (Taner, 1979):
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where XO is tne Hilbert transform of x(t) (Bracewell, 1965); XO ls a's° called the

quadrature of x(t).

The instantaneous amplitude, R(t), which is also called the amplitude envelope, is

defined as:

and the instantaneous phase, (})(/), is defined as:

"XO'= arctan

Instantaneous frequency w(t) is defined as:

Complex attributes have been familiar topics in electrical engineering ever since the

1940's, as discussed by Gabor (1946). However, possible applications to seismic signal

analysis were not available in the geophysical literature until studies by Farnbach (1975),

and Taner et al. (1977; 1979). These authors emphasized the advantages of the separation

of the phase information from the amplitude information in the use of complex attributes.

Robertson and Nogami (1984) studied the complex attributes of reflections from thin beds

and reported an anomalous increase in the instantaneous frequency when the bed thinned

to a value of (1/8)^. Applying complex trace analysis, Rene el al. (1986) investigated the
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polarization attributes of multi-component (P, SV, and SH) seismic surface waves. Using

complex attributes, Scheuer and Oldenburg (1988) proposed a method to calculate local

phase velocity by finding the trajectory of constant phase.

From the point of view of interpreting seismic data recorded over thin beds,

complex attributes offer some unique benefits. Because complex attributes separate

amplitude information from phase information, any low-amplitude subtle waveform

changes can be detected more clearly by instantaneous phase and instantaneous frequency

than is evident in the raw data. For this reason, as emphasized by both Taner el al. (1979)

and Yilmaz (1987), instantaneous phase is a very useful tool for delineating

discontinuities, faults, pinchouts, angularities and events with different dip attitudes. Also,

the sudden increase in instantaneous frequency at the thickness equal to (1/S)A^ and

below, as reported by Robertson and Nogami (1984), agrees with Widess1 (1973)

conclusion that in the same thickness range, the composite wavelet assumes the shape of

the time derivative of the input wavelet. This increase in frequency is potentially a very

powerful tool for delineating thin beds that have thicknesses below the value of (1/S)X^.

This use of complex attributes is described in Chapter 6 in the study of a sandbar in

southern Alberta.

1.6 Dissertation structure

This dissertation consists of seven chapters. Chapter 1 discusses the objectives of

the dissertation, as well as a review of the concepts related to the seismic response of thin

beds. Chapter 2 is a study of the amplitude behaviour of a reflected composite wavelet for

normal-incidence reflections upon one and two thin layers. The emphasis is on developing

analytical expressions with which one can predict the seismic amplitude behaviour of

various geological models. Chapter 3 is similar to Chapter 2 in terms of content and



15

approach, except that the frequency behaviour is examined. In Chapter 4, complex

attributes are used to examine subtle waveform changes for the normal-incidence models.

The emphasis is a close examination of the usefulness of complex attributes in thin-bed

interpretation, with model-based observations. Chapter 5 documents the study of

amplitude, frequency, and complex attributes for the offset-dependent one-layer case. The

emphasis is on quantitative changes as a function of lateral changes in Poisson's ratio.

Chapter 6 is a study of field seismic data with the application of theories developed in

Chapters 2 through 5. Finally, Chapter 7 is a summary of the results of the dissertation,

and a discussion of the implication of the results. Future related research is also briefly

discussed.

1.7 Hardware and software used

The numerical modelling data for normal-incidence study was obtained with the

Outrider modelling package of Microseis Software Ltd., and the numerical modelling data

for the offset-dependent study was generated with Dr. Lawton's modelling computer

program. The complex attributes were generated using the Strata package, and the AVO

analysis for the sandbar case study was performed with the AVO package, both of

Hampson-Russell Software Services Ltd. All the above mentioned packages were run on

a 486 PC. The synthetic seismogram plots and complex attribute plots were plotted with

a Hewlett Packet dot-matrix plotter. All graphs were made using the Excel package, and

all other diagrams and the text processing were done with Microsoft Word package, both

of Microsoft Corporation.



16

Chapter 2 - Amplitude characteristics of seismic reflections from thin

beds

2.1 Introduction

The most studied attribute of a wavelet in seismic interpretation for thin beds is its

amplitude behaviour. As mentioned in Chapter 2, some authors define a thin bed

according to the behaviour of the maximum amplitude of the reflected composite wavelet

as a function of layer thickness. Before the common use of AVO, amplitude anomalies,

such as bright spots and dim spots on conventional stack sections, were often used in

stratigraphic interpretation to deduce the presence of hydrocarbons. Such attempts are

often rendered unreliable by the presence of coal layers, which exhibit anomalously large

reflection coefficients, and tuning effects of thin layers whose thicknesses vary laterally.

Furthermore, most thin-layer interpretations are based on a single layer embedded in an

infinitely homogeneous medium, i.e. two equal-magnitude but opposite-polarity reflection

coefficients. The two analytical expressions relating amplitude to thickness [equations

(1.1) and (1.2)] are also based on the same model. The question of whether or not they

can be used if the reflection coefficients are of non-equal magnitude and/or the same

polarity, or if more than two reflection coefficients are involved, is addressed in this

chapter.

In the next section, the primary objective is to develop an equation which relates

the amplitude of the reflected composite wavelet to the thickness of a thin bed for the

general case. In section 2.3, this equation is tested against the results from numerical

modelling to establish its validity, and is then used to predict the amplitude behaviour of a

thin bed, given a particular geological model. Conversely, given a measured amplitude

behaviour, this relationship can be used to predict certain geological parameters by
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comparing the forward modelling results to the observed results on seismic data. The

method is also used to develop an amplitude equation for two thin layers, i.e. a sequence

of three reflection coefficients (section 2.4), and the results are compared to those for a

single layer.

2.2 Theory

In this section, two expressions for the amplitude response of a thin bed for the

general case of unequal reflection coefficients at the top and base of the bed are

developed. The first is an extension of Widess' method, and is based on a sinusoidal

approximation, whereas the second is derived directly from the expression for a Ricker

wavelet, since this wavelet is used commonly in seismic modelling. Transmission losses

and internal multiples are ignored since, as pointed out by Koefoed and de Voogd (1980),

such effects are negligible provided the acoustic impedance ratio between the thin layer

and the surrounding rock lies between the bounds of 0.5 and 2, which is the range usually

encountered in clastic sequences. In our examples, the acoustic impedance ratio ranges

from 0.75 to 1.52.

2.2.1 Sinusoidal approximation

Consider a thin bed embedded in an infinitely homogeneous medium. Let rl and r2

be the reflection coefficients of the upper and lower interfaces, respectively. In general,

there are four fundamentally different two-term reflectivity series, categorized as :

Type I: i opposite polarity and equal magnitude

Type II: JJL equal polarity and equal magnitude

Type III: -r-1- opposite polarity and unequal magnitude
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Type IV: J_L equal polarity and unequal magnitude.

Following the approach of Widess (1973), the central portion of a zero-phase

wavelet can be approximated by a cosine wave whose period is equal to the predominant

period of the wavelet, where the predominant period is the trough to trough time.

Choosing the centre of the thin bed as the zero-time reference, the amplitude of the

composite reflected wavelet can be approximated as:

Ar - A1T1 cos cos (2.1)

where At= maximum amplitude of the cosine wave, b = thickness of the thin bed, V=P-

wave velocity within the thin bed, and Td = predominant period of the source wavelet.

Expanding the cosine terms, we have:

(2.Ia)/ \ z. vu 2jrb ( \ .AJ (A} +r2) cos—— cos—— -i- A1 (r2 -T1) sin —— sm —
'd ^d *d Ad

where \d = predominant wavelength of the source wavelet within the thin bed.
^ iv • i K T • 2nb 2nbFor sufficiently small b, sin —— « —— ,and

/ 2 ")
2 Tib , _[ . Tib 1 , «f ^b 1 ~. i 1 - 1 1 • • T T -cos —— = 1-2 sin — «1-2 — . These are the thin-bed approximations. Using

these approximations, equation (2.Ia) can be simplified to:

1-2 . / \
T- +4 Ir2-T1) sin



,.= M, cos
1

. 27C/sin ——
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(2.2)

where M1 = A^r1 and M2 = A,(r2 -T1

dAr
For maximum or minimum A r , —— = O.

Therefore, dt
2 7 C 1 . . 27C/ 2 7 C 1 , 271/ _—— M, sin —— -I- —— M 2 cos—— = 0,

Hence, tan

and thus extreme values of Ar occur at times given by

2 TT

Since we are using continuous cosine waves to derive the above expression, there

is actually more than one value of/ that would give maximum or minimum values ofAr. A

value of t + —, where n is an integer and co is the angular frequency of the cosine wave,
CD

will lead to either maximum or minimum values of Ar. However, we are interested only in

the extreme values of^ rfor minimum values of/, therefore, we consider the case where n

= O only.

Substituting this expression for / into equation (2.2), we obtain:



COS
2 TT

= A/,

,, . In+ M-, sin —

M1 + M.
M.

+M ^Mj

tan"
M1

20

Therefore, 1-2 (2.3)

In equation (2.3), ^Jmax has a positive value for the reflected composite wavelet

peak and a negative value for the trough. Since equation (2.3) is derived from the

interference of two continuous sine waves with the same period, the two roots should be

identical in magnitude due to symmetry. Therefore, we need only consider the positive

value QfA5n^x and refer to An^x as the absolute maximum amplitude.

The subscript in A3n^x indicates that we are referring to the maximum amplitude of

the reflected wavelet using sinusoidal approximation. We will later use An^x to represent

the maximum amplitude of the reflected wavelet using Ricker approximation. The

positive square root of equation (2.3) gives the absolute maximum amplitude of the
(Ji \reflection from a thin bed for the general case, provided that b(\ — . For T1 = -r2, the

first term in equation (2.3) is zero and the second term becomes 4TiT1 bA , / X d , which is

identical to the expression derived by Widess (1973). For r } - r2 = /-,., the second term
is zero and the first term becomes 2Airl\\-27tib2 / A^), which approaches a value of

2A1 rn as b approaches zero, as expected. For Ir1 | * \r2 |, A51n^x receives contribution

from both terms. Equation (2.3) also indicates that, except for the case of r2 = -/-,, the

absolute maximum amplitude of a composite wavelet reflected from the top and the
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bottom of a thin bed is not linearly proportional to the bed thickness, but rather, the

relationship is a second-order polynomial.

The fact that equation (2.3) is derived from using a continuous cosine wave leads

to an interesting property. For a thin bed represented by two reflection coefficients of

equal polarity, numerical results from equation (2.3) are close to modelling results one

would obtain regardless of whether the source wavelet is zero-phase or 90°-phase (these

results are presented in sections 2.3.2 and 2.3.4). However, if the coefficients are of

opposite polarities, equation (2.3) gives values that are valid only for a 90°-phase source

wavelet (sections 2.3.1 and 2.3.3). The reason for this can be explained graphically by

considering the response of a Type II reflectivity sequence.

Figure 2.1a shows two schematic representations of two identical cosine waves

separated by a distance less than 1/8 of their period. Note that a convolution of a cosine

wave with the two reflection coefficients can be obtained by simply summing two cosine

waves with the proper polarities and separated by the same time distance between the

coefficients. Figure 2.1b shows the results of the summation of the two cosine curves; the

boxed portions of the curves in both Figures 2.1a and 2.1b indicating the corresponding

areas before and after summing. If we compare these two boxes to the corresponding

boxes in Figures 2.1c and 2.1d for a zero-phase source wavelet, whose predominant

period is equal to the period of the cosine wave, it is clear that they are very similar.

Hence, equation (2.3) is a good approximation for the equal-polarity case with a zero-

phase source wavelet. This is also true if the source wavelet is 90°-phase, since the peak

region of a Ricker 90°-phase wavelet has the same shape as that of a zero-phase wavelet.

Figure 2.2 shows similar diagrams for Type I reflectivity. It is clear from Figure

2.2a that the portions of the cosine curves inside the box are quite different from those of

the zero-phase wavelets in the box in Figure 2.2c. The much lower amplitude of the side

lobe of the zero-phase wavelet results in this difference. However, in Figure 2.2e where a
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Sinusoidal
Approximation

Ricker
Approximation

(a)

(b)

Figure 2.1

(c)

Sinusoidal and Ricker approximations for Type n (Ii) reflectivity, (b) and
(d) are schematic representations of summations of the two curves in (a)
and (c), respectively.

Sinusoidal
Approximation

Ricker
Approximation

(a) /A/I
; i \ Y £3
' ' VV/ '

(b) /\

/A
VY (C)

/\
\7LJV «0

(e)

Figure 2.2 Sinusoidal and Ricker approximations for Type I (T1) reflectivity, (b) and
(d) are summations for the two curves in (a) and (c), respectively, (e)
shows the 90°-phase equivalent of (c).
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90°-phase wavelet is used, the portions of the wavelets in the box resemble those of the

cosine waves in the box in Figure 2.2a. Hence, for Type I reflectivity, equation (2.3) gives

results that are comparable to that of a 90°-phase source wavelet, not that of a zero-phase

source wavelet.

Figures 2.1 and 2.2 also explain two other features of equation (2.3). As shown in

section 2.3, within the thickness of interest, the rate of change of the amplitude as a

function of thickness is larger for Type I reflectivity than for Type II reflectivity. The

reason is that, for the former case, the maximum amplitude of the reflected composite

wavelet results from the summation of the cosine curves around the mid-point between a

peak and a trough where the gradients of the curves are maximum. On the contrary, for

latter case, the corresponding maximum amplitude is the result of the summation around

the peaks of the cosine waves where the gradients are close to zero, resulting in a slower

change in amplitude as the thickness varies.

The above amplitude property can also be studied mathematically. From equation
, Al L which

47cr, Ai (
(2.3), for Type I reflectivity, A lintx = ————— . Therefore,

^d \

is a constant. Similarly, for Type I reflectivity,

u
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Thus, dA s max dA 5 max if b is I — \Ad or less.
O

The second feature is that, according to Widess (1973), the At in equation (2.3) is

assumed to be the average of the input wavelet absolute peak and trough amplitudes.

Figures 2.1c and 2.1d explain the reason for this assumption. For Type I reflectivity, the

maximum amplitude of the composite wavelet is the result of the summation of the source

wavelets around the mid-point between a peak and a trough. The amplitude in this area is

much less than the maximum amplitude at the peak. For this reason, if a zero-phase

wavelet is used in modelling as a source wavelet for the opposite-polarity case, the

maximum amplitude of the reflected composite wavelet will always be lower than those

calculated from equation (2.3) by a factor dependent on the functional form of the

wavelet. However, we can use equation (2.8) which is derived specifically for a Ricker

wavelet as a source wavelet for the Widess case.

Finally, a significant attribute of equation (2.3) is that, given any two-coefficient

reflectivity series, it predicts the behaviour of the amplitude as a function of thickness for a

thinly bedded sequence, assuming that the source wavelet has a predominant period and its

central portion can be approximated by a sinusoid.

2.2.2 Ricker zero-phase wavelet

In the time domain, a Ricker zero-phase wavelet with the peak at / = O is given by

Ricker (1940):

(2.4)
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where Ai = wavelet peak amplitude and /0 = maximum frequency of the amplitude

spectrum of the wavelet (peak frequency). Given a Type I reflectivity, with reflection

coefficients of opposite polarities and equal amplitudes, r, located at -A/ and A/, the

convolution of the Ricker wavelet with this reflectivity can be written as:

For A/«T, where T is the period of the wavelet, we can ignore second-order terms in A/:

Finally, approximating e n2f°22t"*\ + 2n 2 /0
 2 fAr and e -"2/°22fA/«l-27i 2 / 0

2

for small values of A/,

^rc'"2^2 {[l - - 2 / A r l +

(2.5),

For maximum or minimum R(t):

dt
= 0

"JV - 1 2 7 C 2 / 0
2 / 2 +3 = 0
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which yields / = ± *2ll T _I
2 ) TT

(2.6)

Equation (2.6) shows that there are four roots for /, implying the existence of a

total of four peaks and/or troughs for the reflected composite wavelet. Since we are

interested in the absolute maximum amplitude, we will consider only the root that

corresponds to a higher-amplitude peak or trough at minimum positive /.

1 0.5246 K

Hence, from equation (2.5), we obtain:

3K 2 T? JQ2 K2

rfo

(2.7)

where M = e'^ (3 K -2K3) = 0.9759 (since K = 0.5264 ).

Note that A//"0 = — /0 = —— where /0 and X0 are the peak frequency and peak
V A, Q

wavelength, respectively. As shown by Kallweit and Wood (1982), they are related to the

predominant frequency fd and the predominant wavelength \d by the following relations:
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/, = 1.28/0 and * , = - •

Hence, equation (2.7) can be expressed as:

IxAfbM 0.9759 4xA,rb
r™x ~ 1.28A ~ 1.28

= 0.76^*1 (2.8)
V ^d J

Equation (2.8) gives the maximum absolute amplitude of the reflected composite

wavelet for Type I reflectivity for a Ricker zero-phase source wavelet. Equations (2.8)

and (1.1) differ only by a constant equal to 0.76. However, in equation (1.1), A1 is the

average amplitude of the peak and trough of the source wavelet, but in equation (2.8), A1

is simply the maximum amplitude of the peak.

For Type II reflectivity, the reflection amplitude R(t) is given by:

R(I) = A,r\\ -

From symmetry, the maximum peak of the composite wavelet occurs at / = O.

Hence, we have:

(2.9)
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ignoring terms of o(Af 4) and higher for small Af.

From equation (2.9), it is evident that, unlike Type I reflectivity analysis, terms of

second order in A/ cannot be ignored for the Type II case, if the behaviour of AmAX as a

function of the bed thickness is to be studied. This is due to the fact that the rate of

change of amplitude as a function of bed thickness is smaller for Type II reflectivity than

that for Type I reflectivity. However, ignoring terms of o(A/4) we can write:

=2A

2A,r

0
2 A * 2 ]

(2.10)

~ 2/1 1-2 nb + 0.34Ar- (2.11)

Comparing the sinusoidal approximation with the Ricker wavelet solution, we find

that the first term in equation (2.11) is equivalent to equation (2.3) with r = r{ =r2.

Thus, using sinusoidal approximation for a Ricker wavelet for the case of Type II
( Tdtfreflectivity will introduce an error of -0.34 AA — in the peak amplitude. This error is
\^d)

a function of the bed thickness and Figure 2.3 shows the error function between the two

methods as a function of thickness calculated according to:

error (y0) =
0.34,4,, ^

I /Iw

2Af 1-1.831 (2-

x 100%
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From Figure 2.3, it is evident that the sinusoidal approximation for a Ricker

wavelet is suitable in a Type II reflectivity earth model provided that the bed thickness is

less than (1/S)X^, defining a 10% difference as the limit of acceptable deviation.

I

25

20

15

10

0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16

Wedge thickness

Figure 2.3 Comparison between sinusoidal and Ricker approximations for Type II
reflectivity.

For Types III and IV reflectivity series, we can decompose the two reflectivities

into sums of Types I and II reflectivities:

r , , r
4 I I 4

3 r
+ 1 1 4

(2.12)

(2.13)
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where r-, =
-r,

and r4 =
2 2

However, for a thin-bed model, the wavelet formed by the convolution of the

source wavelet with a Type I reflectivity is a 90°-phase wavelet (wavelet A\ whereas the

corresponding wavelet for Type II reflectivity is zero-phase (wavelet B). Therefore, the

maximum amplitude of the composite event is not equal to the sum of the individual

maxima of the two wavelets, but, since wavelets A and B have similar frequencies, their

sum can be expressed as A+iB, so that the amplitude of the sum can be expressed as
JT? 2

a + R * , where R0 and Rb are the amplitudes of wavelets A and B1 respectively.

Thus, for Type III and IV reflectivities, the maximum amplitude of the reflected wavelet is

given by:

1-1.83 i

i
2 |2

Using r3 = and r4 = , we obtain

-A~ ^ (l+'j)2 + 0.76' (2.14)

Comparing the sinusoidal approximation as represented by equation (2.3) and the

Ricker approximation as represented by equation (2.14) shows that these equations are

similar if we introduce into equation (2.3) a coefficient M whose value depends on the

source wavelet, i.e.
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2 |2

(2.15)

We have shown that for Type I reflectivity, M is 0.76 if the source wavelet is a

Ricker wavelet.

2.3 Normal incidence, single-layer model

To study the amplitude response of a thin bed to vertically-incident plane waves, a

simple wedge model (Figure 2.4) was used.

Figure 2.4 A wedge model.

Densities and velocities used for the models that represent the four types of

reflectivities are listed in Table 2.1. The velocities were chosen to be typical of early

Cretaceous formations in southern Alberta, and the densities were calculated from the

velocities using the equation of Gardner (1974). For all four models, the reflection

coefficients for the upper interface and lower interface are referred to as rl and r2,

respectively. The geometry of the wedge model was set up so that the number of each

trace in the synthetic seismograms is equal to the thickness of the wedge in metres at the

trace location. In generating these seismograms, the Ricker wavelet is multiplied by the

two reflection coefficients of each reflectivity series, and the two resulting wavelets

separated by the same time interval as that separating the two corresponding reflection

coefficients are summed to obtain the composite wavelet. Because of the thickness of
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interest, the number of traces plotted for each synthetic seismogram will extend to only

two to three metres more than the (l/4)Xrf value. All synthetic seismograms shown in

Figure 2.5 were generated by convolving a 31-Hz (peak frequency) Ricker wavelet with a

two-term reflectivity series, since 31 Hz is a typical peak frequency on seismic data from

the Western Canadian Sedimentary Basin. A zero-phase wavelet is chosen because a

zero-phase wavelet gives the maximum vertical resolution compared to other phases, as

shown by Berkout (1984), based on the second moments of wavelets. Other peak

frequencies will also be used to test the frequency dependence of the equations developed

in section 2.2. A 90°-phase wavelet will also be used whenever appropriate.

Transmission losses and internal multiples were ignored, and all seismograms were

generated with a sampling interval of 0.1 ms. The maximum amplitude of the input Ricker

wavelet was arbitrarily set at 1000. For each seismogram generated, the maximum

amplitude of each trace was picked, and these amplitudes were compared to those values

predicted from equations (2.14) and (2.15).

Table 2.1 Lithologies, layer velocities, layer densities, and reflection coefficients for
four models

Types of
Reflectivity

Series

I

II

III

IV

Above Wedge
r,(m/s) P1(Wm3)

non-porous sand
4270 2505

porous sand
3050 2303

silt
3800 2434

porous sand
3050 2303

Wedge
F2(m/s)/,2(kg/m3)

porous sand
3050 2303

silt
3560 2395

porous sand
3050 2303

shale
3350 2359

Below Wedge
F3(m/s)A(kg/m3)

non-porous sand
4270 2505

non-porous sand
4270 2505

non-porous sand

4270 2505

non-porous sand
4270 2505

',

-0.2072

0.1047

-0.1371

0.0596

r.

0.2072

0.1047

0.2072

0.1494
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2.3.1 Type I reflectivity

This case represents a thin bed embedded in an homogeneous and isotropic

medium. Although such a bed is rarely encountered in real geological situations, it is the

most studied case in thin-bed interpretation because of its simplicity. Since rl = -r2 = -

0.2072, equations (2.14) and (2.15) reduce to:

n ~ , j . . . . . . ,= °-76 — T^ where T = T, | = \r 2 \ and /fsmax = Ml ——!— respectively.
V Ad J V Ad J

Recall that AmuK and Amux correspond to Ricker and sinusoidal approximations,

respectively. For a Ricker source wavelet, M= 1 if it is 90°-phase, and = 0.76 if it is zero-

phase, M being a constant independent of frequency. To check these properties of M,

Type I reflectivity was modelled six times with six different Ricker wavelets, three zero-

phase wavelets with frequencies at 18 Hz, 31 Hz and 50, and three 90°-phase wavelets

with the same frequencies. The numerical results are listed in Table 2.2 in Appendix A,

and they are plotted in Figure 2.6.

In Figure 2.6, the Ricker and sinusoidal approximations are plotted only to a

thickness slightly beyond the (1/8)^ value. This is because these approximations are not

valid beyond this thickness, if one assumes a 10% difference as the limit of acceptable

agreement between these approximations and the modelled data. As Table 2.2 indicates,

the differences between the modelled data and the sinusoidal and Ricker approximations

are less than 10% for thicknesses less than the (1/S)A^ value. For thicknesses below

(\l\6}\d, the minor fluctuations in the differences are caused by the non-systematic round-

off errors resulting from using a discrete sampling interval in the modelling process. As

the thickness increases to beyond the (l/16)?i^ value, the difference begins to increase

steadily because the thin-bed assumption is slowly being violated. The modelled values

are listed and plotted to a thickness slightly beyond the (1/4)^ value, since our thickness
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of interest is up to (1/4)^ value. As shown in Figure 2.6, tuning occurs at about (l/4)Xj

thickness.

In Figure 2.6, the amplitude values for the Ricker approximation are obtained by

multiplying the corresponding amplitudes for sinusoidal approximation by the factor M.

The results agree with the modelling results with a Ricker source wavelet for up to about

(l/8)Xrf thickness for all three frequencies. This implies that the Ricker approximation is

correct and that M is indeed independent of frequency. However, modelled results in

Figure 2.6 using a zero-phase source wavelet deviate from the Ricker approximation for

all three frequencies more rapidly than the modelled results with a 90°-phase source

wavelet from the sinusoidal approximation. The reason is that the summation of a Ricker

wavelet with its reverse separated by A/ involves the side lobes of the wavelets (Figure

2.2c), requiring second-order terms to describe the results. However, second- and higher-

order terms in Af were ignored when the expression Am&x was derived for the case of r2 =

-7V
Based on the results shown in Figures 2.6, both the sinusoidal and Ricker

approximations are good approximations for beds that are less than a thickness of (1/8)^,

and are independent of frequencies. They also indicate that, below this thickness, the

function of the maximum amplitude versus thickness is a linear function whose gradient G

is given by:

AMuA i r
G = -——— (2.16)

A, d

Hence, we can determine the reflectivity by:

———— (2.17)
4MTlA;
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Figure 2.6c The amplitude response for Type I reflectivity (~r~) with a Ricker 50-Hz
source wavelet whose maximum amplitude is 1000.

If the source wavelet is a Ricker wavelet, then M is 0.76. In real seismic data, the exact

wavelet is rarely known; we can estimate M by modelling with the extracted wavelet from

the data as the source wavelet.

2.3.2 Type II reflectivity

This case represents the thin bed overlain by a lower-velocity half-space and

underlain by a higher-velocity half-space and with the two reflection coefficients having

the same magnitude. Since /•, = r2, equations (2.14) and (2.15) reduce to

1-1.831 —
U,,

and where r = r, = r2. These

two expressions differ only in one of the constants within the bracket, and the resulting

difference between /4niiax and ^vmax as a function of/) is rather small, as shown in Figure
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2.3. To study these approximations, Type II reflectivity was modelled with six Ricker

wavelets as was done for the Type I reflectivity model.

The amplitude results, shown in Figure 2.7, indicate that both the sinusoidal and

Ricker approximations, i.e. equations (2.14) and (2.15) respectively, agree with the

modelling results for all three input frequencies, although the modelled results agree

slightly better with the Ricker approximation than with the sinusoidal approximation. This

is to be expected since the input wavelets for the models are all zero-phase Ricker

wavelets. However, the differences are small. At (l/8)Xrf thickness, both approximations

deviate less than 10% from the modelling results. There is no modelling result for b = O;

we simply use Ar = 2A1r, which is the limiting value from both equations (2.14) and

(2.15) as b goes to zero.

The numerical results for this reflectivity are tabulated in Tables 2.3 in Appendix

A. In these tables and the corresponding figures, the numerical results from using a zero-

phase Ricker wavelet are almost equivalent to the numerical results obtained from using its

90°-phase counterpart, assuming both wavelets have the same maximum amplitudes.

Hence, the unlabelled modelled results are valid for both a zero-phase Ricker wavelet and

its 90°-phase counterpart. The reason for this equivalence is explained in section 2.2.1

with Figures 2.1 and 2.2.

At about (1/4)^ thickness, amplitude tuning is also observed. In this case, it is a

minimum, and the wavelet exhibits a flat spot at this thickness (trace 20, Figure 2.5b). As

the thickness increases further, the wavelet splits into two components. Beyond this point,

if we measure the amplitude along the same time line along which the maximum is

measured before the flat spot occurs, no tuning actually occurs, i.e. a trough starts to

occur along that time line. The amplitude increase for thicknesses larger than (\/4)\d is

actually measured for one of two smaller wavelets.



39

We can conclude that, for models represented by Type II reflectivity, both the

Ricker and the sinusoidal approximations are suitable for modelling the amplitude

response of a thin bed as a function of its thickness. If the source wavelet is indeed a

Ricker wavelet, then the Ricker approximation gives optimum results. However, in real

data, one seldom knows the exact source wavelet, and the sinusoidal approximation may

be used to obtain reasonable results.

2.3.3 Type III reflectivity

This case represents a thin bed overlain and underlain by higher-velocity half-

spaces whose velocities are different. It is similar to Type I reflectivity except that its two

reflection coefficients have different magnitudes. While Type I reflectivity is the most

studied thin-layer model, Type III probably represents more common geological

situations.

For this reflectivity sequence, Figure 2.8 shows that the Ricker approximation and

the modelled results differ for the thickness range from 0.03^ to 0.08X^, although the

difference is still less than 10%. This is probably due to ignoring terms of (A/2) and

higher-order terms in the derivation of the opposite-polarity term in equation (2.14). For

the thickness range between 0.09Xrf and 0.13Xrf, the two results are almost identical. As

the thickness increases further, they start to deviate rapidly. The sinusoidal approximation

does not agree with the modelled results for the same reason as mentioned in the

discussion for Type I reflectivity. In the limit of zero thickness, the amplitude is equal to

/4,.(r, + r2) which is also true for the Type IV reflectivity series. The numerical results are

listed in Table 2.4 in Appendix A.
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Figure 2.7c The amplitude response for Type II reflectivity (11) with a Ricker 50-Hz
source wavelet whose maximum amplitude is 1000.

Amplitude tuning also occurs at (l/4)Xrf thickness. This is not surprising, since

Type III reflectivity can be expressed as a linear superposition of Types I and II

reflectivities. Although the Ricker approximation deviates from the modelled results more

than the sinusoidal approximation does for small thicknesses, it agrees with the modelled

results for larger thicknesses than does the sinusoidal approximation. This implies that the

thin-bed assumption is a more stringent assumption for the sinusoidal approximation than

it is for the Ricker approximation.
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Figure 2. 8 The amplitude response for Type III reflectivity (-r-1-) with a Ricker 31-Hz
source wavelet whose maximum amplitudes is 1000.

2.3.4 Type IV reflectivity

This case represents a thin bed overlain by a lower-velocity half-space and

underlain by a higher-velocity half-space. It is similar to Type II reflectivity except that its

two reflection coefficients have different magnitudes. Figure 2.9 shows that the two

approximations give very similar results, and both agree very well with the modelled

results for thickness up to and slightly greater than the (1/S)X^ value. Note also that Type

II and Type IV reflectivities, and hence any two-term reflectivity with reflection

coefficients of the same polarity, can be better modelled with the two approximations than

Type I and Type III reflectivities. The reason is that, for equal-polarity coefficients, the

contribution from the opposite polarity term in equations (2.14) and (2.15) is very small,

and hence the problem of neglecting (A/)2 is minimal, as mentioned earlier. The numerical

results for this reflectivity can be found in Table 2.5 in Appendix A.
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Amplitude tuning occurs also at (l/4)A,rf thickness, which is a direct consequence

of the fact that the equal-polarity term in equations (2.14) and (2.15) tunes at (l/4)Kd, and

the contribution from the opposite-polarity term is minimal, although it also tunes at a

maximum at (1/4) A^ thickness.

2.4 Normal incidence, two-layer model

In real geological situations, a single thin layer embedded within a thick layer is not

a common occurrence, particularly in the Western Canadian Sedimentary Basin. More

often, a composite reflection is recorded from a series of thin layers. When interpreting

such reflections, one has to be aware of the potential pitfalls of applying any theories

developed for a single thin layer to a multi-layer model. For this dissertation, we will

consider the case of two vertically adjacent thin layers, and leave the study of a greater

number of layers for future research. The main objective is to investigate how the

amplitude response of two thin layers differ from that of a single layer. In the following

three sections, an equation based on the sinusoidal approximation describing the amplitude

response of a two-layer case is developed, and its properties are discussed. Numerical

modelling results are also compared to theoretical results.

2.4.1 Sinusoidal approximation

Two thin layers embedded between two homogeneous and isotropic half spaces

can be represented graphically by three reflection coefficients. Let the reflection

coefficients at the interfaces be ^1, r0, and r2. Using the same approach as that used for a

single thin layer, and taking time zero to be the event at r0, we can write:
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Figure 2.9 The amplitude response for Type IV reflectivity (-il) with a Ricker 31-Hz
source wavelet whose maximum amplitude is 1000.

.Ar = A1T1 cod / + —L —- + 4/0 co + Af2 cod t -
V TK 1

(2.16)

where Ar = maximum peak amplitude of the approximating cosine wave, bl = thickness of

the top thin layer, b2 = thickness of the bottom thin layer, K1 = P-wave velocity of the top

thin layer, V2 = P-wave velocity of the bottom thin layer, Td = predominant period of the

source wavelet that the cosine wave is approximating.

Therefore, we have:

co cos - sin sin

co JCO sin
L

sin T C O
2nt
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r.co TT
COS ——— + r2 sin —— -TJ sin

^
. 2;rfsin ——

/ \
I Ab Tt I Ab TT

Applying the thin-bed approximation so that, for small b, sin —— «——,

sin and -

f+*, J m*

~ 1-2 ̂ n 4 r1 . 2ntsin ——

. ...Ar =M3 cos 27C/ . 271/sin —— (2.17)

where M3 = 4 < T1

and M4 = A1

1-2 1-2

n 4^r1 n

Equation (2.17) is similar to equation (2.2). Hence, the maximum amplitude value

is given by:

A =

= 4 n A
+ rn> +• 4h^ « (2.18)



46

Equation (2.18) is similar to equation (2.15) with M= 1. However, applying the

same method used in deriving equation (2.14) from the Ricker wavelet to the two-layer

case leads to an unsolvable expression. Based on equations (2.14), (2.15), (2.18), by

induction it is reasonable to modify equation (2.18) to:

-!
).762

(2.19)

for a Ricker wavelet. I define equation (2.19) the pseudo-Ricker approximation. If the

two thin layers have the same P-wave velocities and densities, they become one layer with

the thickness equal to the sum of bl and b2. Under this circumstance, r0 becomes zero and

equations (2.18) and (2.19) reduce to equations (2.14) and (2.15).

For the study of two layers, there are three fundamentally different types of

reflectivity sequences. The first is the case where two successive reflection coefficients

have the same polarity and the remaining coefficient has the opposite polarity. It can be

represented diagramatically by the symbol i ; this reflectivity will be called the Type V

reflectivity. The second is the case where the three reflection coefficients have alternating

polarities, and can be represented by the symbol i i (Type VI reflectivity). The third is

the case where all the three reflection coefficients are of the same polarity and can be

represented by the symbol I I I (Type VII reflectivity). To obtain synthetic seismograms

for these models, a wedge underlain by a thin layer was used (Figure 2.10). For each

model, ten synthetic seismograms corresponding to five different thickness (2 m, 4 m, 6 m,

8 m and 10 m) for the underlying thin layer were generated, modelled with a 31 Hz Ricker

wavelet and its corresponding 90°-phase counterpart as source wavelets. The maximum

amplitudes of the source wavelets were set at 1000. As previously, the geometry of the
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wedge was set so that the trace number is equal to the thickness of the wedge at the trace

location. As with the single-layer models, transmission loss and multiples were ignored,

normal incidence was assumed, and all models were generated with a time sampling

interval of 0.1 ms. The velocities, densities and the resulting reflection coefficients for

these three reflectivities are shown in Table 2.6. Figure 2.11 shows some examples of the

synthetic seismograms generated for the two-layer study.

Y-P .

Figure 2.10 The wedge model for two-layer study.

2.4.2 Type V reflectivity

For this reflectivity series, the lithologies and velocities chosen represent a

coarsening-upward sequence. For example, the Bluesky Formation of the Lower

Cretaceous period in Central Alberta is often a coarsening-upward sequence where the

productive porous sand is underlain by silty sediments and capped by either impermeable

shale or non-porous fine-grained sand. The numerical results are listed in Table 2.7 in

Appendix A and plotted in Figure 2.12. For the modelling results with a 90°-phase source

wavelet, and for all 5 thicknesses of the underlying layer, the reflected wavelet has the

appearance of a zero-phase wavelet with the maximum absolute amplitude occurring at a

trough. Hence, the troughs are picked for amplitude comparison. For the modelling

results with a zero-phase source wavelet, the reflected wavelet approximates a 90°-phase

wavelet for all the five synthetic seismograms. When the underlying layer thickness is less



Table 2.6 Lithologies, layer velocities, layer densities and reflection coefficients for the Type V, VI and VII
reflectivity

Reflectivity

Series

V

VI

VII

Lithology

K,(m/s)A(kg/m)

non-porous sand

4270 2505

shale

3350 2359

porous sand

3050 2303

Lithology

V1 (m/s) ^(kgtoi)

porous sand

3050 2303

porous sand

3050 2303

shale

3350 2359

Lithology

Y3Ws)P3(^m)

silt

3800 2434

silt

3800 2434

silt

3800 2434

Lithology

K,(m/s)p«(kg/m)

non-porous sand

4270 2505

shale

3350 2359

non-porous sand

4270 2505

'i

-0.2072

-0.0596

0.0596

ro

0.1371

0.1371

0.0781

'2

0.0722

-0.0781

0.0722
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than 6 metres, the peaks and troughs have almost identical amplitudes, with differences

less than 1%. However, when the thickness of the underlying layer is more than 6 metres,

the preceding troughs have slightly larger amplitudes than the peaks, in which case troughs

are also picked for amplitude comparisons.

From the results in Figure 2.12, it is evident that the amplitude response of a two-

layer model representing a Type V reflectivity sequence is different from that of a single

layer. Firstly, for a single layer, it is shown in the last section that the thin-bed limit is

approximately (l/8)Xrf, defined by the thickness at which the maximum amplitude of the

reflected wavelet deviates by less than 10% from the sinusoidal approximation. For Type
V reflectivity, however, this limit for the wedge is about (1/16)X ^1 when the underlying

layer's thickness is 0.06X ^2 (6 m) or less, where X ^1 and X ^2 are the predominant

wavelengths in the wedge and the underlying thin layer, respectively. When the thickness
of the underlying layer is 0.11X ^2 (1Om), the modelled results differ drastically from that

of the sinusoidal approximation. At this thickness for the underlying layer, the total

thickness for the two layers is 0.13^ for a wedge thickness of 0.02X^1 (1.5 metres).

This total thickness already exceeds the thin bed limit as defined in the last section.

The pseudo-Ricker approximation also agrees with the modelling results with a

zero-phase source wavelet, though for a slightly lesser range of wedge thickness compared

to the agreement between the sinusoidal approximation and the modelling results with a

90°-phase source wavelet. However, the agreement does imply that the pseudo-Ricker

approximation is still a reasonable estimate for a Ricker wavelet for a wedge thickness of

up to 0.04X d and an underlying thin layer of 0.06X ^2 metres or less.

There are two other observations. The first one is the tuning thickness. For a

single thin layer, this is at 0.25^ thickness. But if it is underlain by another thin layer, the

maximum amplitude of the composite reflection occurs at a thickness of slightly less than

the 0.25X^ value for the top thin layer. For example, at 6 m for the underlying thin layer,
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the wedge thickness at which maximum amplitude occurs is about 0.22-X dl (Table 2.8c).

If the wavelength \d is, for example, 100 m, the difference between 0.25 X d and 0.22X dl

is 2.52 m. While this may seem small, it makes a great deal of differences in the economic

evaluation of a potential reservoir if the areal extent is large. The second observation is

that the synthetic seismograms in Figure 2.11a show that the phase of the composite

wavelet does not appear to change as the thickness of the wedge increases, regardless of

the thickness of the underlying thin layer.

2.4.3 Type VI reflectivity

For this reflectivity, the lithologies chosen reflect an interbedded sand and shale

sequence typical of Lower Cretaceous formations in southern Alberta. For example,

porous sands of the Viking Formation is often overlain by the Basal Fish Scale shale and

underlain by the JoIi Fou shale. A comparison between numerical modelling results and

theoretical values are listed in Table 2.8 (Appendix A) and plotted in Figure 2.13. For

modelling results with a 90°-phase source wavelet, the maximum amplitudes are peaks for

small wedge thicknesses and then stabilize as troughs as the wedge thickness increases.

The opposite occurs for a zero-phase source wavelet.

From Figure 2.13, the most notable difference between this reflectivity series and

the Type V reflectivity series is that, regardless of the thickness of the underlying thin

layer, as the wedge thickness increases from zero, the absolute maximum amplitude of the

composite wavelet decreases initially, and then increases with increasing thickness. This is

an important observation, since when interpreting trace amplitudes to deduce formation

thicknesses, it is often assumed that the amplitudes will either increase or decrease

continuously between zero thickness and the tuning thickness. This reflectivity shows that
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such assumption could be misleading when one is dealing with an interbedded sand and

shale sequence where the polarities of the reflection coefficients are alternating.
When the underlying layer thickness is 0.09X ^2 (8 m) or more, the sinusoidal

approximation leads to erroneous results, as the error between the theoretical results and
the modelled results exceed 14%. However, when it is 0.06X ^2 (6 m) or less, the results

from the approximation agree well with the modelling results for wedge thicknesses up to
0.07X d (5 m) with most of the % differences well below 10%. For the pseudo-Ricker

approximation, the theoretical results agree with the modelling results up to a wedge
thickness of 0.04 X d] (3 m) with the underlying layer thickness being 0.04?i ^2 (4 m) or

less. When the underlying thin layer's thickness is 0.06X ^2 (6 m) or more, the

approximation is not valid for any wedge thickness.
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With the presence of an underlying layer, Figure 2.13 indicates that, for all five

values of underlying layer thicknesses, the maximum amplitude of the reflected composite

wavelet occurs at approximately 0.29A, ^ thickness for the wedge. This compares with a

tuning thickness of 0.25X^1 for a single thin layer and 0.22X^1 for the Type V

reflectivity. The difference between 0.25X d{ and 0.29X d{ is 4 m, assuming a wavelength

of 100 m. This is a significant difference in the economic evaluation of a hydrocarbon

reservoir, as many of the reservoirs in the Western Canadian Sedimentary Basin are only

of the order of 3 to 5 m thick.

2.4.4 Type VII reflectivity

This reflectivity represents a typical fining-upward sequence, such as a sandbar

deposited in a channel. For example, the Lower Cretaceous Glauconitic formation in

southern Alberta contains channel facies. Among the three two-layer reflectivities studied,

the Type VII reflectivity is the one that can be best modelled by the two approximations.

Comparisons between theoretical and modelling results are shown in Figure 2.14. The

numerical results are listed in Table 2.9 in Appendix A. For this reflectivity, the maximum

amplitude is a decreasing function of the wedge thickness, and the tuning amplitude is a

minimum.

For modelling results with a 90°-phase source wavelet, the maximum amplitude is

a trough for small wedge thicknesses, and is a peak for larger wedge thicknesses.

However, the range of the wedge thickness where this is true increases with the thickness

of the underlying layer. From Figure 2.14, the modelling results and the sinusoidal

approximation agree well for all the five underlying layer thicknesses, although the

agreement deteriorates as the thickness of the underlying layer increases.
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For the pseudo-Ricker approximation, Figure 2.14 shows that the agreement

between the theoretical results and the modelling results are better than the agreement

between the sinusoidal approximation and the corresponding modelled results. For

example, even when the underlying layer thickness is 0.1 I X ^2 (10 m), the % difference

between the two sets of results is less than 10 up to a wedge thickness of 0.084 X d (7

m) for a total thickness of 0.19X^, which is considerably larger than the value (1/S)X^. The

good agreement between the two sets of results implies indirectly that the pseudo-Ricker

approximation is no less valid than the sinusoidal approximation, although it is not derived

directly from the Ricker wavelet expression.

The behaviour of the tuning thickness of this reflectivity is different from that of

the other two reflectivities. Firstly, the tuning amplitude is a minimum. Secondly, the

tuning thickness shifts from a wedge thickness of approximately 0.25X^1 for an

underlying layer thickness of 0.02X ^2 (2 m) to a lower wedge thickness of approximately

0.2OX dl for an underlying thickness of 0.11 (10 m). This contrasts with the tuning

thicknesses of the Type V and Type VI reflectivities being constant for all the five

underlying thicknesses.

2.5 Discussion

From the analysis of the single-layer models, several conclusions can be drawn that

are useful for interpreting amplitudes of seismic reflections from thin geological

formations. Type 1 reflectivity series is a singular case in that it is the only model for

which the amplitude response as a function of thickness is linear within the thickness

region where the thin-bed assumption is valid. All other cases are second-order

polynomials. This implies that in exploration seismic data, interpretation of amplitudes for

thin bed reflections to infer the thickness of the bed based on a linear relationship will lead
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to erroneous results unless r2 = -^1.

Under the thin-bed assumption, the sinusoidal approximation is generally a

reasonable approximation for a Ricker wavelet. This is significant, since, in real data we

rarely know the exact wavelet. If the sinusoidal approximation is a good approximation

for the Ricker wavelet, it is likely to be a good approximation for any wavelet whose

phase is close to zero phase. In practice, the existence of a constant M in the sinusoidal

approximation implies that, even if there is a stratigraphic sequence which can be

represented by Type I reflectivity, one cannot calibrate the thickness according to the

amplitudes observed on real seismic data unless the wavelet is known, or unless the data

ties with at least with one well for the targeted formation. If there is no well tie, one may

try to extract a wavelet from the data; if it approximates a zero-phase wavelet, then M is

approximately 0.76. If it does not, one might be able to estimate M by modelling with the

extracted wavelet as a source wavelet.

Equations (2.14) and (2.15) can be used in forward modelling to deduce the

velocities of a thinly-layered sequence. For example, the velocity of the thin layer can be

varied in these equations until the corresponding curves match with the observed results

on real data that have been scaled appropriately. They may also be used to calibrate real

data in a reservoir development program where the zero thickness limit of the reservoir

rock is needed to be mapped from seismic data.

The analysis of the two-layer models also provides useful information for

amplitude interpretation. Equations (2.18) and (2.19) clearly indicate that the theories

developed for one single layer, i.e. equations (2.14) and (2.15), cannot be applied to a

two-layer case. In particular, the results of Type VI reflectivity illustrate that, if the

polarities of the reflection coefficients of a multi-layer reflectivity are alternating, the

amplitude of the composite reflection may not uniformly increase or decrease as the

thickness of a particular layer increases. Furthermore, the analysis shows that if a thin
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layer is underlain by another thin layer whose thickness is constant, then as the thickness

of the top thin layer changes, tuning occurs at a thickness which is slightly different from

the (1/4)X^ value with respect to the top layer. Thus, if a two-layer reflection is mistaken

to be a single-layer reflection, the estimated thickness of the formation will also be

mistaken. This may lead to miscalculation of the economic value of a potential

hydrocarbon reservoir.

In this chapter, seven reflectivity sequences with specific velocities, densities and

Poisson's ratios are modelled. Conclusions drawn from the results of these models may

not apply to models whose parameters are very different to the ones studied. However,

for models with parameters close to the ones used in the study, the conclusions drawn for

these seven reflectivity sequences are probably also valid. Furthermore, the limited

conclusions already indicate the complexity in thin-bed seismic interpretation, which

requires more research to solve many other issues not covered in this dissertation.
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Chapter 3 - Frequency characteristics of seismic reflections from thin

beds

3.1 Introduction

One of the important properties of a wavelet in thin-bed seismic interpretation is

the frequency of the reflected composite wavelet. Widess (1973) concluded that for a bed

whose thickness is below (1/8)^, the peak to trough time of the composite wavelet

reflected from the top and bottom of the bed stays constant. This conclusion is based on

visual inspection and is actually not analytically correct. Kallweit and Wood (1982)

showed graphically that the peak-to-trough time keeps decreasing as the bed thins, and

stabilizes only in the limit of zero separation. As shown later in this chapter, the analytical

results for the peak frequency behaviour agree with their conclusion.

For any wavelet, it is evident from the definition of frequency that the peak

frequency is inversely related to the peak-to-trough time. The peak frequency is defined

as the frequency with the maximum amplitude in the frequency domain. This contrasts

with the dominant frequency, which is defined as the frequency that corresponds to the

wavelet peak-to-trough time. As a quantitative example, consider a Ricker wavelet

centred at / = O with peak frequency/0 (Ricker, 1940):

(3.1)

For the wavelet peak or trough (amplitude maximum or minimum):
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^-O
dt

-4 Jt e- '" ' - 2ft e l - 2rt

Simplifying, we have

47i 2 /0
2 '3 -6t = O

/ = O is obviously a root, since the wavelet is centred at f = O, which is the wavelet peak

time. Therefore:

/

The two other roots correspond to the two troughs of the wavelet, and since f = O

coincides with the wavelet peak, / =0.39//"0 is in fact the peak to trough time for a Ricker

wavelet. Therefore, the peak-to-trough time for a Ricker wavelet centred at / = O is

inversely proportional to the peak frequency. Hence, analyzing the peak-to-trough time

behaviour and analyzing the peak frequency behaviour are two different but equivalent

ways of studying the same property of a wavelet. Lange and Almoghrabi (1988) studied

the peak frequency behaviour of seismic reflections from thin beds as a function of both

bed thickness as well as the incidence angle of the seismic raypath. Whereas using the
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peak-to-trough time is a process of measurement, using the peak frequency offers the

potential advantage of mathematical analysis, as shown in the next section. For this reason

and the fact that there has been very little published literature on the use of the peak

frequency as an aid in interpretation, it was chosen to be studied instead of the peak to

trough time.

3.2 Theory

In this section, an exact frequency equation and a thin-bed frequency equation are

derived for the one-layer case. Two corresponding frequency equations are also derived

for the two-layer case. As for the amplitude study, transmission loss and internal multiples

are ignored, and dispersion is not included.

3.2.1 Single-layer model

A simple model of a thin layer embedded between two thick layers can be

represented by two reflection coefficients with magnitudes T1 and r2 and traveltimes tl and

/2 respectively from the top of the upper thick layer (Figure 3.1).

T T

i I

Figure 3.1 A simple thin-layer model.

The spectrum of the reflectivity series is:
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(3.2)

= [V1 cos(2T^t1) +r2cos(27tft2)] + /Jr1 sin(2T^t1) + r2 s in(2nf t 2 ) ] .

The corresponding amplitude spectrum is then:

+ rl + 2r,r2 cos(2 ̂ A

where A/ = / 2 - / j is the two-way traveltime within the thin layer.

The amplitude spectrum of a Ricker wavelet with peak frequency /0 is (Ricker,

1953):

o

Hence, the amplitude spectrum of a composite wavelet formed by the convolution of a

Ricker wavelet with a two-term reflectivity series is:

.rr
1

2+r?+2r1r,cos
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In order to determine the peak frequency, differentiate R(f) with respect to /and set

dR(f)/df to zero:

- f /_Y "fef
df /o + 2^r2 cos(2;z/A/)

cos(2;z/Af)
/ o / o / o / o

= 0.

Simplifying and using/, to denote peak frequency, results in:

o
(3.4)

where fp is the peak frequency sought. Equation (3.4) gives the peak frequency of a

composite wavelet formed by the convolution of a Ricker wavelet with a two-term

reflectivity sequence. Hence, it will be called the exact peak frequency equation. Because

of the complexity in the way that f appears in equation (3.4), it cannot be solved for

analytically, but it can be solved for iteratively. The derivation of equation (3.4) makes no

reference to whether the angle of incidence is normal or offset-dependent. All it requires

is the two-way traveltime between the two reflection coefficients. Hence, it can be used

for both normal incidence and non-normal incidence, i.e., in general, r, and r2 in equation

(3.4) may be offset-dependent.

The thin-bed approximation can also be applied to the exact peak frequency

equation. By assuming that A/ is small so that s\r\(2nf p ht)*2nf p A/ and



o o *5where k = r, + r2

+r
/O

,.
/o

/ \ 2= (T1 + r2 j . Rearranging terms, we have

Jo j
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or

2r,

/,=/0
,

• • 7 P * /o

A/

1- (3.5)

assuming TC 2 A / 2 /Q
2 r, r2 « k 2 .

Equation (3.5) is defined here as the thin-bed peak frequency equation, since A/ is

assumed to be very small. Since k2 is always positive, equation (3.5) indicates that, if a

Ricker wavelet is convolved with a two-term reflectivity sequence whose terms are

separated by a small time interval, then the peak frequency of the composite wavelet will

decrease as A/ increases if/ ', and r2 are of the same polarity, and vice versa if r, and r2 are of

opposite polarities. As will be shown in the next section, equation (3.5) is a good
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approximation for Types II and IV reflectivity sequences, but less good for Types I and III

cases. This is because if T1 and r2 are of opposite polarities but close in magnitude, k can

be very small, resulting in an abnormally large value for ̂  in equation (3.5). For the case

where r2 = -^1 (Type I reflectivity), equation (3.5) is invalid because of the singularity due

to k = O. However, this case can be studied in a different manner. Putting r2 = -^1 in the

exact peak frequency equation (equation 3.4), we obtain:

/O
/[-r,2 *A/ sin (2 */, A/)] = [2r,2 - 2r,2 cos(2;r/p A/)]

-/ ̂ A/ sin (2 tf/^ A/) = 2[l - cos(2 tf/j, Af )] 1- —
I / O .

/O

= 4sin2(^/ Af)
/o

Making the thin-bed approximation sin (2 TC/" . Af )«27/ A/ for small A/, we have:

/J =4 *
7 V^ -i
7oJ

o 2

(3.6)
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This is identical to the results obtained by Lange and Almoghrabi (1988) although the

approach used in this dessertation is different. Lange and Almoghrabi (1988) followed the

conclusion of Widess (1973) and assumed that a reflected composite wavelet assumes the

shape of the derivative of the source wavelet when the bed thins to (l/8)Xrf, and the shape

remains constant as the bed continues to thin to zero. They then took the first derivative

with respect to time of the amplitude spectrum of a Ricker wavelet, and solved for the

new peak frequency. In the approach presented in this dissertation, there is no assumption

about the shape of the reflected composite wavelet, regardless of the thickness of the bed;

the only assumption is that the bed has to be sufficiently thin for the thin-bed assumption

to be valid. Furthermore, as will be shown in section 3.3.1, the calculated peak frequency

does not occur when the bed thickness is equal to (1/S)X^ as suggested by Widess (1973)

and Lange and Almoghrabi (1988), but it is actually the limiting value for the peak

frequency as the bed thickness approaches zero. Indirectly, this limiting behaviour also

agrees with the conclusion of Kallweit and Wood (1982) about the limiting behaviour of

the peak to trough time (see section 1.3).

Combining the results of Widess (1973), Lange and Almoghrabi (1988), and the

results deduced from equation (3.4), it is concluded that as the thickness of a thin-bed

represented by a Type I reflectivity sequence decreases, the peak frequency of the

reflected composite wavelet will increase. As the thickness of the bed reduces to the

limiting value of zero, the shape of the reflected composite wavelet will approach the

shape of the derivative of the source wavelet, and the limiting peak frequency value is

given by I— /0 where/0 is the peak frequency of the source wavelet.
V 2
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3.2.2 Two-layer model

The mathematical procedure used for establishing the peak frequency versus

thickness relationship for a single layer was employed to derive similar equations for two

thin layers embedded in thick layers. Figure 3.2 shows this model and is characterized by

the reflection coefficients rlt r2, and r3 and traveltime J1, /2, and /3:

t t
'!

t

Figure 3.2 Two thin layers embedded in two thick layers.

The spectrum of the reflectivity series is:

= [V1 COS(2 TIfI1 ) + /2 COS(2 TTfI2 ) + /3 COs(2 7[ft3 )]

(3.7)

Therefore, the corresponding amplitude spectrum is:

4/) = [r j cos(2 nft^) + r2 cos(2 nft2) + r3 cos(2 nf /

+ r3 sin(2^/

Simplifying, we obtain:
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A(f) =
r, + n ir2 cos(2 nf A' 12 cos(2 nf A/23

+2 T3 ̂ 0)5(2 TT/ A/3

where A/12 = / 2 - /1 5 A/ 23 = / 3 - / 2, and A/ 31 = / 3 -

Hence, using the expression for the amplitude spectrum of a Ricker wavelet as given in

equation (3.3), the amplitude spectmm of a composite wavelet formed by the convolution

of a Ricker wavelet with a three-term reflectivity is:

/O

r3
2 + 2rjr2 cos(2 nf A/12)

+2r2r3cos(2;r/A/23
r! cos(2^-/A/31

As for the single layer case, for the maximum value of R(f), i.e. the peak frequency, we

can differentiate R(J) with respect to / and set the derivative to zero. Doing so, and

simplifying, we obtain:

ir2 COS(2 nf kt\1 COS(2 nf 1 (3.8)

Equation (3.8) gives the peak frequency of a composite wavelet formed by the

convolution of a Ricker wavelet with a three-term reflectivity sequence, and involves no

approximation. If we put r3 = O, equation (3.8) reduces to equation (3.4).

If the thin-bed approximation is applied, equation (3.8) becomes:
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] = [̂ 1
2 + T2

2 + r2 +2^r2 + 2r2r3 +2^r1]

= A* _*,'(/£.
l/o

t f j
where /?2 = (rt + r2 -f r3) and s2 = 2;r2(r1r2Af1

2
2

/O

/O

2 -2
1 + /o'*

(3.10)

assuming «1, which is valid for small A/,. Equation (3.10) gives the peak

frequency of a composite wavelet reflected from two thin beds embedded in two thick

layers. It is the two-layer equivalent of equation (3.5), and reduces to it for r3 = O. As

with equation (3.5), equation (3.10) suffers from a singularity i f /? is very small. In a

sequence of thin beds of clastic rocks, the polarities of the reflection coefficients are often

alternating, and the probability of/? being small is quite high. This limits the usefulness of

equation (3.10). Nevertheless, if /? is not small, it gives a good approximation, as shown

for a Type VII reflectivity model later in the chapter. However, one can always use

equation (3.8), the exact peak frequency equation for two layers, and which can be solved

by iteration. We shall study all these properties in more detail in section 3.4.
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3.3 Normal incidence, single-layer model

In this section, results from equations (3.4) and (3.5) are compared with results

from numerical modelling for normally incident plane waves. For this study, the wedge

model and the corresponding synthetic traces for the four types of reflectivities are the

same as those discussed in section 2.3. The peak frequency of each synthetic trace was

found by the maximum value of its amplitude spectrum. However, in both equations (3.4)

and (3.5), if A/ = O, that is, for zero bed thickness,/0 =fp. As with the amplitude study in

Chapter 2, understanding the behaviour of peak frequency as a function of the bed

thickness was the main objective of this work.

3.3.1 Type I reflectivity

Figure 3.3 is a plot of the results of equation (3.4) for this model for three different

input Ricker wavelets with peak frequencies of 18 Hz, 31 Hz, and 50 Hz. The exact peak

frequency equation is solved by iteration using a computer program. A range of

frequencies of ±6 Hz centred around the source wavelet's peak frequency is substituted

into equation (3.4) at a frequency step of 0,01 Hz until equation (3.4) is solved for fp.

Also shown are the corresponding results from numerical models. All numerical results

are listed in Table 3.1 in Appendix B.

Figure 3.3 shows that values predicted by equation (3.4) agree exactly with values

from numerical modelling for the three different frequencies used. This implies that the

peak frequency equation is independent of frequency. The results show that, for Type I

reflectivity, the peak frequency of the composite reflected wavelet increases monotonically

as the bed thickness decreases. However, the gradient is non-linear and is frequency-

dependent. For example, when the wedge thickness changes from 1 m to 13 m, the

percentage decrease expressed in terms of/0 is 1.8% for/0 = 18 Hz and 13.9% for/0 = 50
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Hz. Note that at b = 13 m, the wedge is only slightly larger than (l/4)Xrf for/0 = 50 Hz

(see Table 3.1). In processing seismic data collected over thin geological formations,

geophysicists often attempt to increase the high-frequency content of the data to increase

its vertical resolution. The above results indicate that, even if the thickness is below

resolution, higher frequencies are still preferable, because they are more sensitive to

changes in bed thickness than are lower frequencies.
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Figure 3.3 Peak frequency values vs. thickness for Type I reflectivity ( i ).

0.4

3.3.2 Type II reflectivity

For this reflectivity sequence, the results from both the exact peak frequency

equation and the thin-bed approximation agree well with the modelling results (Figure

3.4). Both results are frequency-independent. Since the exact peak frequency equation

does not contain any approximations, it is expected to agree with the modelling results for

all thicknesses. The results from the thin-bed peak frequency equation, however, will
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agree with the modelling results only for thicknesses for which the thin-bed approximation

remains valid. In Figure 3.4, the two results start to deviate at thickness of about 0.23Kd

for all three frequencies tested. However, the deviation is relatively small; for example,

for the source frequency of 50 Hz and at the thickness of 0.24Xrf, the result from the thin-

bed peak frequency equation (33.5 Hz) is only 7.7% less than that of the modelling result

(36.3 Hz). As with Type I reflectivity, the deviation is more observable for the higher

frequency than for the lower frequency. The numerical results are listed in Table 3.2 in

Appendix B.

For both Type I and Type II reflectivity studies, three input peak frequencies were

used, the purpose being to verify that the equations are frequency-independent. For Types

III and IV reflectivities, only the results obtained for a 31 Hz Ricker source wavelet will

be presented. The presented results are valid for the specific models used, and may not be

valid for similar reflectivity sequences whose reflection coefficients have significantly

different magnitudes. However, equation (3.4) can always be used to study more different

types of models.
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Figure 3.4 Peak frequency values vs. thickness for Type II reflectivity (JJ-).
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3.3.3 Type III reflectivity

It was shown in section 2.2 that this reflectivity can be expressed as the sum of

Types I and II reflectivities. Since the peak frequencies for both types of reflectivities

increase slowly as the bed thickness decreases, similar behaviour may be expected of Type

III reflectivity. However, the data plotted in Figure 3.5 show that, as the thickness of the

wedge increases, the calculated exact peak frequency of the reflected composite wavelet

first increases, reaches a maximum at about 0.093 X^, and then slowly decreases. This

behaviour is observed only for Type III reflectivity among the four types of reflectivities

studied.

The results from the thin-bed peak frequency equation agree with the modelling

results for thickness only up to about 0.03Xrf. Above this thickness, the peak frequency

values increase sharply and diverge rapidly from the modelling results. As explained in

section 3.1, the reason is the small numerical value of the factor (r{+r2) in the denominator

of equation (3.5). For the Type III reflectivity model used in this dissertation, (r}+r2) =

0.0702. For example, this is almost three times smaller than the value of 0.2098 for Type

II reflectivity model. The numerical results are listed in Table 3.3 in Appendix B.

3.3.4 Type IV reflectivity

For this reflectivity sequence, the behaviour of the peak frequency of the reflected

composite wavelet is similar to that for Types I and II reflectivities. Figure 3.6 shows the

results for a 31 Hz Ricker wavelet as the source wavelet. Both the exact peak frequency

equation and the thin-bed peak frequency equation lead to results which are consistent

with the modelling results. They all indicate that the peak frequency slowly decreases as

the thickness of the wedge increases. The numerical results are tabulated in Table 3.4 in

Appendix B.
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3.4 Normal incidence, two-layer model

In this section, the results calculated from equations (3.8) and (3.10) are compared

with those from numerical modelling for Types V, VI, and VII reflectivities. The

modelling traces are the same corresponding traces as used for the amplitude study in

section 2.4. These equations are also used to generate curves of peak frequency versus

thickness for each type of reflectivity sequence . The purpose is to study the behaviour of

the peak frequency response of a thin layer as a function of its thickness in the presence of

a second, underlying thin layer. Only a 31-Hz Ricker wavelet was used, since the

approach has been shown to be frequency-independent.

3.4.1 Modelling comparison of Types V. VI. and VII reflectivity series

The results from equations (3.8) and (3.10) and the modelling results are plotted in

Figures 3.7, 3.8, and 3.9 for Types V, VI, and VII reflectivity sequences, respectively.

However, the results from equation (3.10) are plotted only in Figure 3.9 for Type VII

reflectivity, since this equation is valid only for the situation where rlt r2 and r3 are all of

the same polarity. For Types V and VI reflectivities, one of the reflection coefficients has

a polarity opposite to that of the other two. Under this circumstance, the denominator in

equation (3.10) can become very small and lead to erroneously large frequency values

even for small bed thicknesses. For example, for Types V and VI reflectivities and a

wedge thickness of 1 m underlain by a layer 2 m thick, the peak frequencies given by

equation (3.10) are 3027 Hz and 1714 Hz respectively for a 31-Hz source wavelet. This

problem is similar to the situation of Type III reflectivity where the thin-bed frequency

equation leads to much larger frequency values for wedge thicknesses larger than 3 m

when r, and r2 are of opposite polarities. However, when /•,, r2 and r3 are all of the same


