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Abstract

Four distinct topics are covered in this dissertation. These topics can be grouped
under the general heading of multicomponent seismology.

The first topic, deals with the generation of shear waves using vertical vibrators.
Two methods were used to investigate this experimentally proven phenomenon. The first
involves assuming the surface sources at some point can be modeled as vibrators with
displacements in counterphase. The resulting far-field radiation pattern is then calculated.
This shows the potential for strong vertically incident shear waves. The second method is
based on simple mechanical models for vibrators that are allowed to interact over an
elastic half-space. The theory for this method is developed fully and ready for numerical
implementation.
The second topic deals with describing the composite earth as a generalized
continuum. The method of Backus averaging, for a stack of finely layered media, is
generalized to develop a new generalized continuum description. This development
extends the averaging method to non-zero frequencies. The possibility of plane waves
within this medium is investigated. This investigation show the plane waves in this type
of media have the kinematic properties of waves in an elastic medium, but dynamic
effects of absorption and dispersion are present.
The third topic, involves a statistical method for finding the preferred frame of
reference of an elastic tensor. The method is tested for the case of cubic symmetry and
the preferred frame was extracted from a cubic elastic tensor represented in an arbitrary
frame. Methods to extend the method to cases where the symmetry is unknown are
presented.
The last topic, is concerned with a novel method of generating P- and S-wave
synthetic seismograms using the state-space approach with coupled Goupillaud models.
The method is implemented and synthetic seismograms generated showing good
kinematic agreement to what is expected from the input model.
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O: Introduction

0.1: Historical review
Seismology, without need of much evidence, could probably be traced to the first
sentient being that felt the physical earth move under his/her feet. A more quantitative
approach can still be traced back to ancient China, during the Han dynasty (AD 132), a
rudimentary seismograph was constructed by Chang Heng (Encyclopaedia Britannica,
1981). But, it was not till the early 180Os that quantitative seismology, in which modern
seismology has its roots, can actually be said to begin. The topic of exploration
multicomponent seismology, has its inception as recently as the 1940s. A good brief
overview of the history of multicomponent seismology can be obtained by examining
table 0.1-1, adapted from Tatham and McCormack (1991).________________
Table 0.1-1; Historical development of multicomponent seismology
Development

Era

180Os

Use of multicomponent recording, especially horizontal seismometers.
Earthquake Seismology

1940s

__

__

__

Observation of S-wave arrivals in routine check-shot survey.

Horton (1943)
1950s

Use of multicomponent geophones in observational studies of
fundamental seismic wave propagation. Jolly (1956), White, Heaps and
Lawrence. (1956), Press and Dobrin (1956).

1960s

Use of horizontally polarized Vibroseis sources and geophones for S
wave reflection observations. Cherry and Waters (1968), Erickson,
Miller and Waters (1968)._______________________
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1970s

Use of improved horizontal Vibroseis sources and conventional
Vibroseis for P- and S-wave reflection studies over a large number of
known fields. Conoco Group Shoot (1977-1978).

1980s

Observation of S-wave reflection in marine environments.
Tatham and Stoffa (1976), Tatham, Goolsbee, Massell and Nelson
(1983), Tatham and Goolsbee, (1984).
Nine component recording- multicomponent recording, anisotropy and
shear-wave splitting reported a improving shear-wave data quality and
mapping fractures. Alford (1986), Johnston (1986).
( After Tatham and McCormack, 1991 )

Multicomponent seismology has been a very rich source of research topics and
this thesis is comprised of a few topics under this heading.

0.2: Structure of thesis
This thesis examines several very different topics under the framework of
multicomponent seismology. I have attempted to make this thesis self-contained so there
is quite an extensive appendix section; the subject is so broad, however, I was only
partially successful in this endeavor. Even though much of the material in the appendices
is review, I have included original developments and analysis in appendix A. The
following is a chapter-by-chapter preface to the thesis.

0.2.1: Shear waves from vertical vibrators

It is rather fitting to start this thesis on multicomponent seismology by
considering seismic sources. Chapter 1 deals with the generation of shear-waves using
vertical vibrators. Experimental evidence of shear-waves generated by vertical vibrators
in counterphase was collected by Edelmann (1981). The theoretical explanation of this
near-vertically incident shear-wave was not readily available. Dankbaar (1983) and Tan
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(1985) analyzed the situation theoretically and found no evidence for vertically incident
shear-waves.

I have taken the works of Dankbaar (1983) and Tan (1985) and generalized them.
In this way, I am able to show the potential of shear-wave generation in the near-vertical
direction from interacting vibrators.
0.2.2: Composite media as generalized continua
After looking at sources, it is appropriate to look in more detail at the medium in
which we are placing our sources. Chapter 2 is concerned with composite materials and
how we may be able to better describe them by treating them as generalized continua.
Backus (1962) showed that a stack of finely layered isotropic or transversely
isotropic media can, in the case of long wavelengths, be approximated by a homogeneous
transversely isotropic media. I have generalized this method to indicate how we may
approximate the composite under conditions of shorter wavelengths. I have also
suggested other avenues to pursue this topic.

0.2.3: Elastic tensors and their preferred frames of reference
Elastic tensors, having many intrinsic symmetries, still posses 21 constants in an
arbitrary frame of reference, though they may not all be independent. Given an arbitrary
elastic tensor, it is difficult to determine what symmetries may exist for the elastic tensor.
Backus (1970) proposed a method to decompose an arbitrary elastic tensor into vector
bouquets; by examining the symmetries of these bouquets one can determine the
underlying symmetry. Baerheim (1993) proposed a more direct method to find the
underlying symmetry, but it is not applicable for all symmetries.

These existing methods are good methods with some drawbacks. The method of
Backus requires visual inspection while Baerheim's method is not universally applicable.
Both methods are analytic and depend on the eigenstructure of tensors related to the
elastic tensor, which may not be stable under small perturbations of the constants. I
propose a statistical method that should be universal and, by its statistical nature, not
sensitive to small perturbations. The statistical method was tried on an elastic tensor with
cubic symmetry. The results from the trial confirmed the viability of the method.
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0.2.4: Goupillaud P- and S-wave synthetic seismograms

Mendel, Nahi and Chan (1979) showed how to use a state-space approach to
generate plane-wave synthetic seismograms within a Goupillaud model. Because of the
differing P- and S-wave velocities, their method was only applicable for a single wave
type. They did, however, have a complete elastic plane-wave modeling method that is not
based on the Goupillaud model that is both memory- and speed- intensive as compared to
one based on the Goupillaud model.
Because of the speed and memory benefits of the Goupillaud model, I devised a
method to generate synthetic seismograms for both P- and S-waves using two parallel
Goupillaud models. This method was implemented and found to be fast and memoryefficient. Many additional enhancements that already exist for the state-space Goupillaud
model can directly applied to the dual Goupillaud model case.
0.2.4: Appendices

Appendix A deals with the wavefield of a vertically vibrating disk on an elastic
half-space (Miller and Pursey, 1953). This treatment of Miller and Pursey's (1953) work
is quite different from their paper. The treatment here is more general and there are a few
points of analysis that are quite different. The results of this appendix are central to the
developments in chapter 1.

Appendix B is a review, from a few different sources, of the theory of an elastic
continuum. The results are used throughout this thesis. Appendix C is meant to mirror
Appendix B, but for the special case of a Cosserat continuum. This type of continuum is
the prototype of generalized continua, which is the topic of chapter 2. Appendix D

develops the method of steepest descent and appendix E develops Cauchy's tetrahedron
argument; both of these are used in other appendices.
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1: Shear Waves from Vertical Vibrators

1.1: Introduction

1.La: Overview of experimental evidence
The possibility of generating shear waves in the near-vertical direction by using
vertical or P-wave vibrators was first considered by Edelmann (1981). He showed in his
(1981) paper that it was possible to collect in-line shear-wave data by using two in-line
vertical vibrators in counterphase (180° out of phase) as the source. Since the early

experiments by Edelmann other field experiments (Sun and Jones, 1993) and some very
preliminary physical modeling experiments at the University of Calgary also support this
observation. I have reproduced the figure in Edelmann's (1981) paper as figure l.l.a-1,
which shows in-line particle motion due to in-line counterphase vertical vibrators.

Fig. l.l.a-1. Shear wave shot records as recorded from two in-line
vertical vibrators in counterphase.
(From Edelmann, 1981, Figure 8)

The acquisition geometry is shown in figure l.l.b-1. The important feature is the
coherent energy on the inside traces, even at a time of over three seconds. This energy, I
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surmise, must come from a takeoff angle extremely close to the vertical. Edelmann's
paper does not give the exact shooting geometry, so an accurate estimate of the takeoff
angle is not available.
The support for the observed shear waves in the near vertical direction has not
had as much support theoretically as it has experimentally.
l.l.b: Overview of theoretical development
From my survey of the literature, a few authors have given the subject some
thought but have not come up with a satisfactory explanation of the observed
phenomenon. Edelmann (1981) conjectured that since a disk vibrating vertically on a free
surface produces strong shear waves around 37° from the vertical, as developed in
appendix A as well as by Miller and Pursey (1953), then the two vibrators running in
counterphase would produce a strong uncompensated shear-wave between the two
vibrators. This situation, as represented by figure l.l.b-1, is certainly true for a region 37°
between the two vibrators but this is necessarily a near-field phenomenon so does not
explain the deeper near-offset shear-wave energy which we observed in figure l.l.a-1.
In-line
shear-wave
geophone

Vertical
P-wave
Vibrator

In-line
direction

Maximum of shear-wave generation

Fig. l.l.b-1. Horizontal displacement produced by two
vertical vibrators in counterphase.
(Adapted from Edelmann, 1981, Figure 6)
Dankbaar (1983) placed the ideas of Edelmann on good theoretical ground. I will
here give a brief summary of Dankbaar's contribution. He used the far-field displacement
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of what is essentially the response of a vertical point source on a free surface, as given by
equations (A.6-24a) and (A.6-24b) in appendix A or equations (116) and (117) in Miller
and Pursey's (1953) paper, and constructed the resultant wavefield that would be
observed if there were two of these sources separated by a small distance with forces
acting in opposite directions. To develop the previous discussion mathematically I will
begin by defining the point-source response. I will follow the convention of Aki and
Richards (1980) by calling this response

(l.l.b-1)

which is the elastodynamic Green's function, representing the ith component of
displacement at the point x and time t resulting from a point impulsive source in the 1 direction (which is vertically downwards in the present discussion) located on the free
surface at point £ and detonated at time T . Dankbaar then used a Taylor-series to get the
response of a source displaced from £ in the direction of unit vector A for a distance D as
follows:
-,free/

D

3^35

(l.l.b-2)
where n - 1 and Einstein summation notation is in effect for repeated indices. By taking
the appropriate derivatives of equation ( 1 . 1 .b- 1 ) and using displacements of D and -D in
conjunction with equation (l.l.b-2) Dankbaar showed that the combined effect of these
two sources added together can be represented by:
-\x-.free/

; $ + DA) - GT(X; § - DA) = 2

m

"

ts

'

' D

(l.l.b-3)

Equation (l.l.b-3) is just the response of the elastic half-space to a simple couple
(Symon, 1971, p. 231 ff), a couple or torque being a system of forces the sum of which is
zero. However, except as a trivial case, the system of forces will have a resultant nonzero
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torque. An example of a couple is a system consisting of two forces of equal magnitude
acting in opposite directions and not collinear; thus a torque is produced. It is interesting
to note that for rigid bodies any system of forces can be reduced to a single resultant force
plus a couple. Now back to the topic at hand. Since Dankbaar assumes D to be small, he
only uses the first term of the expansion given by equation (1.1.b-3). Actual analytic

expressions for equation (1.1.b-3) will be derived as an intermediate result in the
development in the next section, §1.2 [equations (1.2-3Ia), (1.2-3Ib) and (1.2-3Ic)], so
will be omitted here. With this description Dankbaar (1983) was able to show that at an
angle greater than five to ten degrees, shear-wave energy dominates over compressional-

wave energy. This can be seen on figure 1.1 .b-2a which shows the radiation
characteristics of two vibrators in counterphase. Dankbaar (1983) was also able to show

the effect described by Edelmann (1981) as a near-field effect which can also be seen in
figure 1.1.b-2.

(a)

(b)

Fig. l.l.b-2. Radiation characteristics of two vibrators in counterphase.
(a) Far-field response, (b) Near-field response.
(From Dankbaar, 1983, Figure 5)

Dankbaar's development basically assumes that the two vibrators do not interact with
each other and that, as a matter of fact the two vibrators could have been run separately
and the result summed in the computer later to achieve the same result. This situation of
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non-interacting vibrators is a rather unrealistic case, especially since the vibrators are
assumed to be close to each other.
Tan's (1985) approach is far more general. Tan assumed a simple mechanical
vibrator system, which was two-dimensional (2-D) thus representing a line source. A
series of these theoretical 2-D vibrators were then placed parallel to each other on a
frictionless free surface of an elastic half-space. Since the mechanics of both the
vibrators, which were coupled through the half-space, and the elastic half-space itself
were known, Tan was able to calculate numerically the resulting wavefield within the
half-space after the vibrators were set into a prescribed sequence of gyrations. The
radiation patterns calculated by Tan also failed to show the existence of normally incident
shear-waves. I believe one of the reasons Tan's (1985) radiation patterns fail to show
normally incident shear waves is due to the frictionless-surface assumption that was
made. In §1.31 will develop the theory which relaxes two of the assumptions present in
Tan's paper, namely the 2-D assumption and the assumption of a frictionless free surface.
Since much of the details of this method will be elaborated on there, I will not go into
anymore detail here.
The review so far has not shown a theoretical framework that supports the
observed experimental data. In an attempt to bridge this gap, I have tried to generalize the
work of Dankbaar (1983) and Tan (1985). The preliminary results were published in the
CREWES Project research report (Easley, 1992a and 1993a). Those results and
extensions are the subjects of the next two sections. § 1.2 concerns extension to
Dankbaar's ideas whereas § 1.3 deals with Tan's work. Work can be done to flesh out the
material in section § 1.3, in terms of numerical solutions, but lack of available time means
that this must wait for a future date. The theory developed, however, is, in my opinion,
complete.

1.2: Displacement in counterphase
The description of two vibrators in counterphase given by Dankbaar (1983) is one
which assumes that the two vibrators do not interact with each other and there is no selfinteraction of the vibrators. Under these severe restrictions it is not surprising that no
shear-wave energy was predicted to exist in the normal direction between the two
vibrators. One of the major features of Dankbaar's development is the assumption that the
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stress imparted to the elastic half-space is exactly the sum of stresses generated by the
vibrators individually. This assumption, of course, precluded any interaction of adjacent
vibrators. If we were to allow interactions among the vibrators, there could be situations
where counterphase stresses may not provide a good description. I made the assumption
(Easley, 1992a) that under certain circumstances the vibrators could be modeled as
displacements in counterphase. Under this assumption, and prompted by results from
earthquake seismology (Aki and Richards, 1980, p. 43-84), I was able to show that
normal-incidence shear-waves are a possibility from interacting vertical vibrators. To
begin we need a relationship between the displacements at the free surface and the
resultant displacement field in the elastic half-space. The representation theorem as given
by Aki and Richards (1981, p. 29) is exactly such a relationship; this theorem is
embodied in the following equation:

T) G11111(X,/-T; & O) dV©

Mn(X, t) =

dT

u© T), n) G717n(X, t-T, 5, O) dS© +
(1.2-1)

dT

«w© T) cmjk(§ iij Gn^x, t-T, £ O) dS©

where

Gnm(x,t-T£,Q)

V

S
n
fm

=
=
=
=

displacement vector,
observation point vector,
source point vector,
nth component of the elastodynamic Green's
function with unit impulse applied at £ and time T,
= partial derivative of the Green's function with
respect to source coordinate £/ ,
= volume of integration containing source
mechanisms,
= closed orientable surface containing V,
= unit outward normal of surface S,
= mth component of body force vector,
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= rath component of traction vector consistent with
displacement u on surface element with unit normal
n
= elastic tensor at source location £.

and

Equation (1.2-1) describes the displacement due to the existence of sources within the
volume V and on the surface S. As I wish to investigate the dynamic properties of a
counterphase displacement source embedded on the free surface of an elastic half-space,
we will not need to consider the effects due to body forces within V, nor do we need to
consider any surface tractions upon S. With this in mind we can see that only the third
integral in equation (1.2-1) needs to be retained. The resulting integral becomes:

dT

[,f-T;£0)dS©.

(1-2-2)

(a)

Fig. 1.2-1. (a) A volumetric potato representing the volume over which
sources are integrated to obtain the total displacement,
(b) A cut is introduced half way into the potato to create surfaces
Z , Z and e.

To follow the development of Aki and Richards we shall first consider a volume V
embedded within a homogeneous medium. This abstract volume is represented in figure
1.2-Ia. We will augment the surface S as shown in figure 1.2-Ib, which is the same

volume with an indentation creating new surfaces Z and Z separated by 8.
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We now embed the displacement discontinuity within the two newly created surfaces and
introduce a coordinate system as shown in figure 1.2-2.
X3

A

-e/2

\I
§

T
~

I
I

Z+

Fig. 1.2-2. Graphical representation of point displacements embedded
in surfaces Z and Z .

The assumption of isotropy allows the elastic tensor to be expressed in the following
manner:
(1.2-3)

ijki = * SyStf + M- (5*8// + 8*5/*).
where
and

and |i

=

Lame constants,
Kronecker delta

Substitution of equation (1.2-3) into equation (1.2-2) results in

di

un(x, t) =
— 00

"/ G^,/ + ul nk
»/

dS

'
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On surface Z , /z/ = 6^ and on surface Z", n, = -5/j. All other surfaces of S have no
displacement sources so we will not need to consider the normal vectors there. With this
in mind equation (1.2-4) becomes

dT

Mn(X, O

(1.2-5)
d'U

+

Since the displacement sources have displacements only in the 3-direction, and assuming

the displacements are localized in time and space, we can represent them as:
(1.2-6)
where

and

I.I

=

magnitude of the argument,

5(T)

=

Dirac delta function (distribution),

XI

=

unit vector in the positive !-direction.

Substitution of the relations above to equation (1.2-5) results in

dT

Un(X, t) =
c<

+

-oe

c/

JL exx
(T)O^
2 x

§

"* UKIH-.!

Gln,3]v ds+
(1.2-7)

T"

I have not evaluated the Dirac delta functions in equation (1.2-7) so that the following
steps will hopefully be clearer. If 8 is allowed to approach zero then the surfaces S and
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I" will approach a single surface Z which is located on the 2-3 plane in this instance.
This will transform equation (1.2-7) into:

un(x, r) = 2

) 6(1^1) [G3^1+ GK3] ILL dS.

(1.2-8)

Evaluation of equation (1.2-8) results in:

un(x, r) = 2 p. [G3n^1(X, r; §, O) + Gl71,3(x, r, £ O)] (

=Q

.

(1.2-9)

To see that equation (1.2-9) represents the response to the sum of two single couples, we
shall show that each term within the square brackets represents the wavefield of a single
couple. To do this we need only to write out the operational definition of the partial
derivatives within the square bracket as:

3G3n

lim I G3n(X^ - 8^1,0) - G3n(x,r£ - E^1,0)
->0
2e

The term

c, n 5 - s£i , Q)_- G3«(x> *; 5- *£i» Q)

(1.2-1Oa)

(1.2-1Ob)

is just the response of a single couple as shown in figure (1.2-3a).The second term in
equation (1.2-1Ob) represents the response in the limit of a couple as shown in figure 1.23b.
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t

Jl

I8

Fig 1.2-3a. Single couple corresponding in the limit as 8 —» O to the response

.Point Force

Point Force

Fig. 1.2-35. Single couple corresponding in the limit as 8 —» O to the response G1n 3.

The Green's function for a point force in an unbounded, homogeneous, isotropic and
elastic medium is known. The far-field displacement is given by Aki and Richards [1980,
p. 74, equations (4.24) and (4.25)]. The double-couple response in this situation is also
known (Aki and Richards, 1980, p. 81) and, since we will be deriving the double-couple
response for a source on the free surface of an elastic half-space, I will not derive these
equations here; however, even at this preliminary stage, we can see by the radiation
patterns for a double-couple source in an unbounded, homogeneous, isotropic and elastic
space (figure 1.2-4) that, as compared to the radiation of a single couple, here the shearwave radiation pattern contains a shear-wave lobe in the vertical direction.
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wave

S-wavc

0*

Fig. 1.2-4. Radiation pattern for a double-couple source
in the plane containing both sources,
(adapted from Aki and Richards, 1980, p. 82-83, figure 4.5 and 4.6)

As I have already mentioned, the results so far have been for double-couple sources
within an unbounded space. The next step is to find the radiation pattern for a doublecouple source on a free surface.
The first things we need are the far-field responses of vertical and horizontal point
forces on a free surface. The responses we will be using are the far-field body wave
responses due to a disk of radius a and strength Af. This, however, is not a problem since
as stated by Cherry (1962, p. 32), "IfMa 2 remains finite as a approaches zero, then a
point force is obtained at the origin of coordinates.". The response for a vertical force on
the free surface is derived in appendix A and given by equations (A.6-24a) and (A.6-24b)
which are equivalent to equations (116) and (117) in Miller and Pursey's paper (1953).
These formulas are reproduced here as:
,-JR cos 6 (m 2 - 2 sin 2 9)
~R~2 FQ( - sin 0 )

,v _
c
— — I;o

and

sin^:29
~j-,imR ——
—j-, ,————— : T
R
2 F0( - m sin 6 )

(1.2-1 Ia)

(1.2-1 Ib)
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< =0

(1.2-1 Ic)

where
f

*y

o\

o

/ o "

t o

o

(1.2-lid)

is Rayleigh's function and I have placed all source-related terms and similar constants
under the constant S to simplify future developments. Note that I have removed the
superscript indicating Fourier transforms and replaced it with the letter V to indicate its
relationship to a vertical point force. The removal of the Fourier transform can be
justified by assuming an impulsive source which should not cause any problems, since
this will not affect the radiation patterns of concern to us. Now we need to consider a
horizontal point force.
The equivalent formulas for radiation patterns associated with a horizontal force
are derived in Cherry's [1962, p. 31, equations (29), (30) and (31)] paper. In order to have
a consistent notation, I will transcribe these equations here as
.H _ c g" '* sin 29 Vm 2 - sin26 sin(
•
P'
R-S R
F ( ) ( _ s i n e)——

p
R

cos6( 1 -2sin 2 6); .
,., ——. , sin Y<p
F0( - m sin Q6 )

and
¥.

a— imR

cos <p

where the superscript H is used to indicate the connection to a horizontal point force.
Before we continue we need to make a correspondence. The Green's function, Gmn,
represents the displacement in the ^-direction due to a point force in the m-direction.
Therefore, G3n is directly related to equations (1.2-1 Ia), (1.2-1 Ib) and (1.2-1 Ic), whereas
G1n is related to equations (1.2-12a), (1.2-12b) and (1.2-12c). I will use matrix notation to
simplify the equations. Let a bold symbol capped with ~ represent a matrix and a bold
symbol capped with A be a unit vector. Since we will be dealing with both spherical polar
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coordinates as well as rectangular Cartesian coordinates, as shown in figure 1.2-4, we
shall define the following column matrices

and x =

(1.2-13)

We will also place all the displacement components within a column matrix without
appending the superscript; this is to mean whatever relationship written in this fashion
will apply to both vertical, V, and horizontal, H, cases. With this in mind we shall write:
UR

u=

(1.2-14)

UQ

With the matrices defined in equation (1.2-13) and (1.2-14) we can now write the total
displacement vector u as the matrix product
U = U FT = UpT

e+ M(p <j>,

(1-2-15)

where the superscript T means matrix transpose. The relationships between spherical and
rectangular Cartesian coordinates are well known and summarized in table 1.2-1. These
relationships can be easily derived from figure 1.2-4. More importantly, these
relationships allow us to relate derivatives from one coordinate system to the other.
Table 1.2-1: Relationships between spherical and rectangular Cartesian coordinates.

Rectangular to Spherical

Spherical to Rectangular

x = R sin 6 cos 9

(1.2-16a)

/ 2

2

2

y = R sinO sin 9

(1.2-16b)

0 = arccos(-|)

(1.2-16e)

z = *cos6

(1.2-160

9 = arctan (^ J

(1.2-1 6f)
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Fig. 1.2-4. Relationship between spherical and rectangular Cartesian coordinates.

Since for couples,
as in equation
v
H (1.2-9), we need to deal with quantities such as

au

au

G3n j = -^— and G1n 3 = -5— we need to differentiate equation (1.2-15) giving:
'
dx
'
dz
9f T

(1.2-17)

where ^ can be either* or z • From equation (1.2-17) we can see that we will need to
know the analytic form of the term -^r- To find this analytic form we will need the

relationship between f and Jt, which can be derived from figure 1.2-4, resulting in:
r T -^A/^xA.T }
1

where

Cl
\ 12.^*
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sin 0 cos cp, sin 6 sin (p,
A = cos 0 cos (p, cos 0 sin (p,
- sin 0,
cos 0,

cos 6
- sin 0
O

Since A is an orthogonal matrix, which means A

**•* T

= A , we can also state that

xT = A T r T .

(1.2-19)

Therefore, differentiation of equation (1.2-18a) results in:

3fT _ 3A ^T
"\ V

"—

-v >»

A.

3A

~ 3xT
I

I\.

-v *»

T

• ^

(1.2-2Oa)
^T

where I have used the fact that x is a row matrix of constant unit vectors to go from the
first equality to the second, while going from the second to the third just involves
substitution from equation (1.2-19). Now, if we use the coordinate system relationships in
table 1.2-1 and equation (1.2-18b), we can state explicitly

9A

(1.2-2Ob)

where / is the row counter, and j is the column counter, and the elements of the matrix are
tabulated in table 1.2-2.
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3A

Table 1.2-2: Matrix elements for the matrix -^- for the cases where £, = x and £ = z.

elem
ents

t =x

^=Z

i
«1

cos26 cos29 + sin26

- cos 9 cos 0 sin 0

a

- cos 9 sin 9 sin20

- cos 0 sin 0 sin 9

<*l

- cos 9 sin 6 cos 9

sin20

[sin2(p - cos2(p sin2el cot 0

cos 9 sin20

l

- [sin26 + ijsin 9 cos 9 cot 9

sin 9 sin20

a3

2

- cos 9 cos26

cos 0 sin 0

a\

cos 9 sin 9

O

3
2

sin29
sin9

O

O

O

\

2
\

a

a

sine

a

3
3

a

We will now define another matrix:
6 _

""

r

(1.2-2 la)

'

where, from equations (1.2-2Ob) and (1.2-17b), we have for £ = x:

O,
cos 9 cos 0,
sin0,

and for £ = z:

cos 9 cos 0,
O,
cos 0 sin 9
sin 0

-sin 9
cos 0 sin 9
sin 0
O

(1.2-2Ib)
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O, - sin (p,
sin (p,
O,
O,
O,

B.= 1
R

O
O
O

(1.2-2Ic)

Finally, using equations (1.2-2Ia) and (1.2-2Oa), we can rewrite equation (1.2-17) in the
form:
~

f.

(1.2-22)

du

The only term in the equation above for which we do not have explicit formulas is -^5-,
0S
which can be derived from equations (1.2-1 Ia), (1.2-1 Ib), (1.2-1 Ic), (1.2-12a), (1.2-12b)
and (1.2-12c). The actual derivations of these formulas are rather cumbersome involving
many terms, so I used a symbolic manipulator to help me out. The product I used is
Theorist® on a Mac® IIsi computer. First I shall tabulate the results for the case where
£ = * and the force is in the z direction, which means from equation (1.2-14):
du

du

(1.2-23)

such that the first term on the right-hand side is given by:

R2 F0( - sin 6 )

R FQ( - sin 9 ) '

(1.2-24a)

where
a DV

_ ([sin226 - 2 m 2 cos26] G( sin 6 ) + 2 [6 sin29 - m2 - 4] sin 6) sin 9
2 sin0
2
2
(m -2sin 6)
_
—

v

(2 sin20 - m2) cos (p sin 26

(1.2-24b)

(1.2-24c)
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(1.2-24d)
and
(1.2-24e)

=-4

the second term is given by:

#2F0(-msin0)

/?F 0 (-msin0)

(1.2-25a)

where

CX8^ = g(0) cos 9 + /(0) sin

(1.2-25b)

£(0) = sin 0 sin 20 \/m 2 sin20 - 1 ,

(1.2-25c)

(4 cos 20 - 2 m G( m sin 0 ) cos 0 sin 20) (m2 sin20 - l) + m2 sin220

= ——————————————————— / ^

0

————————————

2 sin 0 Vm 2 sin20 - 1

.2-25Q)

and

= sin 0 sin 20Vm2 - 1 cos (p;

(1.2-25e)

and the third and final term in this group is:
v
-=r^- = 0.

(1.2-26)

Second, I shall tabulate the results for the case where ^ = z and the force is in the re-

direction, which means, from equation (1.2-14),
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3u

<M>
"' K

(1.2-27)

such that the first term is given by:

SiV* P ( S ) sin q>

(1.2-28a)

2#F0(-sin0)
where

2 ([6 m2 - 2] sin29 + 2 sin226 - 4 m2) sin 9
\/m 2 - sin26
- G( - sin 0 ) sin220 \/m 2 - sin20

(1.2-28b)

and

(sin226 -4m 2 cos2e) sin 6
/?( ) = ————/ 02
?=————
Vm - sin20

H y

(1.2-28C)

and G( ^ ) has been defined in equation (1.2-24d). The second term has the form:

_ Sm4e-imR ag(9) sin <p S i m4 e~ l mR pg(6) sin cp
" 4/? 2 F 0 (-msin9) +
4/?F 0 (-msin 6 )
where

= 4(3 sin226 - 1) - m G( - m sin 9 ) cos 0 sin 40,

(1.2-29b)

and

pS(0)=4m(sin 2 20-cos 2 0);
and finally the third term,

(1.2-29c)
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1

V

S e~imR cos 0 cos (p S ime~imR cos 0 cos (p

F = -———F——~-————K———-'

(1 2 30)

'-

We should notice that equations (1.2-24a), (1.2-25a), (1.2-26), (1.2-28a), (1.2-29a) and
(1.2-30) are all comprised of two parts, a far-field portion with the factor R in the
2
denominator and a near-field portion with the factor R in the denominator. Since our
derivations for displacements only consider the far field, we would be justified in
dropping all the near-field terms; but to be complete I have included both terms. We now
have all the terms in equation (1.2-22) defined explicitly and, since this equation
represents the displacement field due to the two couples of concern, we have the radiation
pattern for both the single-couple case, as considered by Dankbaar (1983), or, by
combining the other couple as required in equation (1.2-9), we have the radiation from a
double couple on a free surface over an elastic half-space. To complete the picture, we
will write down the expressions for all the new types of sources we have considered,
namely, the vertical couple, horizontal couple and the double couple on the free surface
of an elastic half-space. The displacement equations of a single vertical couple on a free
surface of an elastic half-space are:
W

[pcos 0 + Mv sin (p
1»——
9-p^'
1\
T
I\

,, _ _ . .
(1.2-3Ia)

\7

vc_ e
^e ~~^T"

v sin (pcos 0
9 — R sin 0—

vR cos

9 cos 0
——^——'

/10111^
(L.A-JLV)

and
•\T

vc _ <P
v si" <P
M(
P ~ 3jc ~ UR R

v sin (p cos 0
R sin 0

UQ

where all the terms above are explicitly expressed in equations (1.2-11), (1.2-24a), (1.225a) and (1.2-26) and I have used the superscript VC to indicate displacements due to a
vertical couple. The displacement equations of a single horizontal couple on a free
surface of an elastic half-space are:
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d.2-32a)

-"!?'

(1.2-32b)

and
M C=

"

~5F'

(1.2-32C)

where all the terms above are explicitly expressed in equations (1.2-12), (1.2-28aj, (1.229a) and (1.2-30) and I have used the superscript HC to indicate displacements due to a
horizontal couple. Finally we can combine the equations above using equation (1.2-9) to
give the equation of motion due to a double couple on the free surface of an elastic halfspace. These equations are:
(1.2-33a)\

I-

-i

(1.2-33b)

and
__

r \f/-*

u/-<i

(1.2-33c)

where all the terms above are explicitly expressed in equations (1.2-32) and (1.2-31) and I
have used the superscript DC to indicate displacements due to a double couple.
We can summarize all the displacement equations we have dealt with in the
following table 1.2-3.
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Table 1.2-3: Displacements due to different source types.
Source Type

Diagrammatic

Displacements

Representation

Wave Type

Equation
Number

Figure
Number

"R

P-wave

1.2-1 Ia

1.2-5a

4

SV-wave

1.2-1 Ib

SH-wave

1.2-1 Ic

1.2-5b

P-wave

1.2-12a

1.2-6a

«4?

SV-wave

1.2-12b

H
«
«<p

SH-wave

1.2-12c

1.2-6b

P-wave

1.2-3 Ia

1.2-7a

SV-wave

1.2-3Ib

SH-wave

1.2-3 Ic

1.2-7b

*=

P-wave

1.2-32a

1.2-8a

MHC

SV-wave

1.2-32b

SH-wave

1.2-32c

1.2-8b

MDC

P-wave

1.2-33a

1.2-9a

-F

SV-wave

1.2-33b

SH-wave

1.2-33c

U

Vertical Point Force

t

Mv

Horizontal Point
Force

Vertical Couple

Horizontal Couple

UH

~~

t
T
iI

4C

fc

^ —•
^^^^
M HC

Double Couple

tt»I

^C
T

I
WDC

1.2-9b
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Since the sear-wave displacements have been separated into their components in
the 6 and (p directions I should state for completeness that the magnitude of sear-wave
displacement should be given by
" 5 =\/ K)

0-2-34)

Keeping this in mind, we shall plot the far-field radiation patterns for P and S waves. The
source types and their associated figure numbers are given in table 1.2-3, the actual
figures are at the end of this section. All the figures assumes the source strength 5=1.

This ends our discussion of both stresses and displacements in counterphase. Both
of these assumptions are rather unrealistic impositions on vibrators and serve only to
indicate the possible range of phenomena that can be expected. One outcome of the
development of double-couple sources is that shear-wave generation in the vertical
direction is not such a strange phenomenon. In the next section we will explore a more
reasonable method to investigate the wavefield produced by interacting vibrators.

Fig. 1.2-5a

•Wave Radiation Pattern for a Vertical Point Force

15
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Fig. j .2 5b I S~Wav© Radiation Pattern for a Vertical Point Force
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Fig. 1.2-6a

"for 1 l-forizonS Point force

: Fig. i.2-6bi 8-Wav® Radiation Pattern for a Horizontal Point Force

Fig. i .2-ib I s~wave Radiation Pattern for a Vertical Couple

Fig. 1.2-8a

•Wave Radiation Pattern for a Horizontal Couple
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1.3 Mixed-phase coupled vibrators
In section 1.2 we made assumptions as to how a pair of vibrators can interact on a
free surface. This, as already mentioned, is at best a very crude estimate. In this section I
will expand upon a method originated by Tan (1985). As stated in the introduction to this
chapter, Tan's (1985) approach consists of fabrication of simple two-dimensional (2-D)
mechanical models which are meant to mimic 2-D vibrators. These simple vibrator
models are placed parallel to each other on a frictionless surface of an elastic half-space.
The coupled system of equations is then solved to find the radiation pattern of the system
consisting of the vibrators and the elastic half-space. The radiation patterns calculated by
Tan, as with Dankbaar's (1983) analysis, also fail to show the existence of normally
incident shear waves. I believe the lack of shear waves in the vertical direction is in part
due to the frictionless surface assumption.
I have used a methodology similar to Tan's and derived the coupled equations for
a simple vibrator model over an elastic half-space, allowing interactions in all three
orthogonal spatial directions. I have made the assumption that plate rotation is negligible
and that the vibrators are in welded contact with the surface. With these assumptions, a
set of coupled equations is derived that allows the modeling of the wavefield within the
elastic half space along with the dynamics of the vibrators.

1.3.1: Fabricating the mechanical model of a vertical vibrator
I will be going into some detail in this section. If the reader only wants the results,
it is only necessary to go through the next paragraph and diagram and then proceed to the
final equations (1.3.1-3Oa) - (1.3.1-3Oc), noting that the displacements of the center of
mass of the base plates are, from equilibrium, as defined in equation (1.3.1-3b).
Since I wish to have a mechanical system that is quite simple yet has enough
complexity to approximate a real vibrator, I will utilize a spring-mass-dash pot system.
Figure 1.3.1-1 represents the system we will be using, with displacements and forces only
in the vertical direction shown. Properties in this direction will be denoted by the
subscript 3.
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Reference Plane

Fig. 1.3.1-1. Coupled spring, dashpot and mass model of a vertical vibrator.
In figure 1.3.1-1 we have defined the following symbols as follows:

and

M

=

hold-down mass,

m

s

mass of vibrator plate,

k

s

spring constant,

b

=

damping constant of dashpot,

/

=

force acting between the hold-down mass and the plate,

F$ =

force exerted on the plate by the elastic half-space,

Z

=

instantaneous position of center of mass of hold-down mass,

z

=

instantaneous position of center of mass of plate,

Z°

=

equilibrium position of center of mass of hold-down mass,

°

=

equilibrium position of center of mass of plate.

When we first place our lovely vibrator upon the elastic half-space, there is bound
to be some initial transient motion on the elastic half-space. This transient motion is
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assumed to eventually die out and everything would come to rest unless some other force
were applied to the system. When the system has reached this rest state, we will say the
system is in equilibrium. In the equilibrium state the centers of mass of the hold-down
mass and the plate are in positions Z° and z°, respectively, from the reference plane as
shown in figure 1.2.1.1 will assume the system has reached the equilibrium state prior to /
= O. Since in equilibrium there is no net force acting on the system, the gravitational force
due to the hold-down mass and plate must be equal but opposite in direction to the
vertical reaction force of the elastic half-space. Let the vertical force supplied by the halfspace be F^ when the system is in equilibrium. This means that
i Jt •
\
r^v/
(M
+ m)g
= -F-$,

/1 o 1 1 \
(l.3.l-la)

which is a restatement of the equilibrium condition of this system. The forces in any other
two perpendicular directions are assumed to be zero at equilibrium. Symbolically this can
be written as:
ff = f£ = 0,

(l.3.l-lb)

where we have taken the two horizontal directions to be represented by subscripts I and
2. The 1,2, and 3 axes are assumed to form a right-handed rectangular coordinate system.
Another relation of the equilibrium state comes from considering the hold-down mass
being solely supported by the spring, this means :
K(Z -7/-L}--Mg,
T

/

U

TT^J

T

\

1 JT

(1.3.1-2)
i 1

O

1

**t\

where L is the length of the unstressed spring. The equilibrium equations provide a means
of testing the dynamic equations that we will develop. When a dynamic force f(t) is
applied between the hold-down mass and plate, the two masses will in general move from
their equilibrium positions. Let the vertical displacements from equilibrium of the center
of mass of the hold-down mass and of the plate be respectively:

and
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Z-Z0.

(1.3.1-3b)

As the masses are displaced, the distance between them can change. The change in this
distance can be written as:
Z - Z = M 3 - £ / 3 + (z0-Z°).

(1.3.1-4)

Substitution of equation (1.3.1-2) into equation (1.3.1-4) results in:

z-Z= M 3 -[/3-^-+ L.

(1.3.1-5)

As a first step towards developing the coupled system of equations of motion for the two
masses, we will consider all the forces acting on each mass individually. The forces
acting on the plate are:
mg = gravitational force,

(1.3.1 -6a)

-k (z - Z - L) = force due to the spring,

(1.3.1 -6b')

-b (z - Z) = frictional damping force from the dashpot,

(1.3.1 -6c')

fit) = applied force between the masses,

(1.3.1 -6d)

and
= force due to the elastic half-space.

(1.3.1 -6e)

By using equation (1.3.1-5), forces (1.3.1-6b') and (1.3.1-6c') can be put in terms of
displacement as:

and
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-b (Z-Z)->-b (U3-U3).

(1.3.1-6c)

The corresponding forces acting on the hold-down mass are
Mg = gravitational force,

(1.3.1 -7a)

-fit) - applied force acting between the masses,

(1.3. l-7b)

k («3 - U3 ) - Mg = force due to the spring,

(1.3.1-7c)

and
b («3 - U3) = frictional damping force from the dashpot.

(1.3.1 -7d)

Forces (1.3.1-6a) - (1.3.1-6e) and (1.3.1-7a) - (1.3.1-7d), along with Newton's second
law, can be used to obtain the equations of motion in the vertical direction for the plate
and hold-down mass, respectively, as:
u3m = (m + M)g +f+F3-k(u3-U3)-b(u3-U3),

(1.3.1-8a)

U3M = -/+ k(u3-U3) + b(u3- U3).

(1.3.1-8b)

and

These dynamic equations reduce to equation (1.3.1-1 a) in the static situation, which is a
nice check for correctness. The only forces acting in the two horizontal directions are
assumed to arise solely from the elastic half space. Let the forces in the 1 and 2 directions
from the elastic half-space be respectively FI and FI. By assuming that the vibrator acts
as a solid unit to forces in these directions, which means u\ - U\ and «2 = Ui > Newton's
second law in these directions takes the form:
(M + m) M i = F 1 ,

and

(1.3.1-8c)
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(M+ m}u2 = F2.

(1.3.1-8d)

We have assumed that the vibrator remains vertical throughout the experiment. Taking m
times equation (1.3.1-8b), subtracting M times equation (1.3.1-8a), and substituting a few
variables, we arrive at the following equation:
vji + vb +vk = 11,

(1.3.1-9)

where
v = M3 - CT3,

=

mM
m+M'

and
=Jf+—F2J+Mg6

Equation (1.3.1-9) represents a damped harmonic oscillator with displacement v and
forcing term II. The first step we take in solving equation (1.3.1-9) is to consider the
homogeneous case. The solution of the homogeneous (D = O) form of equation (1.3.1-9)
(Symon, 1971) is:

>,f+9),

(1.3.1-10)

where A and 6 are constants of integration which are to be determined by boundary
conditions and CQ 1 = J G^ - y2 in which O)Q = /J- and y =

As a second step towards the solution of equation (1.3.1-9), we will find the Green's
function VG associated with it. The causal Green's function is defined to be the solution of
the following problem:

v & + v£=6(r-T),

(1.3.1-1 Ia)
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such that:

By causal, I mean there will be no response until the impulse at t = T. The initial value
problem given by equation (1.3.1-1 Ia) can be cast in another form incorporating a jump
condition as:
=0.

when / is in the ranges:

with the following additional conditions:

VG continuous at t - T,
and

Hm V0(T+ e)-VG(T-E) = -.
e->0
V
The causality condition is still enforced. The Green's function for equations (1.3.1-1 Ia)
and (1.3.1-1 Ib) (Stakgold, 1979) is:

vGfc T) = H(/-T)

- Sin(ODj [r-T]) = VG(J-T),

where the Heaviside function, H(f), is defined to be:

0:r<0 '

(1.3.1-12)
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Before proceeding to writing down the solution for equation (1.3.1-9) it is necessary to
state the following. Equation (1.3.1-9) can be broken into two equations, namely:

and
V2(Ll + v2& + V2A: = TC2 ,

with:

TT1(O = ^ AF3(O +/(O,

and
2

W

where the force due to the elastic half space F3(O is partitioned into a constant
equilibrium restoring force term F3 and a term AF3(O representing a perturbation from
equilibrium. This can be represented by:
= Jf +AF3(O;

(1.3.1-13C)

Note that F3 has been defined in equation (1 .3. 1 -Ia). Due to the linearity of equation
(1.3.1-9) its solution can be written as:
v = vi+v2.

(1.3.1-14)

By direct substitution of equation (1.3.1-la) into the definition of TC2 in equation (1.3.1 13b) we can see that Tt2 is identically zero. Since the unique solution of the homogeneous
problem with homogeneous initial conditions is the trivial solution, we have:
V2 = O.

(1.3.1-15)
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We will use the Green's function of equation (1.3.1-12) to obtain a particular solution of
equation (1.3.1-13a). The form of this solution is:

•I

Vi(O=

v G (r-T)n;i(T)dt.

(1.3.1-16)

/-co

If we assume, with no loss of generality, that TC1 is zero before t = O, we can rewrite

equation (1.3.1-16) in the following manner:

rt

Q-it-t]
-^- Sin(CO1 [J-T]) It1(T)Ck.

(1.3.1-17)

o

Now that we have particular solutions to equations (1.3.1-13a) and (1.3.1-135), we can
use equation (1.3.1-14) to obtain a particular solution to equation (1.3.1-9), then add the
solution of the homogeneous equation given by equation (1.3.1-10) to get the general
solution of equation (1.3.1-9). The general solution would then be given by:

r ' sin(cOi [ t - T])TCi(T) di +A e-^ COS(G)I/ +6),
l ^f

v(0 =
= I

e

(1.3.1-18)

/O

where A and 0 are arbitrary constants to be determined from boundary conditions.
Following the technique above, we shall solve another intermediate problem. By adding
equations (1.3.1-8a) and (1.3.1-8b) and defining a few new variables we get:
(1.3.1-19)
where
W - H3/7Z + U-$M ,

and
= (m + M) g
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As in the previous differential equation, we begin by solving two related problems. First
we solve the associated homogeneous problem given by:

W0 = O;

(1.3.1-20)

secondly we solve the associated causal Green's problem below:

wG = 8(r-T),

(1.3.1-21)

such that

The general solutions of differential equations (1.3.1-20) and (1.3.1-21) are respectively:
wQ = At + B ,

(1.3.1-22)

and:
T),

(1.3.1-23)

where H(O is the Heaviside function previously defined, with A and B being constants to
be determined by boundary conditions. As before, we will now split equation (1.3.1-19)
into two separate expressions whose sum, due to the linearity of the equation, is the
solution of equation (1.3.1-19). The two expressions are:
.. X1
WI = ,

(1.3.1-24a)

W = X(O,

(1.3.1-24b)

and

w = vvi + W2 and X(O = Xj + X2(O ,
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such that
and
Noting that XI is identically zero, by equation (1.3.1-Ia), particular solutions of equations
(1.3.1-24a) and (1.3.1-24b) are respectively:
W1(O = O,

(1.3.1-25a)

and

rt
(1.3.1-25b)

Equation (1.3.1-25a) can be obtained by inspection of differential equation (1.3.1-24a),
while equation (1.3.1-25b) was obtained by using the Green's function of equation (1.3.123) in equation (1.3.1-24b). Since w = WI + W2 ,we can construct the general solution of
equation (1.3.1-19) by adding the general solution of the homogeneous equation, wo(0> to
the particular solutions Wj(O and W 2 (O, giving:
w(0 = W2(O+ W1(O+

or

rt
w(0 =

(1.3.1-26)

where A and B are again constants to be determined from boundary conditions. By
manipulating the definitions of w and v in equations (1.3.1-9) and (1.3.1-19) we can
obtain:
(1.3.1-27a)
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and
(1.3.1-27b)

Assuming the relatively reasonable initial conditions of £/3(0) = Ws(O) = O and
Lf3(O) = Ms(O) = O, then using equations (1.3.1-18) and (1.3.1-26), we can expand
equations (1.3.1-27a) and (1.3.1-27b) to their final forms:
ft
»3(0 = £•

M

CO1Ji

Sm(CO1 [/-T])TC1(T) dT,

(1.3.1-28a)

Sm(CO1 [/-T]) TC1(T) dT,

(1.3.1-28b)

and
(J-T)X 2 (T)
AW

CO1^l

where

in which

By direct comparison of equations (1.3.1-8c) and (1.3.1-8d) with equation (1.3.1-19), we
find that the forms are identical; so we can adapt the solution of equation (1.3.1-19),
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given by equation (1.3.1-26), to equations (1.3.1-8c) and (1.3.1-8d). The solutions are
respectively:

C- T)

T-m dt,

(1.3.1-29a)

and

(1.3.1-29b)

where I have made the assumption of homogeneous initial conditions. We now have a
full set of equations for the motion of the vibrator as summarized below:

rt
(1.3.1-3Oa)

m

di,

«2(0 =

(1.3.1-3Ob)

and
ft

M

where

' CO1Ji

Sm(CO1 [t-T]) 1 - AF3(T) +^T)IdT, (1.3.1-3Oc)
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such that
-

E"

- -£-

mM
m+M

and

As can be seen from equations (1.3.1-3Oa), (1.3.1-3Ob) and (1.3.1-3Oc), the
displacement of the vibrator plate is inextricably linked to the forces of the elastic half space F1(T), F2(T), and F3(T). In order to complete the characterization we must have a
description of the deformation and stresses within the elastic half space due to the
displacements M1(O, M2(O, and M3(O of the plate. To accomplish this, we turn to the
representation theorem (Aki and Richards, 1 980) which can be used to relate the
displacement field throughout the elastic half-space to sources within a given volume of
the half-space, as well as on the surface of that volume.

1.3.2: Getting the elastic half-space involved
As mentioned, we now need to couple the base plates through the elastic halfspace; this is the topic of this section. We begin by considering a group of N vibrators, the
zth element of which has base-plate displacement characterized by:
MJ(O : i= 1,2,- JV and J= 1,2,3,

(1.3.2-la)

where subscript j indicates three orthogonal components. These base plates are situated
on surface elements:

It is assumed that the three displacements given by equation (1.3.2-la) completely
describe the motion of the base plate and the half-space under the base plate, with which
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it is in welded contact. This rather severe restriction can be partially justified in the
following manner.

By a rigid plate we have reduced the possible deformations to just a rotation and
displacement. In two dimensions a rotation and translation can be written in matrix form
as:

-sin(9)
X].
Y
sin(9) cos(9) _

Ur

*y

(1.3.2-2a)

where x and y are the coordinates of a point before deformation while X and Y are the
coordinates of the same point after a rotation by angle 6 and displacements in the x and y
direction given by Ux and uy respectively. If the rotation 0 is small compared to unity,
then we can use small-angle approximations to rewrite equation (1.3.2-2a) as:

10
*1-[
Y\ L oI[^Uh*!
iJW k

(1.3.2-2b)

,+ I " I

y\

where only the translational/displacement term has survived the approximation. This
restriction, however, is not crucial to our development; it only serves to simplify
developments to follow. The forces Fj, F^ and F^ due to the half-space acting on the ith
base plate results from the stresses set up in the elastic half-space, either by selfinteraction, interaction with the other vibrators, stresses due to other external or internal
sources, or any combination of these. If we represent the stress field in the elastic halfspace by CTy, the forces acting on the individual base plates can be represented as:
FJ(O= I Gjknk6S ,

(1.3.2-3)

where «£ is the outward normal of the surface 5" of which 5, is a part. The surface S ,
together with volume V, encompasses all sources of the half-space. Figure (1.3.2-2)

shows this in two dimensions. The surface S and the volume V can be extended to cover
all of the half-space.
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Elastic Half Space

Fig. 13.2-2. Source volume in elastic half-space.

We will use the elastic representation theorem (Aki and Richards, 1980) to relate
the displacements of the base plates to the displacements observable throughout the
elastic half-space. Since the only sources are postulated to be those due to the
displacements of the base plates, the appropriate form of the representation theorem
would be:

Un(X, t) =

where

u
x

dt

*) cmjk(S

=
=
=
=

=
=

S
n
and

=
=
=

t-T, ^ O) dS© .

(1.3.2-4)

displacement vector,
observation point vector,
source point vector,
nth component of the elastodynamic
Green's function with unit impulse applied
at £ and time t, subject to homogeneous
boundary conditions,
partial derivative of the Green's function
with respect to source coordinate ^i,
volume of integration containing source
mechanisms,
closed orientable surface containing V,
unit outward normal of surface S,
elastic tensor at source location £.

We will be considering only homogeneous isotropic half-spaces so the elastic tensor
takes the special form:
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c

ijki = *> Wu + U [8*5;/ + ^Jk] •

( 1 -3-2-5)

The final connection between the vibrators and the elastic half-space is made
through the constitutive relation:

(1.3.2-6)

where

Due to the symmetries of the elastic tensor, equation (1.3.2-6) can be written in the
following more convenient form:

°ij =cijuuw

(1.3.2-7)

Conveniently, we have ready-made solutions for a point force on the free surface
for both vertical and horizontal directions. The solutions come from the works of Miller
and Pursey (1953) for vertical point forces and Cherry (1962) for horizontal forces. They
were calculating the response of an elastic half-space to a vibrating circular disk where
the traction under the plate is assumed to be known. They then proceeded to derive the
asymptotic expansions to their integral representations. As paraphrased from Cherry
(1962), if the amplitude multiplied by the radius of the disk squared remains finite as the
radius of the disk approaches zero, then we have the response due to a point force on the
free surface. It is just such a response that is needed in equation (1.3.2-4) for the Green's
function. It should be noted that the Green's function we are considering also contain
surface waves, which are perhaps the stronger agent when we are considering vibrator
interactions. This completes the definitions needed to solve the complete set of coupled
equations.

1.3.3: Procedure to solve the idealized interacting-vibrator problem

So far we have developed a complete set of equations describing the motion of the
vibrators, as given by equations (1.3.1-3Oa) through (1.3.1-3Oc); however, these
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equations are dependent upon the forces the half-space exerts on the vibrators. The
equation describing the motion of the half-space is equation (1.3.2-4), which in turn
depends on the motion the vibrators. These two sets of equations are related to each other
by equations (1.3.2-3) and (1.3.2-7). If we start with the following initial conditions:
MI =M 2 = ws = 0

(1.3.3-la)

for displacements, and
FJ = FJ = O and F3' = F30

(1.3.3-lb)

for forces, we can use the coupled equations to solve for all future displacements within
the half-space. The actual procedure is most easily implemented by numerical integration
and further simplification can be sought by transforming the equations into the frequency
domain. The flow-chart in figure 1.3.3-1 shows how the variables are related to each
other and indicates how an algorithm may be implemented.

In this section we have derived the set of equations which govern the evolution of
a simple vibrator model consisting of a hold-down mass and a base plate joined in series
by a spring and dashpot. A set of these simple vibrators were then allowed to interact
upon a free surface over an elastic half-space. The equations controlling the dynamics of
the elastic half-space were developed. These coupled systems of equations completely
describe the wavefield that would be generated by a given set of the simple vibrators in
the elastic half-space. The numerical implementation of this scheme would certainly be a
wonderful addition to this work but this task is left to the future continuation of this
research.
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Initial conditions

Vibrator sweeps

Calculated qualities

Required for calculation
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t

Fig. 1.3.3-1. Flowchart showing how to solve the coupled system of equations.
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2: Composite media as generalized continua

2.1: The composite earth
There can be very little disagreement that the earth is not exactly a homogeneous
elastic isotropic sphere. It can also be stated that the earth, at most scales of interest, is
rather heterogeneous. But given that the earth is a rather complicated object, in particular
the earth's crust must be considered to be in this category, we know that some simple
mathematical descriptions actually work well as predictive tools. An example of this is
the success that the elastic wave equation has had in helping us understand phenomena as
diverse as earthquakes as well as seismic sources used in exploration geophysics. If we
were to consider each and every detail that is a building block of the earth's crust we
would very quickly throw up our hands in despair from the shear enormity of the
problem. Being pragmatic creatures, we tend to start lumping the complexity and
describe the lumped object as some simple continuum, such as the simple isotropic elastic
media that have already been mentioned. This process is most evident when we treat the
earth's crust as a simple series of isotropic elastic layers. Even though this is a gross
approximation, we are awarded a certain degree of predictive power. But we know that
this is not the whole story since the dispersive nature of all seismograms, or what appear
to be anisotropic effects, continuously rears their ugly heads. The subject of this chapter
is aimed at finding other dynamic descriptions that take into account more of the internal
complexities of the layers or lumps without abandoning the concept that there exists a
relatively simple continuum that will help us come to a better understanding of the
processes within the actual material that we are investigating.

2.1.1: Where others have gone before and where I have wandered

Any material that at one scale looks to be homogeneous will at some other scale
appear to be heterogeneous, and even possibly discontinuous. To see this, one only needs
to acknowledge the existence of molecules and atoms at some scale. Nevertheless, the
continuum description has been so successful, and the alternative of describing all the
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effects on all the constituent particles so daunting, that we return to the continuum
description with little hesitation. Rivlin (1968) showed, through an averaging process,
how a system of particles each comprised of different mass points can be described as a
generalized continuum and Eringen (1968) showed how to start from a granular
composite and reach the same end, which he calls a micromorphic continuum. Bedford's
(1985) book showed how to use Hamilton's principle and the additional degrees of
freedom of a composite to develop new generalized continuum theories. Generalized
continuum theories have a long history; the prototype of this is the Cosserat continuum
(Mindlin and Tiersten, 1962). A review of this type of generalized continuum can be
found in appendix C. The development in appendix B follows the development of the
normal elastic continuum theory as reviewed in appendix C. Both appendix B and C start
from assuming knowledge of the forces acting on the medium, unlike the development
using Hamilton's principle (Bedford, 1985) where the degrees of freedom in deformation
are assumed to be known.
A composite, as considered here, is just a heterogeneous continuum which at
some scale will also appear to be homogeneous. The behavior of such a continuum may
be quite unique, differing significantly from its constituent parts, at the scale of
homogeneity. Backus (1962) looked at a composite of layered isotropic and transversely
isotropic media and, through averaging, was able to describe the static behavior of the
composite as a transversely isotropic homogeneous medium. Schoenberg and Muir
(1989) extended this idea to layers of arbitrary anisotropy by assuming the same
averaging method as Backus (1962) and found the static equivalent anisotropic
homogeneous medium to the finely layered composite. Others have attempted to use this
basically static description to nonzero wavelengths with some success. The dynamic
effects such as dispersion of the wavelet, have not been dealt with in these cases. In the
next section, I will attempt to generalize Backus's (1962) averaging method, to
mathematically develop a generalized continuum theory consistent with this method of
averaging and hopefully relax the static or zero-frequency assumption. In §2.3 we will
look at more general methods that may lead to future developments.

2.2: A perturbation to Backus's averaging method
Backus (1962) showed a method of averaging a stack of finely layered isotropic
or transversely isotropic media to come up with a statically (or long-wavelength)
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equivalent transversely isotropic medium. I will borrow his averaging technique and try
to generalize it in order to find other forms of dynamic relationships which can be used in
the nonstatic cases.

2.2.1: Defining the averaging technique

The following averaging scheme was introduced in Backus's (1962) paper. He
defined a linear averaging operator in the form:

(2.2.1-1)

where

w(x) dx = 1 ,

xw(x)dx = Q and

Note that I use the notation < • > to represent the average of the quantity within the
angular brackets. For functions/ that are approximately constant when x is varied by no
more than /, Backus used the following approximation:
(f *>=/<*>•

(2.2.1-2)

As a first step one may generalize equation (2.2.1-1) to n dimensions by letting x
represent an ^-dimensional position vector and then recast the linear average as:

(2.2.1-3)

such that,
w(x) > O , w(±oo) = O ,
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w(x)dVx=lf - -

dr = O ,

= / and

dx,

where t is a unit vector, indicating the direction for which the appropriate property is
calculated, and V00 represents the limit as a finite volume Vx is allowed to expand and

cover all space.

Now we attempt to generalize the approximation. Our assumption is, for a
neighborhood around x, where x varies by no more than /^ in the direction of unit vector
t, the function f can be represented by a Taylor's series as follows:

i

fly) = flx)

(2.2.1-4)

where yl are the components of vector y, x1 are the components of vector x, £ represents

the partial derivative of/with respect to x1, and summation on repeated diagonal indices
is enforced. We now turn our attention to the product of the function / with another
function g and the average of the product:

- xXfly) g(y)dvv

f/(x)

(2.2.1-5)

.» d V

Easley 62

- J (g(x)

As can be seen by direct comparison of equation (2.2.1-5) and equation (2.2.1-2), the first
term of equation (2.2.1-5) is equation (2.2.1-2). It must be recognized at this point that
equation (2.2.1-5) is only accurate as an infinite series and, if we truncate it, the function/
and all its remaning derivatives must be approximated by some averages as well. This
point seemed to have been glossed over in Backus's (1962) paper. The use of Taylorseries truncations also entails an assumption of a smooth neighborhood of the function in
question.

2.2.2: Application to linear elasticity
We will now venture to apply the averaging method that was discussed in the
previous section in the realm of linear elasticity. First consider the constitutive relation of
a linear elastic material below:

G1W^e",

(2.2.2-1)

keeping in mind the difficulties above. The average of equation (2.2.2-1), by using the
first two terms in relation (2.2.1-5), can be written as:

= CJJu e*1 + By 8^

(2.2.2-2)

where

The linear momentum equation in the absence of body forces is:

a^.-pu =0.
Before considering the average of equation (2.2.2-3), we shall derive a couple of
intermediate results. Consider:

(2.2.2-3)
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(2.2.2-4)

which can be cast in another form by the following reasoning:

(2.2.2-5)
OJT

When relation (2.2.2-5) is used in equation (2.2.2-4) we have:

Jv^

(2.2.2-6)

where we have used the divergence theorem and the fact that w goes to zero on 5«. We
shall now use equation (2.2.1 -5) to recast the average of the product of density and
particle acceleration as:
(2.2.2-7)
where

and
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v- = I ((p j* S) - *m (p S) - s (p S) + ** y (P)) .
Note that we have chosen the highest order of spatial differentiation in the displacement
in order to be consistent with the terms kept for linear deformation in equation (2.2.2-2).
The equation of motion (2.2.2-1) can be averaged in the following manner:
,} -(p »•'} = <),

which, upon substitution of relations (2.2.2-6) and (2.2.2-7) becomes:
(a% - «' p - u'^ nm - u\mn v"1" = O.

(2.2.2-8)

Using equation (2.2.2-2) in equation (2.2.2-8) results in:

\CUkl e" + B& e?4 . - if p - !,„ n"1 - u'ma v"1"= O .

(2.2.2-9)

Equation (2.2.2-9) can be put into a more useful form by using the following relations:
£*'=!(„*•< + „'•*),

(&= C^ and By = By,
which upon introduction to equation (2.2.2-9) is transformed into:

[ C/~>ijkl

u

. nijklmU

k,l + B

1

' "i —

"/

Um\-U P~U,mV

m

' 'i

-",/n«V

mn /-v
=0.

/o ^ o 1 r»\

(2.2.2-10)

I have been able to gain some headway in deriving equation (2.2.2- 10) as a direct
consequence of Hamilton's principle as outlined in Bedford's (1 985) book. This is an
interesting mathematical exercise, but how can we use the new generalized continuum
description to give us more information? As a step towards answering that question, we
shall look at the simple situation of a plane wave propagating through this medium.

2.2.3: A plane- wave solution

Consider the possibility that there exist plane-wave solutions to equation (2.2.2I O) of the following form:
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u = A pr exp(/ [ks xs - co /]) = A pr exp(/ k [ns xs-v ?])

(2.2.3- 1 )

where

u
A

r

=
=

displacement vector,
amplitude,

=
=

unit polarization vector,
propagation vector,

x
co
/
k

=
=
=
s

spatial coordinate vector,
angular frequency,
time,
magnitude of propagation vector |k| = Vk s k s

ns

=

unit vector in direction of phase propagation.

r

p
ks
S

and
On substituting equation (2.2.3-1) in equation (2. 2. .2- 10 and assuming C and B are
constant tensors, we arrive at:

(2.2.3-2)

where

5ac =
d

Kronecker delta.
d

Using the identity k =kn we can recast equation (2.2.3-2) in the following form:
= 0,

(2.2.3-3)

where
b\

(

d b e\

n ) + i(kBabcden n n)
2

e

vefn n

(

e

In order that equation (2.2.3-3) have nontrivial solutions, the following condition must be
satisfied:
0.

(2.2.3-4)
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Equation (2.2.3-4) is of the form of an eigenvalue problem. The eigenvalues
resulting from its solution will be the phase velocities. It is interesting to note that when k
= O, equation (2.2.3-3) takes on the same form as the velocity equations in standard
elastic media. This also means that if we have a finely layered composite we can use
Backus's (1962) or Schoenberg and Muir's (1989) averaging scheme to get the elastic
constants for C. The velocities obtained from equation (2.2.3-4) will in general be
complex, indicating attenuation and dispersion are possibilities. Once the eigenvalues are
obtained, equation (2.2.3-3) can then be use to solve for the polarization vectors
(eigenvectors).
This seems to be a reasonable means to find other dynamic relationships which
could be used to describe a composite but it does seem to be a bit ad hoc. In the next
section I will discuss a more general method which has the potential to set this direction
of investigation on a more solid footing.

2.3: Other possible directions for investigation
It is probably a good idea to start from the basic definitions of deformation rather
than the short-circuit method we have been using to describe the composite. I will use the
Lagrangian, or material, description of motion. The notation I shall use is identical to that
used in appendix B. I will describe it again here to avoid too much flipping back and
forth.

As our composite continuum is deformed, the individual points of the continuum
traverse different paths. If we now identify all the points within our continuum in some
fixed reference configuration with a coordinate system, say X 3 / = 1,2,3, then we can
track the motion of a particular point, for which we now have a unique label. We will set
up another coordinate system to track the instantaneous motion of the labeled point. Let
the coordinates of this system be symbolized by xl 3 i = 1,2,3. When convenient I will
also use vector notation such as X = (X1, X2, X3) and x = (*j, Jt2, ^3). The actual motion of
a point of concern can be written as

X1 = Jc1(X1, X2, X3, r),
or

(2.3-la)

Easley 67

X = (X, t).

(2.3-lb)

Equation (2.3-lb) gives the location of point X = (X1, X2, X3) at time t. If we were to track
this same point for a period of time we would have a complete description of the motion
of that point. Since we have this description for all points within our continuum, we also
have a precise description of the deformation of the continuum. This is a very short
summary of the Lagrangian (or material) description of deformation, for a very detailed
analysis try volume 2 of the Continuum Physics series edited, and heavily contributed to
by Eringen (1975). This is a very complete work and not an easy read.
We could attempt to describe, using equation (2.3-lb), all the motion of all
constituent parts of our composite continuum. This, in many practical situations ,is not an
easy task since there may be many different constituent parts and the associated motion
can be quite complex. One way we could proceed is to ask if there is any macroscopic
phenomenon which can be observed that is of interest that is not completely tied to all the
microscopic fluctuations within the continuum. If the answer is yes, then we can start to
look for a mathematical means of isolating this macroscopic effect. A common method
that is used assumes that the small fluctuation are random in some sense and tend to
average out, so we can look at what happens if we average equation (2.3-1) using the
same averaging scheme as in equation (2.2.1-1). When the average is applied we get

- E, t) dVE,

(2.3-2)

where the integration is over material coordinates H = (H1, E2, E3). If we make the
assumption that within the neighborhood specified by the weighting function, w, we are
able to expand equation (2.3-1) as a Taylor's series around the material point X, then we
can write

x\X -•=) = AX) + SJ(X) E' + i x',KL(X) =.K EL + • • •,

(2.3-3)

where I have deliberately left out the explicit dependence on time, / . This is done to
simplify the equation, and from this point, I will leave out the explicit dependence of the
material point X, since it is understood to be present as well. Substitution of equation
(2.3-3) into equation (2.3-2) results in:
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w(E)EKELdVE

= x+Jt

(2.3-4a)

where I have defined
w(E)EJdVE
(2.3-4b)

and
KL

~~2

w(E)EKELdVE

(2.3-4c)

It is not too surprising that we can express the average of the motion as a function of the
actual motion and its partial derivatives, but what we would like is the opposite; namely,
the actual motion as a function of its average and the partial derivatives of its average.
Towards this end we begin by taking the partial derivative of equation (2.3-4a) with
respect to XL and form a product with Ll L , which, with judicious change of dummy
variables, allows us to write:
(2.3-5a)
Upon subtracting equation(2.3-5a) from equation (2.3-4a)we arrive at:
(2.3-5b)
By repeating the process that gave us equations (2.3-5a) and (2.3-5b) we are able to bring
all the averaged quantities to the left-hand side of the equation and leave only xl on the
right-hand side. We will go one step further to solidify the process. We will now take the
second derivative of equation (2.3-4a) with respect to Xj and XK, then form a product

( L2JK -Ll J Ll K\J. Again with judicious change of dummy variables, we get:
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-Ll'll^ = ^
(2.3-6a)
Mirroring the step that gave us equation (2.3-5b), we subtract equation (2.3-6a) from
equation (2.3-5b) to arrive at:

- L2JKL\ L) - Ll L (l2JK - L\ J Ll *)] + • • • .

(2.3-6b)

By repeated application of the process we arrive at:
x' = (AT') + Wj A 1 ' + WJK A2J* + (X'}JKL A3JKL + • • -

(2 3.?a)

where
Al 7 s-Ll- 7 ,

(2.3-7b)

= - (L2JK-L\J L\ *),

(2.3-7c)
Ll*Ll L ],

(2.3-7d)

and so on. Equation (2.3-7a) tells us that the averages and their gradients have the
potential to tell us about the actual motion. This means that meaningful dynamic relations
can be derived from the averaged quantities and their gradients. One possible method is
to truncate equations (2.3-7a) and substitute these into dynamic equations derived from
jc1. Another more direct method is to assume that, in a composite the individual terms (x1),
{xl)j, (jc1)^ ,and so on, represent independent degrees of freedom, insert them into

Lagrange's equation, and see what types of dynamic relations result from Hamilton's
principle as outlined in Bedford's (1985) book.
There seem to be many avenues to investigate and many have been tried with
mixed results. There is even an- entire book by Christensen (1979) on this very subject but
there is a lot of room for additional work. I believe that whole area of generalized
continua has only seen cursory application in geophysics, such as in Biot mixtures (Biot,
1956). Perhaps the phenomena we will be investigating are second-order type effects; but

from the lack of success of some of our standby methods to many real problems it is well
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worth investigating. Real problems aside, the subject has enough depth to provide ample
mental challenge for anyone with the interest.
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3: Elastic tensors and their preferred frames of reference

3.1: A brief review
Even though tensors have an existence independent of what frame we choose to
represent them in, it is inevitable that we need to utilize the numbers representing the
tensor in some particular frame of reference. The elastic tensor is no exception; if we
choose the wrong frame of reference, the tensor components will in general all be
nonzero, a situation that is cumbersome to work with, even though correct. If we choose
the preferred frame, we gain two things: minimization of dependent nonzero elements
and information as to the symmetry orientation represented by the elastic tensor. In real
experiments where elastic constants are inverted from group- or phase-velocity
measurements (Vestrum, Brown and Easley, 1996), we may not be fortunate enough to
know exactly what the preferred frame is or even to what symmetry class the material,
from which we took measurements, belongs. In this situation, when confronted by a
bunch of elastic constants, a method to determine the preferred frame from these would
be invaluable. I propose to approach the problem in a statistical manner (Easley and
Brown, 1992, Easley, 1993b).
Many people have devised means to take an elastic tensor represented in an
arbitrary frame and determine the symmetry properties of the underlying tensor. Most
notable is the work of Backus (1970) who decomposed the representation of the elastic
tensor to a series of vector bouquets and showed that, by direct observation of the
symmetry of these bouquets, one can determine the symmetry of the underlying tensor. A
second method is described by Baerheim (1993). He notes that the symmetric mapping of
the asymmetric part of the representation of the elastic tensor is diagonal in the preferred
frame of reference for all crystal classes except triclinic, monoclinic and trigonal cases.
Thus the diagonalization of this matrix will yield eigenvectors that should represent the
preferred coordinate system.

These are both good methods with some points which can be built upon. The
method of Backus requires visual inspection, which can probably be automated, and there
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is no work which shows how stable the technique is to small perturbations. The method
of Baerheim is direct but is not universally applicable, and I have not seen the effects of
small perturbations on this method. Thus I propose to study a statistical method that
should be universal and, by its statistical nature, not sensitive to small perturbations. It is
a good idea to have a good concept of how to deal with tensors and frames before
proceeding to methods; so I will quickly review these aspects.

3.1.1: Preliminary mathematical considerations
We will use the definition that a tensor T of order m is a multilinear functional on
an ^-dimensional vector space Vn equipped with an inner product ( • , • ) . These are all

abstract quantities, which is the definition used by Backus (1970). The properties of T are
determined by choosing an arbitrary set of m vectors from Vn such as Jv 1 , V2, • • • ,vm } ,
and examining the scalar defined by T(V1, V2, - - - , V 1 n ) and doing this for all sets of
vectors Jv 1 , V2, • • • ,vm }. This method, though correct, is a rather daunting task. In
practice, we choose an orthonormal basis in Vn> say {x,,x2, • • • ,\n }, then represent the
vectors above as v, = (v,,x7) X7 for / = l,...,m, summation on repeated indices being in
effect. This convention differs from other sections by the fact that the indices do not have
to be in a diagonal position for summation to be implied. This should be no problem since
we will deal only with orthonormal basis throughout this section. With this in mind we
can write:

T(V1, V2, ••• , vj = (Vj^Xv^x^-'-Cv^x^) T(xy), \h, ••• , \jm) ,

(3.1.1-1)

where we have relied heavily on the multilinearity of T, that is for any set of m scalars
{a,, (X2, • • ,(X7n) we have: T(GL1 V1, CC2 V2, — , otm vj = Ct1 Oc2 • • • Ct7nT(V1, V2, ••• , vj.
To cast equation (3.1.1-1) in a more familiar form, we can define the following scalars:

Vf = (V 15 X,,),

(3.1.1-2b)

V22 = (v2,x>2),

(3.1.1-2c)
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The scalar on the left-hand side of equation (3. 1 . l-2a) is just the commonly used tensor
component. The scalars on the left-hand sides of equations (3.1.1-2b)-(3.1.1-2d) are the
components of the vectors. All of these scalars are defined only with respect to the basis
we choose. Thus equation (3.1.1-1) can be rewritten with the aid of definition (3.1.1-2)
as:

T(V1, V2, - ,vj = ^42-^Tjj2...Jm.

(3.1.1-3)

Now consider the case when we have a different orthonormal basis {x\, \2, • • • ,Xn }. Then
definition (3.1.1-2) and equation (3.1.1 -3) give us:

T(X1, x,2, .- , i,J = ?;„,...,„ = ^ - % 1J1H-J,-

( 3 -'-'- 4a >

where

*/ = (x,-,x,-),

(3.1. Mb)

are just the direction cosines relating one frame to the other. Equation (3.1.1-4) shows
that the components of a tensor can be quite different from one frame to the other, and
this equation also provides a means of going from one to the other. The elastic tensor is
no different. Its components are directly related in the same fashion to the frame of
reference we choose to express it in. This is all the mathematics we need in order to
develop the statistical technique that follows.

3.2: Statistical determination of elastic tensor's preferred frame
I will use the standard two-index notation for all the development. All bold-face capital
letters will represent the tensor which underlies the matrix representation. It should be
noted, that the matrix notation is only a short-hand used to list all the possible

independent components of an elastic tensor and not the tensor itself. In other words, one
must not confuse the matrix with the tensor itself. If one has this clearly in mind, then
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equalities, such as the one in equation (3.2-5), should not confuse the reader. A reference
for the two-index notation can be found in Baerheim's (1993) paper. I will be developing
the idea for an elastic tensor of the cubic symmetry class. The ideas are easily transferred
to other symmetry classes. The cubic elastic tensor represented in the preferred frame of
reference has the following form in two-index notation:

C=

O

O
O

Ci 2 O
O
O
Cn Ci 2 O
O
O
Ci 2 Cn
O
O
O
O
O C44 O
O
O
O
O C44 O
O
O
O
O C44 J

(3.2-5)

where C^ are the elastic stiffness coefficients. This shows that the cubic elastic tensor has
only three independent elements. Now consider the same tensor is some arbitrary frame
of reference. In general its representation will no longer be as simple in appearance as
equation (3.2-5) but will have many nonzero entries as:

A11 A12
A

A22

A

A 14

A 23
A 24

A, 5

A 25

A16

A

\2

C =

13

26

A13
A 23

A 14 Ai 5
A 24 A2 5

^33

A

A

34

A44

A

35

A 45

A 36

A46

34

A 35
A4
A 55
A 56

71

26

A 36

(3.2-6)

A46
A 56

where I have included a prime above C to indicate another basis function has been used to
represent this tensor. In our present discussion this means the tensor representation has
been rotated into another configuration. In order to find the frame which causes equation
(3.2-6) to become closest to equation (3.2-7), I propose to form the new matrix below:

B=

where

BU #12
B12 #11
Bj 2 B12
O
O
O
O
O
O

#12
" 12
O\ ]

O
O
O

O
O
O
B44
O
O

O
O
O
O
#44

O
O
O
O
O

O

#44

(3.2-7)
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B]\ = -(A]

844 =

and

Bn=

(A12 + A 13 + A23) .

Of course, equation (3.2-7) is not the only representation we could choose, nor are we
stuck with only one representation matrix. We could just as well choose several matrices
like (3.2-7) and proceed equally with all of them through the following steps. We now
form the difference E = R(B -C), which I will call the error tensor. Note that if we did
have several representation matrices, B, we could index them and form a series of
indexed error matrices, E, before proceeding. The symbol R(-) represents the rotation
from one frame of reference to another, as given by equation (3.1.1-4); this is where the
distinction becomes important that the rotation is actually performed on the tensor and
not its two-index matrix representation. The rotation can be represented by Euler angles
or some other set of three appropriate variables. Let the matrix representation of E have
the elements E. We now form the scalar:

= l 7=

which shall be called the error term, in which weights w^ have been introduced to add
additional control. If we had more than one error matrix, we could at this point calculate
an error term for each of them then form a weighted sum before going on. At this point
we are free to use a number of optimization techniques (Press, Flannery, Teukolsky and
Vetterling, 1988) to minimize equation (3.2-8). The template matrix, B, can be
customized for all symmetry systems in the same manner as above, and so is not
restricted to cubic symmetry. When equation (3.2-8) is minimized, the resulting B will be
our closest representation of C within the confines of this fixed symmetry system. We
can also examine the error matrix, E, to see how the error is distributed and to see the
magnitude of the individual terms. If we are to compare one symmetry class with another
and have the error scalar have any meaning it is necessary to insure all the elements in the
error matrix E is as random as possible. Visual inspection is one way to determine
randomness, but, a better way is to use a measure of randomness such as the Shannon
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entropy measure or the varimax norm. With the error scalar and the entropy measure we
can determine the best representation to be the one which minimizes the error scalar and
maximizes the entropy. The Euler angles will define the new coordinate system, which
provides information as to the underlying symmetry of the tensor, A. There is a host of
error-minimization routines to perform just this task (Press, Flannery, Teukolsky and
Vetterling, 1988). This procedure is represented in flowchart form in figure 3.2-1.
Output: Euler angles
which rotates input
tensor into optimum
frame, B, E ande.

Given a cubic
tensor in some
arbitrary frame.

Rotate C using Euler angles
to reduce the magnitude of e.
C33]/ 3

C6J/ 3

Is e a
minimum ?

= [C23 + C31 C12] /3
Calculate template
B from C.

ACCO O O
CACO O O
CCAOOO
000500
000050
000005

Is this
the first
try?

Calculate error
matrix E.

Calculate error
scalar e.

Fig. 3.2-1. Flowchart for a method to determine the preferred frame of
reference of the elastic tensor (cubic example).

3.3: The proof of the pudding (the numerical trial)
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To see if this method works, I programmed the algorithm represented in figure
3.2-1. The numerical trial begins with a specific cubic elastic tensor in one of its preferred
frames and represented in standard 6x6 matrix notation as:

3.1500
1.8500
1.8500
C=
0.0000
0.0000
0.0000

1.8500
3.1500
1.8500
0.0000
0.0000
0.0000

1.8500
1.8500
3.1500
0.0000
0.0000
0.0000

0.0000
0.0000
0.0000
2.5000
0.0000
0.0000

0.0000
0.0000
0.0000
0.0000
2.5000
0.0000

0.0000
0.0000
0.0000
0.0000
0.0000
2.5000

(3.3-1)

The frame of reference is then rotated by the Euler angles 6 = 35°, (p = 16° and \y = 52°.
This results in a matrix representation of C very different from equation (3.3-1), as shown
below:

3.5169 1.8237 1.5094 0.0003 0.7344-0.1172
1.8237 3.3647 1.6616 0.5416-0.0610 0.2429
1.5094 1.6616 3.6789 -0.5419-0.6734-0.1257
C =
0.0003 0.5416-0.5419 2.3116-0.1257-0.0610
0.7344-0.0610-0.6734-0.1257 2.1594 0.0003
-0.1172 0.2429-0.1257-0.0610 0.0003 2.4737

(3.3-2)

The prime in equation (3.3-2) indicates that a rotation of the frame of reference has
occurred, but we must keep in mind that we are still dealing with the same physical
tensor. As can be seen by the representation of tensor C in equation (3.3-2), it would be
difficult to determine what symmetries, if any, may exist for this tensor. Following the
recipe outlined by the flowchart in figure 3.2-1, we calculate the template associated with
C as given by equation (3.3-2). This results in:

B1 =

3.5202
1.6649
1.6649
0.0000
0.0000
0.0000

1.6649
3.5202
1.6649
0.0000
0.0000
0.0000

1.6649
1.6649
3.5202
0.0000
0.0000
0.0000

0.0000
0.0000
0.0000
2.3149
0.0000
0.0000

0.0000
0.0000
0.0000
0.0000
2.3149
0.0000

0.0000
0.0000
0.0000
0.0000
0.0000
2.3149

(3.3-3)

where the subscript 1 indicates that this is the template associated with the first iteration
and that no rotations have been applied to equation (3.3-2). By direct comparison with
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equation (3.3-1) we can see that there is a large difference between the two matrices. The
error scalar associated with this template is e = 3.580657, which is rather large. We now
attempt to find rotations which will minimize the error scalar. At each stage of
minimization a new rotated realization of the elastic tensor C is calculated, as well as its
associated template. This procedure is repeated until our optimization criterion is met.
For this case, 14 iterations were necessary to satisfy the optimization criterion using
Powell's method (Press, Flannery, Teukolsky and Vetterling, 1988). At this point the
Euler angles were found to be 6 = - 52.000027, (p = - 16.000008 and \|/ = 55.000027.
When these Euler angles are used to rotate equation (3.3-2), the following results:

3.1500 1.8500 1.8500-0.0000-0.0000 0.0000
1.8500 3.1500 1.8500 0.0000-0.0000-0.0000
1.8500 1.8500 3.1500-0.0000 0.0000 0.0000
C =
- 0.0000 0.0000 - 0.0000 2.5000 0.0000 0.0000
-0.0000-0.0000 0.0000 0.0000 2.5000-0.0000
0.0000 - 0.0000 0.0000 0.0000 - 0.0000 2.5000

(3.3-4)

By directly comparing C of equation (3.3-4) with C of equation (3.3-1) we find that they
are identical to four decimal places. The error scalar is zero also to four decimal places.
We have come full circle and found a set of Euler angles which will give a reference
frame in which our elastic tensor will have a representation in its standard form.
I have developed a rather simple statistical method to find the preferred frame of
reference of an elastic tensor and was able to show that it works in the simple cubic
symmetry case. Additional numerical trials would be useful to further test this method, as
well as applying this method to real experimental data (Vestrum, Brown and Easley,
1996). The method used here is the most basic one as outlined in the flowchart of figure
3.2-1; the other symmetry classes may require some of the enhancements as outlined in
section 3.2. This, however, is the stopping point I will choose for this chapter.
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4: Synthetic seismograms for P and S waves using the
Goupillaud model

4.1: A brief review
This chapter is based on research that I have had the privilege to work on with
Darren Foltinek (Easley and Foltinek, 1993) as a part of the CREWES project. I must
also thank Dr. Krebes for giving us a copy of his code for the calculations of Zoeppritz
coefficients. The modeling method that is the workhorse of this method has a long
history. Before I proceed we will quickly review some of material that comprises this
method and some of the other work that has been done in this area.
The wave equation describes the propagation of plane waves within homogeneous
layers as simple time delays; by this, I mean that the waveform is constant within any
homogeneous layer, since there is no divergence or other geometrical effects and in a
homogeneous layer there is no partitioning of the energy of a plane wave. The only
perceptible change, at a point within the medium, is a time-delayed version of the
waveform. When the wavefront impinges on an interface, the boundary conditions, along
with the wave equation, specifies a partitioning of the wave field. This naturally gives rise
to the definition of reflection and transmission coefficients. Imposing the constraint of
having interfaces at discrete equal time intervals results in the Goupillaud model. This
model has been studied by many researchers. For example Hubral, Treitel and Gutowski
(1980) use this to study the spectral models of a layered earth system. Their studies are
based on the z-transform, which is a frequency domain implementation of the Goupillaud
model. Mendel, Nahi and Chan (1979) proposed a different formalism based on the statespace model. It is this method that is expanded upon here. The reason for using the statespace approach is the ease by which more sophisticated processes can be implemented,
such as absorption (Aminzadeh and Mendel, 1983), isolation of multiples (Aminzadeh
and Mendel, 1980), and the inclusion of P and S waves within the Goupillaud model, this
last of which is our contribution to the subject. The time domain, the domain of the statespace model, also appeals more directly to the intuition.
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4.2: A bit of the theory

It is always a good idea to go into a bit of the details of the method before looking
at some of the results; so that is what we will now do.
4.2.1: Traditional nonnormally incident Goupillaud model
Consider horizontally layered elastic media bounded above and below by half spaces, either or both of which may be a vacuum. Within the ith layer, we assume the
existence of upward and downward propagating particle displacements with plane phase
fronts. The notation I have adopted to represent these particle displacement disturbances
are explained in figure 4.2.1-1, where: U stands for upward propagating, D stands for
downward propagating, P represents compressional particle motion, S represents shear
particle motion, subscripts represent the layer number to which the disturbances are
confined and t is the delay time of a particular wave type within the layer. Therefore,
DP1(I) represents a downward propagating compressional wave in layer / at time t.
!Type of particle displacement
Delay time of
wave type in layer

Direction of propagation
1 Layer in which diplacement is confined j
Fig. 4.2.1-1. Particle displacement notation.

When these disturbances impinge on an interface, the energy is partitioned into up- and
downgoing compressional- (P) and shear- (S) waves (figure 4.2.1-2). From this
partitioning, reflection and transmission coefficients are defined at an interface.
Modifying Aminzadeh and Mendel's (1982) notation, it is assumed that at time t the
downward propagating disturbance has reached the bottom of layer i (DP1(I), DSjJ) \
and the upward propagating disturbance has reached the top of layer 1(US1(I), UP ft) ).
Additionally, the following disturbances are defined:
UP-(t) = UPt{t+tf) = upgoing P-wave at the bottom of layer i,
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= DPj(M-TJ*) = downgoing P- wave at the top of layer /,
f) s upgoing S-wave at the bottom of layer i,

and
f(V = DS1-(M-Tf) = downgoing P-wave at the top of layer i,
where if and if are the compressional- and shear-wave traveltimes of layer /. It is
important to realize that at time t only the displacements defined at time t exist; for
instance, all the primed disturbances will become the future unprimed variables when
they reach the appropriate interfaces (figure 4.2.1-2). Using the transmission and
reflection coefficients, we can relate these wavefields to each other by:
W = RfppUPi+l(t) + R?spUSi+l(V + TfDP1W + TfZ)S1-(O .

(4.2.1 -Ia)

(O = RfpsUPM(t) + Rf55USM(Q + TfDP1W + Tf5DS1-(O ,

(4.2.1 -Ib)

UP-(V = RfDP1W + RlSPDSj(V + TfppUPM(t)

+ Tf*pUSM(t)

,

(4.2.1-lc)

and
5
ss
US(t) = RDP1(I) + RDSW
+ TUPM(t) + TVS
M(t)

(4.2.1-ld)

The superscript b in reflection and transmission coefficients indicates partitioning of the
wavefield as viewed from the bottom of an interface, and the superscript t indicates
partitioning of the wavefield as viewed from the top of the interface. The first uppercase
superscript indicates the incident wavetype and the second the scattered wavetype.
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Interface /-1

Layer /

Interface i

Layer i+l

Fig.4.2.1-2. Partitioning of waves at interfaces.

These energy partitioning equations apply to plane waves within arbitrary
horizontally layered models. The Goupilllaud models are such that the traveltimes in all
layers within a model are constant. By the device of interfaces with zero reflection
coefficients and unit transmission coefficients, the approximation to a true depth model
can be approached to any degree of accuracy by making the traveltime in each layer as
small as necessary.
In plane horizontal layers with plane waves, the wave parameter, p - sin 0/Vis

constant (by Snell's law) and therefore the traveltime for each wavetype is constant
within a single layer. But, the P- and S-wave traveltimes through a given layer differ from
each other. This prohibits the use of a single Goupillaud model for modeling both wave
types. It is important to note that the equations thus far deal with the entire wavefield
within a single model, while the numerical scheme that is implemented separates the P
and S wavefields into two separate Goupillaud models.
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4.2.2: Coupled P- and S-wave Goupillaud models

The method used here to accommodate the differing P and S traveltimes is to run
separate Goupillaud models for the P and S waves. These models are approximations of
the true depth model. The approximation is accomplished by representing the traveltime
in the ith depth layer as an integral multiple of a small constant time increment, A/. This
approximation constrains the Vp / V8 ratio within each layer of the coupled Goupillaud
models to be a rational number. Since rational numbers are dense in the reals, we can
achieve any degree of accuracy desired by reducing the time increment, Ar. The
transformation from the true depth model to the coupled Goupillaud models is shown in
figure 4.2.2-1. Note, however, that the coupled Goupillaud models represent an exact
depth model which differs slightly from the original.
Depth Model

P Model

S Model

Fig 4.2.2-2. Transformation of depth model to P- and S-wave Goupillaud time models.

The rules for transforming the ith depth layer having P velocity Vf, S velocity Vf,
and thickness hi resulting in compression and shear traveltimes if and if respectively,
into the two equal-time models are:

/if Ar« Tf,

(4.2.2-1)

and
(4.2.2-2)

Easley 84
where nf and nf are integers determined by our chosen At. This procedure introduces a
time error for both P- and S-wave traveltimes in the I'th layer given by:
(4.2.2-3)
and
(4.2.2-4)

respectively. The total number of time layers within the two Goupillaud models will be:

1=1

,

•

(4.2.2-5)

in the P-wave Goupillaud model, and
N

M5=

1=1

,

(4.2.2-6)

for the S-wave Goupillaud model.

Since, we have discrete time intervals, it is appropriate to change the time
variable, t, into a discrete variable, j, that is represented as a second subscript for each of
the wave types. As stated previously, an upward propagating disturbance is assumed to
have reached the top of layer i and the downward propagating disturbance to be at the
bottom of this layer at discrete time indices. The wavefields designated with a prime are,
by our convention, the same as the unprimed wavefields within the same layer advanced
in time in the following manner:

(4.2.2-1 a)

(4.2.2-7b)

(4.2.2-7c)
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and
(4.2.2-7d)

where the index j represents a discrete time variable with unit time step, and therefore
t = j At . The relationships (4.2.2-7a-d) allows equations (4.2.2-8a-d) to be rewritten in
their discrete form and separated into converted and non-converted modes as:

U*M J+I = *rX+i,, + Tru*tj

,

(4.2.2-8a)

D* M j+i = Rf"U*MJ + TfXv

.

(4.2.2-8b)

and for the converted waves:

"<Wi = Ri**D*U + T™V*MJ

,

(4.2.2-80

£0/+, J+I = Rf*U*Mj + Tr*D*ij

.

(4.2.2-8d)

and

Equations (4.2.2-8a), (4.2.2-8b), (4.2.2-8a) and (4.2.2-8b) explicitly give the state at time
index j+l in terms of the states at time index j for all layers i ; therefore, these equations
provide a means to generate all the states in all the layers from some given initial state at
an initial time index. The symbol * represents the state within a single Goupillaud model
and the O symbol represents the converted state which must be introduced into the
coupled Goupillaud model at the same time and appropriate layer. The reflection and
transmission coefficients are calculated from the Zoeppritz equations (Aki and Richards,
1980). This provides all the necessary theory to generate full P and S body- wave
synthetic seismograms within the Goupillaud framework.
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4.3: Synthetic seismogram examples
Since all the descriptions above is for a computer algorithm so we shall now
proceed to taste the fruits of our numerical implementation.

4.3.1: The pictures that are worth a 1000 words
The following simple model was used to demonstrate the algorithm. The model
consists of three layers with the following parameters:

Depth (m)
O
1200
3000

Vp(m/s)
4000
4500
5400

Vs(m/s)
2100
2700
3100

Density (kg/m3)
2450
2650
2700

Figures 4.3-3 contains the synthetic seismic sections for the horizontal and vertical
displacements associated with this model. The sample interval for this model is 2ms. The
synthetic was generated with a P-wave source located on the surface and receivers at even
depth intervals. Note the reflected up going P wave energy as well as the converted up
going S-wave at the first interface. Further down in time the evidence of multiple energy
of both wave types is clearly shown. The surface interface was defined as being a
perfectly elastic reflector with no mode conversion taking place. This choice for surface
conditions is arbitrary, we could have also defined it as a proper free surface. The purpose
of this choice was to simplify the appearance of the synthetic seismogram.
Horizontal Component

Vertical Component

Depth
(m)

1200

3000

Time (ms)

1000

2000

Oms

1000

Fig 4.3-3. Vertical and horizontal VSP sections.

2000
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4.3.2: At what cost ? (Run time Considerations)
One of the major reasons for the development of this method of modeling is the
speed at which the algorithm runs. For a 1200 layer Goupillaud model, a two second
synthetic seismogram was generated on a Sun Sparcstation II in 23 seconds. Due to the
nature of the algorithm, the code is highly parallelizable and therefore could easily take
advantage of modern parallel computers.

4.4: Always more to do. Possible enhancements
The state space framework allows many easy to implement enhancements; some
of these are the ability to generate primaries only seismograms as well as seismograms
with any particular order of multiple, this is called Bremmer decomposition (Aminzadeh
and Mendel, 1980). Absorption can also be incorporated (Aminzadeh and Mendel, 1983).
To more closely match real data the plane wave synthetic seismograms can be combined
to form line or point source seismograms (Aminzadeh and Mendel, 1982). The
seismograms can also be generated at any offset.
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5: Conclusions

5.1: Shear waves from vertical vibrators
The chapter dealing with this topic is split into two sections, each dealing with a
different theoretical approach in the investigation of vertically incident shear waves from
interacting vertical vibrators. As far as I am aware, up to this point, no theoretical analysis
supports the existence of vertically incident shear waves from interacting vertical
vibrators, though this phenomenon has been observed experimentally under many
different situations.
The first approach generalizes the approach taken by Dankbaar (1983). He
assumes vibrators in counterphase do not interact and act as vertical stresses in
counterphase. In his analysis equations of motion are derived showing no evidence of
vertically incident shear waves. I made the assumption that when the vibrators interact,
the sources can be modeled as displacements in counterphase. With this assumption, I
derived the equations of motion which show that, under this circumstance, the existence
of vertically incident shear waves is a natural phenomenon. The actual interaction of
vertical vibrators is probably not simple; therefore, both approaches tend to show the
possibilities rather then the actual situation. In reality the system of forces best
representing interacting vibrators is not a couple or double couple but a rather
complicated system that is dominated by a few terms. This analysis proposes one such
term which predicts the existence of vertically incident shear waves. More detailed
experimental evidence may help to sort out which descriptions are more appropriate.
The second approach follows the development of Tan (1985). Tan's approach
consists of fabrication of simple two-dimensional (2-D) mechanical models which are
meant to mimic 2-D vibrators; these 2-D vibrators are placed on a frictionless surface of
an elastic half-space and allowed to interact by coupling through the half-space. Since the
equations governing the motion of the vibrators and the half-space is known, it is possible
to calculate the displacement field of the combined system. Here again no vertically
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incident shear waves were shown to exist. I believe the main cause of not observing
vertically incident shear waves is due partly to the frictionless surface assumption. This
method of modeling is, however, more general than the first method, and appears to
assume less. I adapted the method by creating 3-D mechanical systems, I believe, better
correspond to real vibrators and I assumed they were in welded contact with the free
surface. I then derived all the equations necessary to model this new coupled system. A
flowchart on how to compute the actual displacement field is given. Even though the
development stops short of actual numerical implementation, it is not hard to imagine
what would happen when a vibrator in welded contact with the free surface interacts with
the Rayleigh waves, with retrograde elliptic motion, generated by another vibrator. I think
it is difficult to conceive that this system would not generate some shear-waves in the
near-vertical direction.
It is interesting to note that shear-wave generation from interacting vibrators did
originally appear to be a strange phenomenon, yet after the analysis it is difficult to
imagine an interacting system, unless highly artificial, that would not generate shear
waves.

5.2: Composite media as generalized continua
Backus's (1962) averaging method was generalized to develop a continuum theory
that is not bound by the static assumption central to Backus's work. I derived a non-local
description consistent with this method of averaging. Plane-wave solutions to this new
description were examined. The waves are shown to be, in general, dispersive and
attenuative. In real experiments it is known that seismic waves are both attenuated and
dispersed and therefore the kinematic solutions provide only a partial description of the
actual process. Generalized continuum theories can provide an additional tool to
investigate the dynamic nature of seismic wave propagation.

5.3: Elastic tensors and their preferred frames of reference
A statistical method to determine the preferred frame of reference of an elastic
tensor of a particular symmetry class is developed. The method was tested using an
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elastic tensor of cubic symmetry within an arbitrary frame. The method was able to
extract the preferred frame. The method could also be used in a more general way to
determine which symmetry class best describes the elastic tensor. To approach this
problem one needs to include entropy measures, as discussed, along with the method
tested. This method may provide a means of dealing with symmetries embodied with an
arbitrary tensor.

5.4: Synthetic seismograms for P and S waves using the Goupillaud model

I have overcome the difficulty of modeling both P- and S-wave types using the
Goupillaud model. This was accomplished using two coupled Goupillaud models, one
was for P waves and the second for S waves. The wave propagation method I chose was
Mendel's state-space method. I used this time-domain method due to its simplicity and
availability of many enhancements. The Goupillaud model has been used in the seismic
community for a long time and is known for its correctness in body-wave modeling as
well and speed of computation. The new method I developed retains these characteristics
and is borne out by my numerical trials.
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A: Radiation Field of a Vertical Vibrator Over a Half Space

A.1: Introduction
The radiation pattern due to a mechanical vibrator has been studied by many
authors with differing assumptions. This treatment is based on the work of Miller and
Pursey (1953). I have not followed their development exactly but the differences do not
affect the major results. The particular aspect of their work that we will be reviewing is
the case of a vertically vibrating circular disk on an elastic half-space. This situation is
represented in figure A. 1 -1.

Fig. A.l-1. Vibrating circular disk over an elastic half-space.
Due to the cylindrical symmetry of the situation, some simplification can be obtained by
using equations in cylindrical coordinates (r,(p,z) as shown in figure A. 1 -2.
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y

Elastic Half-space

Fig. A.l-2. Cylindrical coordinates for vibrating disk problem.
The obvious consequence of the symmetry is that displacement in the (p direction, M^, is
nonexistent and there are no changes in the cp direction, in other words all derivatives
with respect to (p vanish as well. With this in mind let us collect some of the equations
which describe the situation at hand.

A.2: Equations of Motion
First we will collect the equations which describe the evolution of motion within
the elastic half-space. These are the equations of motion as derived in appendix B and
given by equations (B.4-39a), (B.4-39b) and (B.4-39c), which are in turn reproduced here
as:

—r

,„ „ , 8A

«" cp p
K = (A,+2u.)
v
™

and

(A.2-Ia)

(A.2-Ib)
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«z P = (A+2/z) - - -£

,,, 3cor

(A.2-lc)

where the dilatation is defined to be:
~ 3r

+

r + r dq) +

(A.2-2)

and the components of circulation are:

i 3w,

o u,n

co,n =

(A.2-3a)

(A.2-3b)

and

(A.2-3c)

Note, in all the equations above, that the curl is defined to be the negative of the ones
found in appendix B. The sign reversal is partially justifiable, since the curl is a
pseudovector, one which is defined up to an arbitrary sign. Normally the sign is defined
by convention using the right-hand rule as a basis for specifying positive and negative
senses of rotation.
Since we will be specifying the stress under the disk, we will have need of the
constitutive relations, which relate the stresses, a, supplied by the disk in the vertical
direction, z, and the strains, e, resulting within the half-space. The appropriate
components of stress and their corresponding constitutive relation, in cylindrical
coordinates, are derived in appendix B as equations (B.4-29), (B.4-30) and (B.4-31) and
reproduced here as:

a^ =

du

(A.2-4a)
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<V~ = 2^0. = n I ^ + -K- I,

(A.2-4b)

and
3w7

O22 = X A + 2^ e^ = A, A + 2|u - r ,

(A.2-4c)

where I have moved all superscripts for the stress and strain to the subscript position, to
simplify later developments. If we incorporate the symmetry conditions, M^ = O, implying
the vanishing of all derivatives with respect to cp and the absence of all body forces, the
equations above will take on simpler forms. The equations of motion become:

3A

3com

= - - ur p = O

(A.2-5a)

and
,„ „ .

(

(A+2//) _ _

_J _ az p = o,

(A.2-5b)

where the dilatation is simplified to
i 3 rur

duz

and the only surviving term of the circulation is

3wr

3 uz

Wo = T- ~ "1T- •

(A.2-7)

The form of the constitutive relations given by equations (A.2-4a),and (A.2-4c) remain
unchanged; equation (A.2-4b), however, is identically zero. We will try to find a system
of equations which involve the dilatation A and circulation Ofy of the displacement field
only. The procedure, or recipe, to accomplish this can be represented symbolically by:
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a(E.l-5b)

followed by substitution of equation (A.2-6). This procedure results in:

A=
P

dr

(A.2-8a)

In the same fashion we can take

a(E.l-5b)

a(E.l-5a)

ar

az

and substitute in equation (A.2-7) to arrive at:

(A.2-8b)

In the two equations above we have defined two constants, namely

V,

_ /1 + 2M 1
~V
P '

(A.2-9a)

and
(A.2-9b)

these constants, not surprisingly, will turn out to be the compressional- and shear-wave
velocities, respectively. By taking the second time derivative of equations (A.2-4a) and
(A.4-4c) and substituting in equations (A.2-5a) and (A.2-5b) we transform the
constitutive relations into a form which depends on A and ofy explicitly. The new forms

of the constitutive relations are:
(A.2-10a)
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and

(A.2-10b)

K,

If we substitute equation (A.2-8a) into (A.2-10b), all the time derivatives on A can be

removed resulting in
S =

92A

(m2-2)m2 I
dr

4 ____ j. j______;___ __ I r ___ I ±1__| r
m*t
r.Il
^ ^ -r
f,
-\ I r -v
I — ». ^ I I
r

(A.2-10c)

where we have defined the Vn : Vt ratio to be
(A.2-10d)

We now have a system of equations, (A.2-8a), (A.2-8b), (A.2-10a) and (A.2-10b), which
describe the evolution of deformation on and within our elastic half-space with the new
quantities dilatation A and circulation Ofy explicitly.

A.3: Solving for Dilatation A and Circulation Q)9
The next step is to find solutions to the differential equations we have derived. I
will not use the method of Miller and Pursey (1953), rather I will use the method of
separation of variables (Pipes and Harvill, 1970). This method is more general and, for
cases where the symmetry is not as convenient as the present one, such as a horizontal
source (Cherry, 1962), this method will still lead to solutions.

The first equation we shall tackle is equation (A.2-8a) and the first step is to make
the assumption that A is separable, which means:
(A.3-1)

Substitution of equation (A.3-1) into equation (A.2-8a) and rearranging terms yields
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rAr3r\

dr

(A.3-2)

A,

Note that the right-hand side of equation (A.3-2) is a function of the variable t only, while
the left-hand side is a function of rand z only. For the two sides to be equal for all
changes of the independent variables, they can at most be equal to a constant. Let this
constant be - (2nf) . Therefore we can rewrite equation (A.3-2) as:
A, = -(2Ti/)2 A,,

(A.3-3a)

which has solutions of the form A, = e~ '2^. By the principle of linear superposition we
can write a more general solution of the form

(A.3-3b)

which is nothing more than the Fourier transform, denoted by F. Then, using the inverse
Fourier transform, we can write:

A,(r)

dt .

(A.3-3c)

The remainder of equation (A.3-2) can be written as:

,2

rA

(A.3-4a)

where we have defined the constant
* ~

V

(A.3-4b)
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We again have, in equation (A.3-4a), the condition where the left-hand side of the
equation is a function of r alone and the right-hand side is a function of only z. This can
only be true if both sides are equal to a constant. Let this constant be £ 2 . We can then
write the right-hand side of equation (A.3-4a) as:

92A

dA
dr

+ r Arr C 2 = O.

(A.3-5a)

Making the substitution:

y = t>r

(A.3-5b)

into equation (A.3-5a) we arrive at the equation:
+ -^ + j A =0,

(A.3-5c)

which is just Bessel's differential equation of order O. This equation has solutions of the
form (Pipes and Harvill, 1970):

A r =C,J 0 00 + C2 F0OO.

(A.3-5d)

where J0 is called Bessel's function of order O of the 1 st kind, and Y0 is called Bessel's
function of order O of the 2nd kind. Bessel's functions of the 2nd kind becomes singular at
y = O; therefore we shall remove them from consideration. Now we shall follow the lead
of the Fourier solution above and use linear superposition to write a more general
solution of the form:

A(rB°>(Q C J0OO^C.

(A.3-5e)

where BQ denotes the zeroth-order Fourier-Bessel transform. We can use the inverse

Fourier-Bessel transform to write:
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(A.3-5f)

The last remaining portion of equation (A.3-2) can be written as:
(A.3-6a)

which has solutions of the form

A,(z) = C1 exp(- z

C2 exp(

(A.3-6b)

where C1 and C2 are arbitrary constants. Since the second exponential blows up for large
z we will exclude it from the final solution. Note that both £ and kp have been set in the
previous solutions so the most general solution for A, will be:

-z

(A.3-6c)

We can now recombine the separated solutions by using equation (A.3-1) to get:

exp(-z ^ / C 2 - ^ ) ^ C d f ,

,= o
which can be represented in the following more compact form:

exp-z

This means that we can write the solution in the transformed domain as:

'tez) = A exp(-z J?-k}}.

(A.3-7b)
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where for simplicity we have set A = C1
The second equation we shall solve is equation (A.2-8b). The method we will
employ is exactly the same as the one we used to solve equation (A.2-8a). We again
begin by separating the variables to give:
(A.3-8)

p(f,r,z) = co,(/) o>r(r) co/z).

By the same substitution method we are able to solve for the individual components of
the separation. The solutions are:

(A.3-9a)

cor(r) =

(A.3-9b)

where B1 denotes first-order Fourier-Bessel transform, and

(A.3-9c)
2Kf

where ks = -TT-- Now we recombine equations (A.3-9a), (A.3-9b) and (A.3-9c) using
*j

equation (A.3-8) to give
D

a><?'>(0 C /,OO exp(-z v/C 2 -^ 2 )dt, df,
J T =. — oo

which again can be made more compact by writing it as:

exp(-

<*C 4T•

(A.3-10a)
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In the transform domain this can be expressed as
(A.3-10b)
where again to simplify things I have set B = D1 co^F'B|)(/*,Q. In order to solve for A and B

in equations (A.3-7b) and (A.3-10b) we will try to match boundary conditions. Since
these equations are simplest in the Fourier and Fourier-Bessel transform domains, we will
need to transform the constitutive equations as given by equations (A.2-10a) through
(A.2-10c) before proceeding to matching boundary conditions. The nth order FourierBessel transform of a function g(r) is given by:

(A3-11 a)

and the inverse transformation is

(A3-11 a1)

If we assume that g(r) and its derivative is either zero or dominated by Jn at infinity, then
the following identities can be derived from equation (A.3-1 Ia):

and

(A3 11C)

-

where Bj-] represents the nth order Fourier-Bessel transform of the argument within the
square brackets. The identities for the Fourier transform are well known and will not be
repeated here. Applying transforms to equations (A.2-10a) through (A.2-10c) results in:
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-m

,

(A.3-12a)

(27C/)'

(A.3-12b)

ZZ

and
Cj

*****

)_

*

(A.3-12c)

(27t/T

A.4: Matching Boundary Conditions
The boundary condition that we want to match is for a disk on the free surface
that exerts a normal force on the free surface. The time history of the driving force, we
will assume, is described by the function fz(t). This situation is represented by figure A.4-

1.

Fig. A.4-1. Disk on a free surface driven by a vertical force fz(t),
Mathematically these boundary conditions, for z - O, can be written as:
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M f7(t):r<a\
* '
} andarr , = 0 : V r,
O :r>a )
*

(A.4-la)

where M is some reference magnitude of the driving force and a is the radius of the disk.
We will now first take the Fourier-Bessel transform, followed by the Fourier transform of
the boundary conditions given by equations (A.4-la), to obtain:

= O)] =

= O) =

then:
«)(/,C,z = O) = M

(A.4-2a)

Going through the same procedure with the second set of boundary conditions simply
yields:

(A.4-2b)
Substitution of equations (A.3-7b) and (B .3-1Ob) into the transformed stress equations
(A.3-12a) and (A.3-12c) and placing them in matrix form results in:
a(F3o)

A(F,B«)

_ 1

(A.4-3a)

where I have defined
2

2

(A.4-3b)
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(A.4-3c)

and
C =

(A.4-3d)

p (27C/)

to shorten the formula a bit. To match the boundary conditions and finally solve for the
unknowns A and B we need to invert equation (A.4-3a) to find:
a(F,B0)

C

C0(F1B1,

~D

(m 2 -2)m^ 2 -m 2 a 2

(A.4-4a)

where the determinant, D, is given by:
(

D=

2

~\

11

2 2

[m - 2)m Lr1 - m ftK ,

(A.4-4b)

-2m2G^

and
(A.4-4C)

Therefore, matching boundary conditions in the transform domain, as given by equations
(A.4-2a) and (A.4-2b) at z = O, equation (A.4-4a) becomes:
,2

p (271/) m F(Q

„2

2 PC

2^2

2^2

(m 2 -2)m 2 C -m 2 G

(A.4-5)

From equation (A.4-5) we can solve for A and B which can in turn be substituted into
equations (A.3-7b) and (A.3.1Ob) to give the complete form of the dilatation and
circulation. These will be respectively:
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(A.4-6a)

(InfYpm
and

(A.4-6b)

By using the Fourier-Bessel transform identities given by equations (A.3-1 Ib) and
(A.3-1 Ic) and the Fourier transform, the equations of motion embodied by equations
(A.2-5a) and (A.2-5b) can be written as:
aco(F'Bl)

(AA-Ia)

and
(A.4-7b)

Direct substitution of equations (A.4-6a) and (A.4-6b) into equations (A.4-7a) and (A.47b) results in the transformed particle-displacement equations:
(F,B

(A.4-8a)

and
X

(A.4-85)
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To simplify the equations above and to bring them into a form more similar to the
development of Miller and Pursey, we will make the following substitutions:
£ = «£,

a

(A.4-9a)
(A.4-9b)

and
(A.4-9c)

into equations (A.4-8a) and (A.4-8b). Then, keeping in mind we have incorporated the
change of variable given by equation (A.4-9a), we will take the inverse Fourier-Bessel
transform resulting in:

(A.4-10a)

and

K(J)Ja x

(AA-IQb)
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where we have defined
(A.4-10c)

(A.4-10d)

and the sign function is defined as
(A.4-10e)

Note, also that a factor of Ja was kept out as well as in our definition of K(f) in equation
(A.4-10c); this was done deliberately, since later in our approximation of the zeroth-order
Bessel function this factor will cancel. Equation (A.4-10d) defines Rayleigh's function. It
is central to the behavior of our integral equations of motion, since its zeros are the poles
of the integrand and its radicals are the same as the ones present throughout the integrand.
Understanding this function will lead us quite far in solving equations (A.3-10a) and
(A.3-10b), so we will be spending quite a bit of effort in the next section towards this
end. In Miller and Pursey's (1953) paper they make one further assumption namely
kp - 1, which would imply:
sgn(/g=l,

and
CX=I.

(A.4-llc

If we were to make these substitutions into equation (A.4-10a) and (A.4-10b) we would
find them equivalent to equations (72) and (73) in Miller and Pursey's paper up to within
a single Fourier transform. This is because their analysis is based on a monochromatic
source while I have not made that assumption. I could, however, make the assumption
that the input signal is analytic by replacing the source signature fz(f) with its analytic
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extension fz(t) + i R[fz(t)], where H[-] is the Hilbert transform of the argument. This would
cause its Fourier transform to become one-sided; in this situation only positive
frequencies/ would be present allowing us to drop the term sgn(£p) since it would always
be equal to one. This procedure poses no difficulty if we make sure only to consider the
real part of the relevant function when we deal with measurable quantities.

E5: Branch cuts and poles of Rayleigh's function

As mentioned in the previous section, Rayleigh's function, given by equation
(A.4-10d) and reproduced here as:

is central to the understanding and solution of equations (A.4-10a) and (A.4-10b), the
integral equations of motion. The first point we shall address is the multiple-valued
nature of F0(^), which arises from the multivalued nature of the radicals. To make future
developments easier, I will factor and regroup the radicals in equation (A.5-1) in the
form:
^5^

I will now analyze in some painful detail the behavior of the radicals in equation (A.5-2).
If the reader is already familiar with this, skip to the next section A.5.2.

A.5.1: Branch Cuts
Rayleigh's function consists of, among other things, products of terms of the form

"^K7:K=lfm.

(A.5.1-3a)

We will transform equation (A.5.1-3a) using polar coordinates centered about the point K.
To accomplish this we set 0 = arg (£ - K) and r = | £ - K | as shown in figure A.5.1 -1.
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Fig. A.5.1-1. Polar coordinate transformation.

With this definition we can rewrite equation (A.5.1-3a) as:

._ / e / 2 = p £ i CD .

w=. Jr e

(A.5.1-3b)

From this we can see that for fixed 0 = G0 = OQ + 2rc and r ,which specifies a unique point
^0 in the % plane, we will have two distinct values in the w (figure A.5.1-2) plane given
by:
/- e' e</{Y 2 -^ei'
= Jr

(A.5.1-3c)

and
(A.5.1-3d)
The mapping from the £, plane to the w plane is represented in figure A.5.1-2.
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Im (w)

I
\<p , = (60+270/2
Re (H-)

Fig. A.5.1-2. Mapping of a point in the \ plane into points in the w plane,
as determined by the function w = ^(£ - K) .
In order to have a unique value for equation (A.5.1 -3a) we introduce the device of a
branch cut. The branch cut is an imaginary line on the £ plane which we will not allow a
continuous path to cross. In our case, a convenient choice, of infinitely many possibilities,
is to start at the branch point K and follow the real £ axis. More formally this branch cut
can be defined as the locus of all points in the complex £ plane such that Re (£) > K and
Im (£) = O as shown in figure A.5.1-3a by the bold line in the complex £, plane.

(b)
Im (w)

Fig. A.5.1-3. A particular branch cut of the function w = *j(£, - K)
and the mapping of the resultant E, plane into
the reduced w plane as shown in grey.
This branch cut effectively constrains ^-re to be such that r > O and O < 9 < 2n ,
' O / 1

' tr\

which in turn constrains w = Jr e
- p e , to be defined only when p > O and
O < 9 < n. These regions are represented by grey excluding the branch cut in figure A.5.1 -
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3a and the origin in figure A.5.1-3b. Another useful method to visualize the multivalued
nature of a function is using the device of Riemann sheets. For the present problem we
separate the £, plane into two distinct planes, then we cut both planes along the branch cut
and fuse the two sheets along the branch cuts. Each sheet represents a certain unique
range of the argument 0 that maps uniquely into the w plane. This is represented in figure
A.5.1-4

Fig. A.5.1-4. Riemann sheets in the {; plane and its
corresponding image in the w plane as
determined by the function w = J(£ - K) .
The two Riemann sheets help to clarify the multiple-valued nature of the function
w = Jfe - K) , as well as showing how we must go from one sheet to another when we
cross the branch cut.
Now we will consider the case where we have a product of functions of the form
given by equation (A.5.1-3a), where
(A.5.1-4a)

such that K 1 and K 2 are positive real numbers.Two special cases, of course, are 1 and m.
As in the previous discussion, we will introduce shifted polar coordinates for each of the
radicals, as shown in figure A.5.1-5. In these polar coordinates equation (A.5.1-4a)
becomes:
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i (6, + G2) / 2

(A.5.1-4b)

Fig. A.5.1-5. Shifted polar coordinates for the function W =
again we can see the multivalued nature of this function. The simplest way to obtain
uniqueness for this function is to consider each radical in turn, and each corresponding
branch cut. Then the combined domain common to both and not crossing either branch
cut will yield a specific branch for D. Using the branch cuts as previously defined for
equation (A.5.1-3a) for each of the radicals yields a specific branch of D. The branch cut
can be defined to be the locus of points in the complex Z3 plane such that Re(^) > K 1 and
Im(^) = O, which is the half-line on the real axis starting at K 1 and extending to positive
infinity. This branch cut in the £ plane defines a domain given by T1 > O, r2 > O and
O < Qk < 2n in which W is single-valued and analytic (figure A.5.1-6).

Fig. A.5.1-6. A possible branch cut and domain
of the function W = ^-K 1 y^ - K 2 .
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This, however, is not the largest domain in which W is analytic. To see this, we will
recast equation (A.5.1-4b), along with its reduced domain of definition, as:
f

ik=l,2,

(A.5.1-5a)

where I have introduce a subscript to emphasize this particular branch. Now we shall
introduce another branch that has a domain and branch cut as shown in figure A.5.1-7.

Re©

Fig. A.5.1-7. Another equally good branch cut and domain
of the function W - ^-K 1 y^-K 2 .

This would give us a new branch and domain of definition represented symbolically as
=\a.

(A.5.1-5b)

What I am attempting to show is that W0 is analytic even on the half-line Re© > K 2 and
Im© = 0. Towards this end we notice that when £ is above this half-line W0 = W1. To
see this one only has to notice that 9^ = O^, k = 1,2 within this domain. When £ is below

the half-line 0k = O* +2Jt, k = 1,2 then el 6*'2 = el (Oi + 2K}'2 = - el *'2, which means
again we have W0 = W1. Since we have W0 = W1 in a domain containing the half-line
Re© > K 2 and Im© = O, and by the domain defined in equation (A.5.1-6b) W1 is
analytic there, then W0 must also be analytic there. This means we can expand the
domain of definition for our branch as shown in figure A.5.1-8.
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Fig. A.5.1-8. Final branch cut and domain of definition
for the function W =

To see that this is the largest domain on which W is analytic we need only to observe
what happens as we approach the branch cut from either direction. Consider a point £ at a
distance £ perpendicularly above the branch cut, as shown in figure A.5.1-9a.

b.)

Fig. A.5.1-9. Behavior of W = ^-K 1 \/£-K 2 ar°und branch cut.

As e approaches zero (figure A.5.1-9a), then B1 -» O and 02 -» n, which means
W0 = V^e'(6l + e2)/2 -> i V^"'

(A.5.1-6a)

and as £ approaches zero in figure A.5.1-9a, then O1 -> 27C and 02 -» TC which means

Ti7
W =

-^(G 1 + O 2 )/!^ _ . / — - _

(A.5.1-6b)
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From relations <A.5.1-6a) and (A.5.1-6b) we can see that WQ is not even continuous at the
branch cut, so no extension is possible; therefore we have the largest domain defined We
can write this branch of the function W = </$~^ ft—^ symbolically as
-K 1 , O <0*< 271,* =1,2.
Now we shall examine the mapping from the E, plane onto the w plane. First consider the
open half-line perpendicular and centred on the branch cut in the £ plane, where
O1 4-G2 = TC and r, = r2 > (K2 + K1) / 2. This open half-line maps onto the open half-line
K -K1
Im(w) > ——2 2——
and Re(w) = O in the w plane. By the same argument, the negative half
of this line in the £ plane maps onto the half-line Im(W) < -

-TJ-- and Re(w) = O.

Furthermore each point in the upper half of the £ plane maps onto the upper half of the w
plane. The same goes for the lower half-planes (figure A.5.1-10).

Fig. A.5.1-10. Mapping between £ and w planes
due to the function w =
The mapping, as illustrated in figure A.5.1-10, with branch cuts as drawn, can be shown
to be a one-one, onto mapping between the two cut planes. For a more detailed discussion
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refer to (Churchill, Brown and Verhey, 1976). For completeness I will construct the
Riemann surfaces for the function W = Jt1-K1 J^-K2. To see what happens as we
move around the complex £ plane, we shall consider three cases. This will help make
sense of our eventual Riemann-surface diagram. First, referring to figure A.5.1-10,
consider what happens when a point £ is moved around the branch cut n times in a
counter-clockwise direction, where n is a positive integer. Symbolically,

2m:,

(A.5.1-8a)

02 —> 02

(A.5.1-8b)

W=

(A.5.1-8c)
This shows that circling the branch cut keeps us on the same branch of D. The results
would be the same if we went in a clockwise direction. Secondly we will consider what
happens when we circle the branch point K 1 an even number of times, say 2n , in a
counter-clockwise direction. In this case we have:
(A.5.1-9a)

0

(A.5.1-9b)

—^ 0 »

W =

+6 2 )/2

+6 2 )/2

O 2 )/2

(A.5.1-9c)

Here again we remain on the same branch. This argument is independent of which branch
point we choose or the direction of rotation. Thirdly we will consider what happens when
we circle the branch point K 1 an odd number of times, say (2n - 1), in a counterclockwise direction. This time we have:
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(A.5.1-10a)
(A.5.1-10b)

62 —^ 62,

e

1(8,+
822 )/2
l

/——— 1 ( 6 , + 6 2 ) / 2e j(2n-1)71/2
-> V r l r2 e

I'(8,+S 2 )/2

(A.5.1-10c)

Now we have arrived at the second branch of our function D. Again this is independent of
the branch point we choose or the direction of rotation. With this in mind, we will
construct the Riemann sheets as shown in figure A.5.1-11.
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Fig. A.5.1-11. Riemann sheets for the function W =
It is interesting to note that if we introduce a branch cut, as indicated in figures A.5.1-10
and A.5.1 -11, in the w plane it is possible to define an inverse mapping that takes values
in the w plane onto the £, plane. It should be possible to introduce similar Riemann sheets
for the w plane and define a one-one, onto mapping based on the function
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Finally we are led to consider the mapping:
(A.5.1-11)

This is nothing more than what we have considered in formula (A.5.1-4a) in the previous
paragraph with an additional product of radicals. The behavior of this function can be
studied in exactly the same fashion as its predecessor. Its branch cuts will be given by
K 1 < I Re(^) I < K 2 and Im(^) = O and shown in figure A.5.1-12.

Fig. A.5.1-12. Branch cuts and domain of definition
for the function w = ( J(^ - K 1 ) Jfe - K2) ) ( Vft + K i)

K

i) ) •

Again, comparison to the previous case and examination of figure A.5.1-12 lead us to
define a particular branch of this function to be
/(6, +9 2 + G3 + G4) / 2

r 2 r 3 r4 e

rk > O, T1 + r2 and r3 + r4 > K2 - K 1 , O < Bfc < 2rc, k = 1,2.

(A.5.1-12)

To see that equation (A.5.1-12) is indeed a branch of the function w, one only has to go
through the same argument as in the previous case and consider what happens as we
allow a point to cross one branch cut and return to the same location, noting that the other
branch cut would give no contribution. Secondly, we can show that crossing one branch
cut then the other and returning to the same point leaves the function unaltered, just as
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going through the same branch cut twice would do. With this in mind, we know that there
must be two Riemann sheets for this function, as show in figure A.5.1-13.

Im (§

Fig. A.5.1-13. Riemann sheets for the function

With the preliminary work done, we can finally deal with Rayleigh's function as given by
equation (A.5-2). The radicals in Rayleigh's function have exactly the form as given by
equation (A.5.1-1 1). Since the rest of the terms in Rayleigh's function are single-valued
and analytic, the branch cuts will be identical to those represented by equation (A.5.1-1 1)
and shown in figure A.5.1-12. The only alterations are to define the constants K 1 = I and
K 2 = m. Now we can proceed to finding the zeros of the Rayleigh' function as given by
equations (A.5-1) and (A.5-2), which, as mentioned is central to any analysis of the
integral equations of motion, equations (A.4-10a) and (A.4-10b).
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A.5.2: Zeros of Rayleigh's Function
For convenience, I will again reproduce Rayleigh's equation (A.5-1) here as:
9

2

2

-

__ ,

2

_

2

F0g) = fe -m ) -4S VT-T VY-m .

(A.5.2-1)

To study the zeros of this equation, we need a result from complex analysis (Churchill,
Brown and Verhey, 1976, p. 296-297), which states that an analytic function,/,with a
finite number of simple poles and zeros within, and not on, a closed contour C described
in the positive sense (counter-clockwise) will satisfy the relationship:
1
270

T(IT

(A.5.2-2)

where Z is the number of zeros and P is the number of poles of/within C. The proof of
the relationship given by equation (A.5.2-2) rests on two simple facts: firstly, the zeros of
order W0 of/ map into poles of /7/ with residue /W0; and secondly, the poles of order
mpoif map into poles of /7/ with residue mp. This can be seen by considering a single
isolated zero of order m0 of/, say ^0, which means in some neighborhood of ^0 we can
write:
(A.5.2-3a)

such that g(S) is by definition analytic within that neighborhood and g(£o) * O. From
equation (A.5.2-3a) we get:
/ft) - Ui0 ft - So)""'" 'gft) + ft - So/Yft) •

(A.5.2-3b)

Combining equations (A.5.2-3a) and (A.5.2-3b) results in:

(A(A52-3c)
5 23c)

--
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which, as mentioned earlier, has a simple pole with residue m0. In the same fashion, if we
consider a single isolated pole of order mp of/, say ^p, then within some neighborhood of
we have:
(A.5.2-4a)

where again /*(£) is analytic within the neighborhood and /*(£0) * O. Again we take the
derivative of equation (A.5.2-4a) to get:
"

(5 - U"V(5) •

(A.5.2-4b)

Dividing equation (A.5.2-4b) by equation (A.5.2-4a) results in:
m

,A
(A 5s 29 4^
4c)

'-"

which again has a simple pole with residue -m . Now if we introduce closed contours

around all the poles and zeros of/within C, evaluate the integral given in equation
(A.5.2-2) with the new path described, and add up all the residues, equation (A.5.2-2)
would be the result. Now we will apply these results to Rayleigh's function. A good
discussion of this material can be found in Achenbach (1980).
By examination of Rayleigh's equation (A.5.2-1) we can immediately tell that
there are no poles within any given contour C; therefore, if we apply the result from
equation (A.5.2-2) to Rayleigh's equation, we would get:

^Z

1T

2ra

UL
J f—-L-I7 ,
LtL.
X ..KX
N U

"

^

CA 5 9-5^1
J J
v\f\.J.£.

where Z is the number of zeros of Rayleigh's function. Knowing the branch cuts of
Rayleigh's function to be the same as the one given in figure A.5.1-12, we will choose a
path of integration C for equation (A.5.2-5) as shown in figure A.5.2-1 below.

'
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Fig. A.5.2-1. Contour of integration to find

numbers of zeros of Rayleigh's function.
As shown in figure A.5.2-1 we have broken the contour of integration C into three parts
such that C = C1 + C2 + C3 and the sense of integration over each contour is indicated by
the arrowheads. Now we shall map the integral given by equation (A.5.2-5) into the £
plane using the mapping
C = F0(S).

(A.5.2-6)

where F0 is again the Rayleigh's function given by equation (A.5.2-1). The mapping
above transforms both the integrand and the path of integration, which we will write as
1
271/

(A.5.2-7)

The path, C^, is determined by the mapping of path C by equation (A.5.2-6). The first
thing that we notice is that the integrand in equation (A.5.2-7) has only one simple pole at
£ = O, with residue 1; this means that the integral is solely determined by how many times
the new path Cr circles the origin. The number of times Cr circles the origin, in the
counter-clockwise direction, will exactly equal the number of zeroes Rayleigh's function
actually has. This is known as the argument principle and is discussed in some detail by
Churchill, Brown and Verhey (1976). So we will examine how our path C maps into the
C plane.
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Due to the bilateral symmetry about the Im(S) axis, we will consider in detail the
mapping of only one of the paths around the branch cuts, namely the mapping of the path
C3, as shown in figure A.5.2-1 and expanded in figure A.5.2-2 below.

I

C3

Fig. A.5.2-2. One branch cut of Rayleigh's function
and path of integration C3.
In figure A.5.2-2 I have introduced a small positive quantity e to indicate that the path C3
is to be considered as arbitrarily close to the branch cut from point A to point C. Now
consider the different parts of the path C3 that is almost on the branch cut first, at point A,
F 0 (I) = (2-m 2 ) .

(A.5.2-8a)

Second, between points A and B but above the branch cut,
2

/—————

/——————

F0(S) = (2S2 - m2} - i 4S2 V S2 - 1 V ™ 2 - S2 •

(A.5.2-8b)

Third, between points A and B but below the branch cut,
F0(S) = (2S2 - m 2 ) +1 4S2 VT-I V/m 2 -S 2 .

(A.5.2-8c)

Finally, at point B,
F0(S) = m4.

(A.5.2-8d)

To see how to obtain relations (A.5.2-8b) and (A.5.2-8c), refer to the arguments
surrounding figure A.5.1-9 and equations (A.5.1-6a) and (A.5.1-6b). The mapping is
shown in figure A.5.2-3 for the special case of m = 2. One thing is certain the path never
circles the origin in the £ plane.
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C3

Im (r)

Fig. A.5.2-3. Mapping of path C3 in the £ plane onto
path C| in the £ plane, for the case where m = 2.

As mentioned before, the other branch cut will just be the mirror image of this one, and
so will be ignored. Since we only have a simple pole at the origin, the two mapped
contours, CJj and Cf, associated with the branch cuts will have no contribution to the total
integral given by equation (A.5.2-7). Now we need to consider the large circular path C1
in the ^ plane; on this path | £ | is large. When | £ |» m > 1 we can factor out | £ | from each
of the radicals in Rayleigh's function and then expand them in a binomial series, which
after cross-multiplication and cancellation of terms becomes:
(A.5.2-9)

From equation (A.5.2-9) we can see that for very large | £ |, Rayleigh's function behaves
like £ 2 , which means that for £ = r eiQ, O < 0 < 2n, we have £ = £2 = r2 ei2B = p <?'*,
O < cp < 4rc, where I have ignored scalar terms. This shows that as we circumnavigate the
path C1 once in the £ plane, the equivalent path C} in the £ plane will have been circled
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twice. From this argument we can see that the integral in equation (A.5.2-7) is identically
two. This in turn means we have only two zeros to Rayleigh's function.

There is more that can be said about these two zeros. Firstly, since Rayleigh's
2
function is an equation in £ , the zeros must be the negative of each other; in other words,
if ^0 is a zer° of Rayleigh's function so is - ^0. Secondly, we have:
F0(m) = m 4 >0,

(A.5.2-10a)

and by equation (A.5.2-9) for very large £ say £ = £L, we can write:
0,

(A.5.2-10b)

which is true since m = Vp I V5 > 1 . This means that, for some real number between the

real numbers m and £L, the function F0 must be zero or else it would be diskontinuous,
which in turn means that the two zeros of F0 are real numbers. Finally, we get the result
that the zero is greater than | m |, which follows directly from our second point.
Summarizing the results for the zeros of Rayleigh's equation:

there are only two zeros of F0;

(A.5.2-1 Ia)

if ^0 is a zero of F0 so is - ^0;

(A.5.2-1 Ib)

^0 is a real number, and

(A.5.2-1 Ic)

|£ 0 |>m.

(A.5.2-1 Id)

The reasons I have spent the effort to analyze in detail the zeros of Rayleigh's equation
are threefold: the first is to give a method of choosing zeros for Rayleigh's equations after
rationalization (this, I believe, was done incorrectly by Miller and Pursey (1953) which
caused me quite a bit of confusion); second, a good understanding of the behavior of the
branchcuts of Rayleigh's equation will help when we find approximate solutions to the

integral equations of motion using the method of steepest descent; and finally, the
material covered comes from a few sources and it never hurts to put it all in one place.
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Now we proceed to the standard method of finding the zeros of Rayleigh's
function, guided by points (A.5.2-1 Ia) through (A.5.2-1 Id). If we take Rayleigh's
equation (A.5.2-1), set it to zero, move the radicals to one side of the equation, and then
square the expression, the result would be

(A.5.2-.2)
2

which after substitution of co = £ and multiplying out all terms becomes:
(A.5.2-13a)

where
A = 16(1+w 2 ),

(A.5.2-13b)

B = 8 (3 m 3 - 2) m 2 ,

(A.5.2-13c)

C = -8m 6

(A.5.2-13d)

D = m8.

(A.5.2-13e)

and

Equation (A.5.2-13a) has, by the fundamental theorem of algebra, three solutions
(Churchill, Brown and Verhey, 1976), only one of which is also a solution to Rayleigh's
equation. Let the roots of equation (A.5.2-1 3a) be O)1, CO2 and O)3. Then (Spiegel, 1968)
-ia = /7,

(A.5.2-14a)

CO2 = [-4 (S + T) - ± J + / Uf (S-T)I

(A.5.2-14b)

CO3 = [-4
(S+ 7*)-4J a}-i-(ST)
L
+*
j

(A.5.2-14c)

L

M

J

j

L +*

-I

and
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where

i

T-R-

9ab-21c-2a3
————54————

I have given the first root two symbols, co, and p, anticipating the following development
as well as simplifying notation used later. To see which root is legitimate, we need to
consider the next three graphs in figures A.5.2-4a through A.5.2-4c. From these graphs it
is obvious that only the first root, which is always real, fits all the criteria (A.5.2-1 Ia)
through (A.5.2-lid).
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Square of the first root of
Rayleigh's Equation

1 .0

1 .2

1 .4

1 .6

1 .8

2.0

2.2

2.4

2.6

2.8

3.0

Fig. A.5.2-4a. First root of the rationalized Rayleigh's equation.
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Real and imaginary parts of
the second root of the rationalized
Rayleigh's equation
2.0Re(root 2)
•

lm(root 2)

CvJ

8
0.5-

0.0<

Fig. A.5.2-4b. Second root of the rationalized Rayleigh's equation.
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Real and imaginary parts of the
third root of the rationalized
Rayleigh's equation
2.01 .6-

D

Fte(root 3)

•

lm(root 3)

1.20.8 J
0.4-

Fig. A.5.2-4c. Third root of the rationalized Rayleigh's equation.

Now that we have investigated the multivalued nature of Rayleigh's equation and
its zeros, we are set up to try and obtain solutions to the integral equations of motion
(A.4-10a) and (A.4-10b). This is the subject of the next section.

A.6: The Integral Equations of Motion and the Field at Infinity

Before proceeding to finding approximate or far-field solutions to the integral
equations of motion, we should address the problem of branch cuts and poles existing
along the real axis. First, we will need to transform the equations of motion, given by
integral equations (A.4-10a) and (A.4-10b), into a more useful form by using Hankel
functions. That is:
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(A.6-la)
and
wf)(/,r,z) = sgn(& )

-O.

(A.6-lb)

The derivation of equations (A.6-la) and (A.6-lb) from equations (A.4-10a) and (A.41Ob) is outlined in box A.6.a. The two integral equations of motion above are in the form
that we will be dealing with from this point forward.

Box A.6.a: Use of Hankel functions to transform the integral equations of motion.

Note that all the integrals of equations implicit within (A.4-10a) and (A.4-10b) can
be represented by the forms

Jo

and
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(A.6.a-2)

/2 =

where E and O are even and odd functions of % respectively and v can be either 1 or
m. Bessel functions are related to Hankel functions (Morse and Feshbach, 1953, p.
624) by:
/

/t \

n(q)

/ * /•

fl VT)/
/1 V^5/
= ————«————,

o\
(A.oa-3)

where Hn (^) and Hn (^) are Hankel functions of the 1st and 2nd kinds and of order
n. According to Cherry (1962, p. 30) Hankel functions have the property:
0

H

rr
H

(A.6.a-4)

Substitution of equation (A.6.a-4) into ( A.6.a-3) for n = O and 1 results in

.. . . ^
(A.6.a-5a)

*.
J,,
0(Ot c, r) =

and
(A.6.a-5b)

If equations (A.6.a-5a) and (A.6.a-5b) are in turn substituted into equations (A.6.a-l)
and (A.6.a-2), accompanied by a simple change of the sign of one of the resulting
integrals, we can write

r}

and

(A.6.a-6a)
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r2 = 1

Oft) *-«* VT-V-^U(Ci £ r) ^ (

(A.6.a-6b)

which is the form we used in equations (A.6-la) and (A.6-lb).
In order to have well behaved integral equations we need to deform the contour of
integration around the branch cuts and poles encountered. To properly deform the contour
of integration we will first examine what happens to the branch points in the case of a
particular type of dissipative material. The material we will consider is a particular
viscoelastic material where the stress is not only linearly related to the strain but also to
the rate of change of strain. One possible way of representing this is to consider the
stress-strain relations given by equations (A.2-4a) through (A.2-4c) and add the time rate
of change of strain, for instance equation (A.2-4a),
Cfn = 2u. en,

(A.6-2a)

becomes
(

- *e-\

(A.6-2b)

2

where the small positive quantity E 1 ensures a lossy medium and not one that gains

energy by deformation caused by stresses. By Fourier transforming equation (A.6-2b) we
get:

a )= 2u*e>,

(A.6-2c)

such that

(A.6-2d)
By direct comparison of equation (A.6-2a) and equation (A.6-2c), we see that in the
Fourier domain they have the exact same form, except that the elastic constant has
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changed from a real quantity to a complex one. The new elastic constant is complex but
otherwise would play the same role in subsequent derivation of equations of motion, and
so on. The same arguments used to get the new elastic constant (O, can be used on
equation (A.2-4c) to arrive at:
og) = (X + 2n)' eg) + X*(«m + <>),

(A-Wa)

where
(X + 2\i) = (X + 2ji) [ 1 + icoeH ,

( A.6-3b)

and
+/0063].

(A.6-3c)
2

2

In this situation we can see that the quantities k and ks, for finite co and very small e,
will be, to first order:

and

respectively. Note that I have kept the star notation to distinguish between the quantities
belonging to the lossy and elastic media. This means the branch points in a viscoelastic
media would move from the elastic case on the real axis to the second and fourth
quadrants in the complex plane. The two zeros of Rayleigh's equation are moved in the
same fashion. To see this we will perturb Rayleigh's equation, F(Q = O, as given by
equation (A.4-4c). If we allow kp and ks to vary in Rayleigh's equation, we could write
.,*) = O,

(A.6-5a)
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so that
dF

6*, = O.

(A.6-5b,

Taking the partial derivatives of equation (A.4-4c) and substituting them back into
equation (A.6-5b), we arrive at:

2 2

4

2 2
*

'2 2
(A.6-6)

which, after substitution of £ = k £ and m = — = —, as given by equations (A.4-9a) and
'
(A.2-10d) respectively, becomes:
(A.6-7a)

where

and
-3

(A.6-7d)

The relationship I have obtained, given by equation (A.6-7a), is quite different from
Miller and Pursey's (1953) equation (76), and the perturbation of the affixes (or the initial
positions) of the zeroes is not simple. It is true, however, that the zeroes for the two cases
considered in Miller and Pursey's paper, namely for m = 2 and V^, the zeroes do move

obviously to the second and fourth quadrants. This does not appear to be the case in
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general, as shown in the following development. From our discussion of the zeros of
Rayleigh's equation we found that if £ is a zero then 1 < m < \ £ |, as given by condition
(A.5.2-1 Id). Therefore, we need only consider values of m > 1. Since the zero, ^, of
Rayleigh's equation is directly related to m we can plot the behavior of /j and f2 as
functions of m alone. As can be seen, for the positive root of Rayleigh's equation (figures
A.6-la and A.6-lb), the two factors are not of the same sign for the most part. This makes
the choice of an integration path slightly more difficult. For negative roots, the two
graphs A.6-la and A.6-lb are just the negative of the ones shown.

(b)

Fig. A.6-1. Multiplicative factors in the perturbation equation.

When the sign of both multiplicative factors /j and f2 are positive, then the zeros of
Rayleigh's equation move to the second and fourth quadrants. To see this consider
equations (A.6-4a) and (A.6-4b), which give:
(A.6-8a)

and
. coe,

(A.6-8b)

which upon substitution into equation (A.6-7a) results in

= -;<*

(A.6-8c)
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where ft is a real number with the same sign as the root £. Following the same notation,
we can write the perturbed root as
(A.6-9)

In this situation alone, we can choose the integration path to be the one shown in figure
A.6-2, with R arbitrarily large and the smaller indentations on the real axis arbitrarily
small.

ReU)
-p

-m

Fig. A.6-2. A possible contour of integration for
the integral equations of motion.
Before proceeding to the far-field approximations, which constitute the next topic,
we will associate all the terms in the template equations (A.6.a-6a) and (A.6.a-6b) with
our integral equations of motion (A.6-la) and (A.6-lb). The first correspondence is with
equation (A.6-la) where the even function in (A.6.a-6a) is related to the two even terms
by:

(A.6-10a)

where the two terms have v = 1 and m, respectively. The second correspondence is with
equation (A.6-lb) where the odd function in (A.6.a-6b) is related to the two odd terms by:
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(A.6-10b)

and in this case we have v = m and 1, respectively.
Now we proceed to the far-field case, where r is assumed to be large. In this case it is
appropriate to use the asymptotic expansion of the Hankel function

There is the problem of the case when ^ = O but, as we shall see, the origin will not

influence the integral since the path of integration we will finally take does not pass
through this point. Upon substitution of (A.6-11) into the prototype equations (A.6.a-6a)
and (A.6.a-6b) we get:
e -f(3*)/4

/OC

/—i

(A.6-12a)

and
,-in/ 4

~7oT

(A.6-12b)

Note, the factor, /a, in equations (A.6-12a) and (A.6-12b) will cancel the same factor in
equations (A.4-10a) and (A.4-10b) when the final substitutions are made below. If we
make the following substitutions
z = R cos 0,

(A.6-13a)

= /?sin6,

(A.6-13b)
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= / a £ sin 6 - a cos 6 V 2 - v 2 ,

(A.6-13c)

and
g-«(3n)/4

(A.6-13d)

X© =

•/a

V 2nr

into equations (A.6-12a) and (A.6-12b), we get equations of the form:

>
X©«* /<§) ^.

J=

(A.6-14)

K)

The substitutions above have the geometric interpretation as indicated in figure A.6-3a.

Fig. A.6-3a. Polar coordinate transformation.
Equation (A.6-14) is of exactly the same form as equation (D. 1-1) in appendix D, so we
can use the method of steepest descent, or saddle-point method, to obtain an approximate

solution.
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The first step in the method of steepest descent is to determine the saddle point, which is
found by solving the equation
(A.6-15a)

= 0.

Substitution of equation ( A.6- 1 3c) into equation ( A.6- 1 5a) results in the equation
/sine= /

(A.6-15b)

2

By inspection of the right-hand side of equation (A.6-15b) one would suspect that the
solution would be some simple trig-relation. The relation which solves equation (A.615a) is represented in figure A.6-3b and given by:
= - v sin0.

(A.6-15c)

-v
0

v/v2 -£V^
Fig. A.6-3b. Pictorial representation of the
solution to equation (A.6-15b)

This is the saddle point. The asymptotic solution for equation (A.6-14) when R is very
large, is given by equation (D.3-31) in appendix D and duplicated here as:

/=

(A.6-16)

where I have used the symbols R and (3 instead of the t and a used in appendix D. By
equation (D.3-24) and (D.3-26) in appendix D we can write:
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(A.6-17a)

Sf
Now we use equation (D.3-29a) to transform equation (A.6-17a) into

(A.6-17b)

//
5,.

I

or in another form
= arg

© 2-

(A.6-17c)

df

where I have used (3 instead of the a used in appendix D, since the symbol a has another
meaning within this equation. Now we will explicitly derive all the terms that the
approximation (A.6-16) requires. From equation (A.6-13c) we can get:

:/(-v sin 0) = - i a v,

(A.6-18a)

i sec20

(A.6-18b)

(- v sin 6)

and from equation (A.6-17c)
(A.6-18c)

4'

If we substitute equations (A.6-18a) through (A.6-18c) into our asymptotic
approximation given by equation (A.6-16), it results in:
v sine),

(A.6-19a)
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which upon substitution from equations (A.6-13d) becomes the equations:

<A-6-19b)
By using the correspondences given by equations (A.6-10a) and (A.6-10b), equations
(A.6-19b) can be used directly on the integral equations of motion (A.6-la) and (A.6-lb)
to obtain an asymptotic far-field solution. Prior to doing that, one more approximation is

customarily made. The radius of the vibrating disk is assumed to be very small. This
means that the term bt, is small, so that we can include only the first terms of the power
series of the Bessel functions (Spiegel, 1968, p. 136) and write
(A.6-20)

2 n!

With approximation (A.6-20), keeping in mind v can be either 1 or m, we can find the
new form of the odd and even terms in equation (A.6-19b) at the saddle points to be

o Sm
= E -sinefl~
-2
___
>
l - m s m e j \ . fr m 3 s in
e|cose| / 92 . 2n 1
i —~r-f ——.'
' v m sure - I
F0( - m sin 0 )

(A.6-2U)

and
b m3 sin3e v m 2 sin3 - 1
'

-sm

. f,c s i n e cose / , 0 .
' 2"» Fr /( - s •m QeX) v\m - 2 si
0

1

(A.6-215)

Now we have collected all the pieces needed to write out the far-field solution, for the
particle motion, where (r ^) is large and (b ^) is small. Using equations (A.6-21a), (A.6-

2Ib) and (A.6-19b) we can approximate the integral equations of motion (A.6-la) and
(A.6-lb) as:
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2- F0( - sin 6 )

cos 6

F0( - m sin 6,).

(A.6-22a)

and

(A.6-22b)
cos9

2
m3sin2ev/m2sin2e 1
\ee-iaR I
l lU2_2sin
- -1
m
2 s m b j 0)-/
ie g -'«^^
[
F 0 (-sin0)
F0(-msin0)
J

From this point forward, we shall consider positive frequencies only; then sgn(fc ) will
always equal plus one. Next, for consistency and simplicity we shall transform equations
(A.6-22a) and (A.6-22b) using polar coordinates. The transformation equations are:

wJP= Mf) cos 6 + MJF) sin 6

(A.6-23a)

wg7)= MJf) cos 0 - nf) sin 0.

(A.6-23b)

and

If equations (A.6-22a) and (A.6-22b) are substituted into equations (A.6-23a) and (A.623b) we arrive at the polar form of the far-field particle displacements

n
hvt f \ e~iaR cos0(m 2 -2sin 2 0)
f) —b K(J) -^2F()(_sin0)

(A.6-24a)

and
2
',/)
J ~ - i * W) m^ «11^ sin 20 ^ SiH I^l
^
/?
2 F0( - m sin 0 )

(A.6-24b)

I find it interesting that, after all the gyrations we go through, the final solutions take this
rather simple form. This is, however, not the end of the story. We need to see just what
our steepest descent path looks like, since we may need to consider the contributions
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from the Rayleigh poles, which can be found from equation (A.5.2-14a). The steepest
descent path is discussed in appendix D; the facts relevant to the present case are:

( 1 ) The path crosses the real axis at the saddle point given by
^0 = - v sin 0

(A.6-15c)

as found previously.
(2) From equation (D.3-10) in appendix D we know that the steepest descent
path is characterized by the conditions that Im[/(£)] is constant and /(£)
decreases away from the saddle point, given in the first fact. This means
that /(£) - /(So) must b£ a nonpositive real quantity along the path.

(3) The path crosses the Re[S] axis if Im[/(S) - /(So)] = O and S is real. From
equations (A.6-13c) and (A.6-18a) we have
/(S) - /(S0) = - « cos e v/^-v 2 + i (S sin 0 + v) ,

(A.6-25a)

so that the only other point at which the steepest decent path crosses the
real axis is given by

S 1 = - v esc 6.

(A.6-25b)

Facts (1) and (3) provide points at which the path crosses the real axis; and fact (2) gives
the global description of the path. It is fact (2) that we will now develop fully. From fact
(2) and equation (A.6-25a) we can write:

i (S sin 0 + v) - a cos 0 v/£ 2 -v 2 = - X2 ,

(A.6-26a)

where X e {Reals}. If we rationalize equation (A.6-26a) we can put it in the form:
S2 + #S + C = 0,

(A.6-26b)

B = - 2 i a sin 0

(A.6-26c)

where
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and

C = X4 + 2 i m X2 - m 2 (l -H cos20).

(A.6-26d)

Equation (A.6-26b) is just a quadratic in £, and can be easily solved. The solution, after
substituting back from equations (A.6-26c) and (A.6-26d) is:

£ = (m - i X2) sin 0 ± s/(X4 cos28 + m2 sin26) + i (l m X2 cos 2 6).

(A.6-26e)

In order to separate equation (A.6-26e) into real and imaginary parts, we will put the
quantity within the radical sign in polar form by defining

(X4 cos2e + m2 sin28) + i (2 m X2 cos20) = P ei *,

(A.6-26f)

P 2 = (X4 cos26 + m 2 sin26)2 + (2 m X 2 cos26)2

(A.6-26g)

where

and
tan $ =

2 m X2
X cos29 + m 2 sin29
4

(A 6.26h)

Substitution of equation ( A.6-26f) into equation (A.6-26e) allows us to write:

£ = L[m sin 0 ± <fif cos ^]
+ j L[- X2 sin 6 ± ^p" sin f
1.
^j J
£J

( A.6-261)

As the variable X in equation (A.6-26i) evolves, the real and imaginary parts of £ mark
out the path of steepest descent. To further define the path of steepest descent we will see
what happens to it as X approaches infinity. From equation (A.6-26h) we can see that
lim $ = 0,

x-»±«>

and from equation (A.6-26g) we can deduce that

(A.6-26J)
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lim

(A.6-26R)

X —> i°

From equations (A.6-26J) (A.6-26R) and (A.6-26i) we arrive at the expression:
£ = [± X2 cos 0] 4- i [- X2 sin 0],

(A.6-261)

which also means that
(A.6-26m)

Equation (A.6-26m) means the path of steepest descent is asymptotic to the lines at
angles 0 and - 0 to the Re[^] axis. All of the facts with respect to the path of steepest

descent are summarized in figure A.6-4.
Im [s]
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~^~~~

\

\
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V ,^

^^

^

^ i

1

1

"••^.,

-

.-••"'

/S"^ v"'^-^ " - e^' "
/*

^,

Cs]

^o
^o = - v sin 9
S1 = - v esc 6
p = Rayleigh pole

Fig. A.6-4. Path of steepest descent.

As can be seen from figure A.6-4 the point ^1 = - v esc 0 will move to the left of
the Rayleigh pole, -p, when -p > ^ 1 , which in turn means that the condition for the path

enclosing the Rayleigh pole is met for angles 0, where
0<arccsc(y), 3^

(A.6-27)

Under these conditions we need to consider the contribution to the integral from the
Rayleigh pole which certainly contributed to the integral before we deformed the path
shown in figure A.6-2. From the theory of complex variables (Churchill, Brown and
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Verhey, 1976, p. 172-173) we know that the contribution of the Rayleigh pole is given by
the residue theorem to be

2 n i [residue of (e

^ x©) at £ = - p].

(A.6-28a)

If we let the residue be b0 and write
(A.6-28b)

which we can always do, then the residue (Churchill, Brown and Verhey, 1976,
can be expressed as:

p. 178)

So the solution with contributions from both the saddle point and the Rayleigh pole will
be the combination of equation (A.6-19a) and (A.6-28a) taking the form:

- * v ) cos 6 x( - v sin 0 ) + 2m bQ.

(A.6-29)

In the cases where the Rayleigh pole is not included within the contour of integration, it
does not mean that the Rayleigh pole has no contribution; we must include it within a
separate contour as shown in figure A.6-5. In this situation, the path C 1 gives the
Rayleigh pole contribution and the path C2 has the same asymptotic solution as before.
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Fig. A.6-5. Path of steepest descent including Rayleigh pole
outside of main path.

One other situation can occur when 0 approaches TI / 2: in this situation the two points ^1
and ^2 approach one of the branch points, which requires additional modification of the
path of integration. The new path (figure A.6-6) has basically three paths C 1 , C2 and C3.
The first two paths, C 1 and C2, give rise to the Rayleigh pole contribution and the
asymptotic solution already derived; the last path C3, according to Miller and Pursey
(1953), can be dealt with by the method of steepest descent which gives a solution that
decays faster than the other solutions. I have expanded on this in box A.6.b. Since, the
path C3 gives rise to a quickly decaying wave type, we shall ignore this wave. Aki and
Richards (1980, p. 220-221) discuss this path for a slightly different problem, namely that
of a buried point source, and say that this path corresponds to a surface S-wave. So, we
should be aware that, by ignoring this path we may not get a very complete description of
what we may find on the free surface.
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2

^3

Integration Path

—

—

^

Branch Cuts

—

Asymtotes of Integration Path

Fig. A.6-6. Path of integration when 6 approaches

.

Box A.6.b: Asymptotic solutions as 6 approaches y.

As can be seen in figure A.6-6 the integral (A.6-14) can be approximated by the
sum of three integrals

Jc,

Jc3
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The first two integrals, I1 and / 2 , in equation (A.6.D-1) gives rise to solutions

from the Rayleigh pole and the asymptotic solution from the saddle point,
respectively. These two solutions have been discussed in the previous section
culminating in equations (A.6-19a) and (A.6-28a) and combined in equation
(A.6-29) and will not be elaborated upon here. The third integral, /3 , is

somewhat of a different beast, but the techniques used to obtain an asymptotic
solution will yield a tool that allows us to find a solution in this case as well.
First we will show that most of the contribution to the integral along path C3
comes from the region around the branch point £ = -1 . To see this, simply
consider the case when 9 approaches 5, then
Hm

Now if ^ = a + i b then
e

~~"-" ^1 " ^

' —»e

„ " /(V

v

e

.

(A.6.b-2)

/ A ^ U ' - » \

Since we have assumed that R is very large, the only places where the integral
will have significant contribution, with (A.6.b-2) as a factor, will be when
b —> O, which in the case of path C3 is in the neighborhood of the point £ = -1.
We can try to find a path of steepest descent away from £ = -1, which takes on
the role of the saddle point. Since we now seek a path on which /(£) is real and
non-positive away from £ = -1, we can parameterize such a path by letting
/(-l) = -y,

(A.6.b-3)

where

Y e {Positive Real Numbers}.
Equation (A.6.b-3) reduces to a quadratic equation:
A £ + Bt, +C = O,

(A.6.b-4a)
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where
(A.6.b-4b)

(A.6.b-4d)

We can solve equation (A.6.b-4a) by using the quadratic formula:
(A6b . 5)

This will give us the steepest descent path we have been looking for. We will
deform the path C3 so that the two main branches, which I will call F1 and F2,
will be close and parallel to the steepest descent path and cross the point ^ = -1.

This situation is shown in figure A.6.b-1.
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Steepest Descent Path
...............

.......p^.

Deformed Contour of Integration

Fig. A.6.b-l. Steepest descent path for C3.

Now we shall use a device used by Miller and Pursey (1953); that is, we assume
the paths F1 and F2 are arbitrarily close to the path of steepest descent and that
the value of x© is Xi (^) on F1 and X2© on ^Y Then using the
parameterization of the path of steepest descent, we can rewrite the integral I3
as:

(A.6.b-6a)

where

(A.6.b-6b)

Equation (A.6.b-6a) is of a form for which we can apply equation (D.2.a-21) in
order to find an asymptotic solution. The asymptotic solution would be of the
form:
*/H)

n-\

(A.6.b-7a)
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where

d'F

J_

(A.6.b-7b)

7!

Since XiH) = %2H) tnis implies that F(-l) = O, which in turn means that
aQ = O. Therefore, the first nonzero term will be O(R ), which certainly decays
faster than the other terms but is still not zero. There is one difficulty with this
argument. If we consider only the next term in the asymptotic expansion we find
that

(A.6.b-8a)

-1

.-35

3/

where we have used

dY

.

(A.6.b-8b)

derived by implicit differentiation of equation (A.6.b-3). Now we substitute in
equation (A.6-13c) to get
(A.6.b-9a)

and
-2

q v 2 cose
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(A.6.b-9b)
As can be seen from equation (A.6.b-8a), the same argument of /,(-I) = fo
causing a0 to be identically zero will also cause all terms to be zero. The only
mitigating circumstance is the presence of factors like (A.6.b-9b) that are
infinite when 6 —» n 12, which points to the need for further analysis.

This concludes our analysis and update of Miller and Pursey's (1953) paper. The
differences between their paper and this treatment are developmental and lie in certain
points of analysis. The development here is more general than the one given by Miller
and Pursey and allows one a more convenient starting point for other developments such
as Cherry's (1962) work on horizontal stresses. No attempt at terseness was made since
this is meant to be tutorial in nature and an easy jumping-off point for further
developments. The radiation patterns could be displayed at this point but to speed things
up a little the reader is refered to Miller and Pursey's (1953) paper. There should be no
difference in these patterns since the final equations are the same.
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B: Review of the Theory of an Elastic Continuum

B.1: Conservation laws

Consider the forces acting on a material volume V, enclosed by an orientable
surface S. The material within V is acted upon by forces through the surface S and action
at a distance type forces , for example the gravitational forces, throughout the volume.
First consider the surface element dS with outward normal n. The net force per unit area
or traction acting on this element will be tn- Secondly, a net force per unit volume, or
body force, f, will act upon elemental volume dV around point P . This situation is
represented in figure B. 1-1.

Fig. B.l-1. Forces acting on a material volume.
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To study the motion of the material points in volume V, due to the forces
mentioned in the previous paragraph, the conservation laws for a continuum will be
invoked. The laws that will be considered are the conservation of mass, the conservation
of momentum, the conservation of moment of momentum, and the conservation of
mechanical energy. The equations representing these conservation laws are respectively:

A.
dt

(BA-I)

d
dt

v'p dV = C

)/ids+
?

V

d
dt

_
dt

(B.l-3)

[gij v' vJ + U] p dV = C ) gij tln vidS +

where

d_ = material time derivative,
dt
p = mass density,

n = outward normal of surface S,
x* = covariant position vector,
gij = contravariant metric tensor,

e^ = jg Cijk
such that,

(B. 1-2)

= permutation tensor,

g - det[gij] = \g$ and eijk = permutation symbols,

(B. 1-4)
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V - -4-x1 = jc' = material velocity,
and

U = internal energy per unit mass.

These balance or conservation equations are based on many assumptions, one of which is
the adequacy of just the traction (force per unit area) and body force (force per unit

volume) in describing the interaction with the volume. The form of the equations would
be quite different if other interactions were allowed, for example if couples were present,
as is appropriate for the case of rigid bodies. This possibility is explored in appendix C.
The material in appendix C directly parallels the development here but includes much
more detail in some areas and less in others.
The normal tensor notation, as can be found in Colburn (1970), Spain (1965) and
Eringen (1971), has been followed. I will tend to call symbols of the form, a1 and blj,
contravariant vectors and tensors, respectively, when I mean the contravariant
components of vectors and tensors. The same convention will be followed for covariant
and mixed vectors and tensors. This is also the convention used in Spain's (1965) book.
Since there are some discrepancies in notation between the books, a short descriptions
will be included along with the development. Summation on diagonally repeated indices
will always be in effect, such as X1 u' = x} u] + X2 u2 + Jt3 w 3 . To suppress summation the
indices will be in Greek letters, such as xaua, which represents any one of X1 w 1 , Jt2 u2, or
JC3 M 3 .

Differential form of the conservation laws

Conservation of mass
It is useful to cast equations (B.1-1) - (B. 1-4) in their differential form. Since the
material (Lagrangian) frame of reference is assumed, the material time derivative can be

taken within the integral sign. A direct outcome of this is equation (B. 1-1) can be
rewritten in its differential form as:

Jv

Easley 159

Conservation of momentum
Calling upon the tetrahedron argument, as summarized in Appendix E, the
traction can be recast in the following form:
JJ1 = CF1'*;,

(B. 1-6)

where G'J is the stress tensor (or more accurately called the first Piola-Kirchhoff stress)
and rij is the covariant vector normal to the surface element. Substitution of equation

(B. 1-6) into equation (B. 1-2) and applying the divergence theorem results in:
(V'' p -G^- / f p ) dV = O,

(B. 1-7)

v
where

[

.

1

: = —: + < . \GrJ + < . >a'r = covariant partial derivative,
'

and
l

.\ = Christoffel symbol of the second kind,
rjf

which is defined as:

Covariant differentiation of tensors creates other tensors that transform as tensors should:
the operation plays the role of partial differentiation in rectangular Cartesian coordinates
and reduces to ordinary partial differentiation in that case. Since the volume of integration
is arbitrary we have the differential or local form of equation (B. 1-7):

v'' p -aVj-f

'P= O.

(B. 1-8)
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Equation (B. 1-8) is often called the equation of motion.
Conservation of moment of momentum

Manipulation of equation (B. 1-3), following a similar recipe as the one used to
manipulate equation (B. 1-2), results in:

8il£ijkXj,m G1^ = O-

(B. 1-9)

Equation (B. 1-9) shows the stress tensor Gkm to be symmetric. This can readily be seen in
the special case of rectangular Cartesian coordinates.

Conservation of energy
Finally, manipulation of equation (B. 1-4) yields its local form:

J

.

(BA-IO)

Equations (B. 1-5), (B. 1-8), (B. 1-9), and (B. 1-10) are assumed to fully describe the
dynamics of the material considered. These equations do not assume anything about the
material itself and can be used to describe a host of materials. To make these relations
useful, however, a description of how the material itself will respond to deformation is
necessary. This type of description is called a constitutive relationship.

B.2: Constitutive relationships
As the material under consideration deforms, there is usually a tendency for the
material to resist the deformation. The quantification of this resistance results in the
constitutive relationships. Some effects will be ignored such as the effects of temperature
and temperature gradient. The deformation will be described with respect to some initial
reference configuration in a frame of reference call the material (Lagrangian) frame. The

position vector within the material frame will have components designated by the capital
letter X and all reference to this frame in terms of subscripts and superscripts will also be
in capital letters. The actual configuration of the material at some time will be described

Easley 161
with a frame of reference called the spatial (Eulerian) frame. The position vector in this
frame will be designated by the small letter x and all reference to this frame in terms of
subscripts and superscripts will also be in small letters. The squares of the arc distances
traced out by the position vector in the spatial and material (Eulerian and Lagrangian)
frames are respectively:
(ds) = gk[dx dx

(B.2-la)

(dS)2 = GKLdXKdXL

(B.2-lb)

and

where the metric tensors are self-defined by these equations for each frame of reference.
Now consider an infinitesimal directed line segment in the material frame and its image
in the spatial frame. They will be related by the following formula:

-} k
dx = —- dXK = xk.K dXK

(B.2-2a)

dXK = —- dxk = XKk dxk,

(B.2-2b)

k

or

where the semicolon designates ordinary partial differentiation. By direct comparison of
equations (B.2-2a) and (B.2-2b) to equations (B.2-la) and (B.2-Ib) it can be seen that the
arc distance is just the inner product of equations (B.2-2a) and (B.2-2b), which takes the
form:
(ds)2 = gkl xk.K xl.L dXK dXL

(B.2-3a)

and

GKLX*kXLj dxkdx .

(B.2-3b)
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A good measure of deformation would be the difference of squared lengths in the
undeformed and deformed bodies along the same material points. The deformation
measure generated in this way could be used as a variable to determine how the
deformation energy is stored in the material (materials which generate energy when
deformed are not considered). With this in mind we write the following formula:

(ds)2 - (dS}2 = (gklxk.Kx(L - GKI) dXKdXL
(B.2-4)

Equation (B.2-4) gives a measure of deformation in a body. The terms within the
parenthesis, therefore, provide a measure of this length change in the material and spatial
frame respectively. The names Lagrangian and Eulerian strain tensors will be attached to
these quantities and the following symbols will be used to represent them:

2EKL = 2ELK=gk[xk.Kxl.L-GKL

(B.2-5a)

2eu = 2elk = gu - GKL X«k X\t .

(B.2-5b)

and

The symmetry of the strain tensors is obvious since the metric tensor is assumed to be
symmetric. In order to relate the stress to strain, it is appropriate to consider the internal
energy. Assume the internal energy of the body, U, be altered only by the deformation. In
other words the energy is in some way stored by the body when deformed. This means U
can be written as:

(B.2-6)

which in turn implies:
U = - E .

(B.2-7)
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Equation (B. 1-10) can be manipulated into the form of (B. 2-7) by the following steps:

= gij 0'r xJj XJp

,

EJM XJ.p X^ C1P ,

=

= EJM O

.

(chain rule)

(define: EJM = 2 gij J/, x!M )

(define: O

=

X X a^ ) (B.2-8)

Subtracting equation (B. 2-7) from (B.2-8) results in:
^" -P

U//= O .

(B.2-9)

If it is assumed that the factor within parenthesis is independent of the factor outside,
then:
//
3U
0/7 = p - ^ .

(B.2-10)

Substitution of the last definition in equation (B.2-8) into equation (B.2-10) and solving
for the stress gives:
2

P

* A / -

(B-2-1D

Equation (B.2-11) is one form of the constitutive relationship but is in a far more general
form than is required. Since the problems under consideration will be in the smalldisplacement regime, linearization is an appropriate simplification for equation (B.2-11).
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B.3: Linearization
Internal Energy
As a first step towards linearization of equation (B.2-11) consider the behavior of
the internal energy close to the undeformed state of the body. To do this the internal
energy is expanded as a Taylor's series around the undeformed state where the density is
assumed to take on the value p 0 . Recalling U = U(EU) the internal energy can be written

as:
P0 U = a + b'J E1J + i CIJKL E1J EKL + - ,

(B.3-1)

where a, blj, and clJKL are assumed to be constant material scalar, dyadic and tetradics
respectively, which determine the behavior of the material considered. The higher-order
terms, of course, have higher-order polyadics, which have not been explicitly represented.
If the assumption is made that the internal energy is zero when the body is undeformed,
then the scalar a must be zero; if a further assumption is made that the undeformed state
is a state of zero stress, (i.e. G'J = O ), the definition in equation (B.2-8) can be used to
show that
P0 U = O" E1J = (1 Xj X^ a'>) E1J = O .

(B.3-2)

Differentiating equation (B.3-1) with respect to time will result in:

= (b" + C"*L EKL) E1J+- .

(B.3-3)

Then, by directly comparing equation (B.3-3) with equation (B.3-2), the conclusion
b11 = O can be drawn. With this in mind, the internal energy can then be written as:

P0 u = CiME1J EKL + .-..

(B.3-4)
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It is natural to consider the role that displacement plays, since it is a natural variable to
use in describing the evolution of the material body.

Displacement
Prior to deformation the body under consideration is referred to as the reference
body; after deformation has taken place the same body having undergone deformation is
referred to as the deformed body. The displacement vector u is the vector which starts
from a point located at position vector P for a particular material point in the reference
body and ends at a point located at position vector p for the same material point in the
deformed body. This situation is represented by figure B.3-1. The symbols used in the
figure are:

V= volume of reference material body,
S = surface of reference material body,
X' = curvilinear coordinates in the material frame of reference,

GI = covariant basis vectors in the material frame of reference,
(X, Y1Z) = rectangular Cartesian coordinates in the material frame,

I, ^ orthonormal basis vectors for (X,Y,Z),
P = position vector of a material point in the reference body,
V1 = volume of deformed body,
St = surface of deformed body,

x* = curvilinear coordinates in the spatial frame of reference,

g,- = covariant basis vectors in the spatial frame of reference,
(x,y,z) = rectangular Cartesian coordinates in the material frame,

i, = orthonormal basis vectors for (x,y,z),

Easley 166

p = position vector of a material point in the deformed body,

b = vector starting from the origin of the material frame
and ending at the origin of the spatial frame,
u = displacement vector as defined in the opening paragraph,

i = a counter that identifes objects in the different frames as
defined in figure B.3-1.

Deformed body

j

Spatial frame

Material frame

Fig. B.3-1. Frames of reference and motion.

As an intermediate step towards relating displacement to the Eulerian and
Lagrangian strains, a different deformation measure will be considered. To begin,
consider infinitesimal vectors due to a change in the position vectors p and P. These can
be written as:
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= p., x\jdX!

(by the chain rule)

= C7 dX1 ,

(define: C7 = p., x\, )

(B.3-5a)

(define: c,- = ?., ^ )

(B.3-5b)

and, in the same fashion,
= P.idxi
= Cjdx' .

From equations (B.3-5a) and (B.3-5b) we have a second method to obtain the square of
the arc length in the material and spatial frames. The square of the arc length will have
the form:

(dS)2 = dP-dP
= (c,-Cy) dx'dxJ

= cijdxldxJ

(substitution of equation B .3-5b)

(define: C1-/ = C1-Cy ),

(B.3-6a)

(define: C77 = C7-C7 ).

(B.3-6b)

and, in a like fashion,

(ds? = C1J dX!dXJ

The tensors C77 and c,y can be used as deformation measures and are called Green and
Cauchy deformation tensors, respectively. The relationship between these tensors and the
Lagrangian and Eulerian strain tensors are:
(ds)2 - (dS]2 = (C77 - G77)JX7^X-7= 2EIJdXIdXJ

,

(B.3-7a)
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and
.

(B.3-7b)

Now the relationship between the deformation measures and displacement can be
made. From the definition of displacement and figure B.3-1 one can write:
u = p - P + b.

(B.3-8)

If we take the partial derivative of (B.3-8) with respect to the material and spatial
coordinates and compare this to the definitions in equations (B.3-5a) and (B.3-5b) we
find:
C K= V, K +U,K

= GK + (f/ GI). K

(expansion of u in terms of G/ )

(definition of covariant derivative)

(B.3-9a)

and in the same fashion:
!*g/-

(B.3-9b)

Equations (B.3-9a) and (B.3-9b) immediately furnishes the definition of the Green and
Cauchy deformation tensors in terms of displacements as:
CKL = C K-CL
= (CK + U1KG1 ){GL + UJjGj )
=

and

GKL+ UL,K + UKJ. + UIJJU[JL

(by definition)
(by equation B.3-9a)

(inner product expansion)

(B.3-1 Oa)
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(B.3-10b)

By substitution of equations (B. 3-1 Oa) and (B.3-10b) into equations (B.3-7a) and (B. 37b), the relationships between Lagrangian and Eulerian strain tensors and displacements
are found to be:

and
eu = ^- (ui,k + ukj - mjku j ' ) .

(B. 3-1 Ib)

If the material and spatial gradients are assumed to be small in the following
sense:

\ULJK\ « 1 and |«a|«l ,

(B.3-12)

then the Lagrangian and Eulerian strain tensors will be approximately equal and have the
linear form:

EkI = eu= ^ ("/,* + Ukj ) .

(B. 3- 1 3)

The ideas above can now be incorporated with the equation of motion (B. 1-8) to
give the linearized equation of motion.

Linearized equation of motion and isotropy
If the linearized strain tensor of equation (B.3-13) is substituted into the internal
energy equation (B. 3-4) the following relationship is derived:

.

By the same procedure the constitutive relationship can be written as:

(B.3-14)
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U

(B.3-15)

By ignoring higher-order terms, the following set of linearized equations can be written:
W=cljkieieki,

(B.3-16a)

= ctjkl ekl ,

(B.3-16b)

Uu)-

(B.3-16c)

and

Substitution of equations (B.3-16b) and (B.3-16c) into the equations of motion (B. 1-8)
results in:
U'p = (cWukj)j

+ /'p

= cVuUkjj + c jukj + /'p.

(B.3-17)

Equation (B.3-17) is one form of the linearized equation of motion. If we make the
additional assumption of isotropy then:

+ n (8'V -I- 8'VO ,

(B.3-18)

where X and ^i are the Lame constants. If, further, the assumption of homogeneity is
made then equation (B.3-17) becomes:

tf p = (^HI) g* uljj + VL gJ{ U^j1 + f 'p ,

(B.3-19a)
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which can be put in a more widely used form:

M1' p = (A+20) g*J A - // e'>* C O - + / 'p,

(B.3-19b)

where the definitions:
A = ekk = uktk,

(B.3-19c)

and:
u™n,

(B.3-19d)

have been made. To get from equation (B.3-19a) to equation(B.3-19b) the reasoning in
the following box was used.
Box I

Given:

where:

8JJn = the generalized Kronecker delta,
and:

8 j = ( * ; ( -l \ = the Kronecker delta,
I

\J

•

* T^* * J

then,

(B.3-I-ii)
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The following term from equation (B.3-19a) can be rewritten using equation (B.3-I-H)
as:

Upon substitution of equation (B.3-I-iii) into equation (B.3-19a) the following results:
fi'' p = (Af 2/1) g'J u'jj - U ^ktklmgln u"nj + /'p

(B.3-I-iv)

Smceeklmj = O and by Ricci's lemma (Colburn, 1970) glnj = O, equation (B.3-I-iv) can be
recast in the form:

«'' p = (Af 2//) ^w <,,- - A/ e^e^" 113,]^. + / 'p

(Bj.j.v)

If definitions (B.3-19c) and (B.3-19b) are introduced into equation (B.3-I-v) then
equation (B. 3-1 9b) results.
Equation (B.3-19a) and (B.3-19b) are the covariant form of the equations of
motion for a homogeneous isotropic medium. This equation is true for any curvilinear
coordinate system but, in general, it is the physical components and not the covariant
components which we work with. So it is appropriate to look at the general tensor
relationships within a few standard coordinate systems.
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B.4: Equations of linear elasticity in orthogonal Cartesian and cylindrical
coordinates

Cartesian orthogonal coordinates
The most commonly used coordinate system is the rectangular Cartesian system.
In this system the relationships between contravariant components and physical
components are simply:

Since the squared arc length has the form:

= x2 + y2 + z2,

(B.4-2)

from which the metric tensor can be seen to have the simple form:
Sy = Sy.

(B-4-3)

From equation (B .4-3) it can be seen that:

3*/

djc

This in turn means that all covariant derivatives reduce to the familiar partial derivatives.
Since gV = (tf//)'1 - £//, the covariant and contravariant components are equal. This
allows one to drop the super- and subscript notation distinguishing between the two. With
this in mind all the formulas of linear elasticity take on the familiar forms. Some of these
are: the relation between displacement and linear strain,

l

. .- + uj,)l = Up + ^ ,

'J

l- >

2

(B.4-5a)
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the constitutive relation, in the case of isotropy,
=c

ijkl

e

kl

W

+ ji (S,,6,7 + 6^)] eu ,

(B.4-5b)

and the equation of motion,
U1 p = (X+uJ M /;/ . + n M1,,, + JJ p .

(B.4-5c)

By using the permutation tensor or permutation symbol, which are the same in this case,
the equations of motion can be cast in a more widely used form:
fi

i P = f^+2^) "/;// - M- £,>* £«m "my/ + ^ P '

(B.4-5d)

Equations (B.4-5a) through (B.4-5d) can be written in vector notation respectively as:
e = i(Vu + uV),

(B.4-6a)

a = ce,

(B.4-6b)

u p = (k+\i) VV-u + ^i V-Vu + f ,

(B.4-6c)

ii p = (X,+2ji) W-u - ^ VxVxu + f .

(B.4-6d)

and

As seen from the development above, all the equations take on the familiar forms
that is determined by the choice of rectangular orthogonal coordinates. Of course the
vector notation is also coordinate independent by less informative. Now consider another
coordinate system.
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Cylindrical coordinates

C 2 = r<p

r = e,

Fig. B.4-1. Cylindrical coordinates.
The results from Cartesian coordinates will be used to develop the relationships in
cylindrical coordinates. From figure B.4-1 relationships between the two physical
coordinates and their normalized basis vectors can be seen to be:

= r cos (p,

(p,

(BA-Ia)
(BA-Ib)

I=Z,

(B.4-7c)

r = sin((p) y + cos(cp) x ,

(B.4-7d)
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q> = cos(cp) y - sin(cp) x ,

(B.4-7e)

Z=Z.

(BA-If)

and

The covariant basis vectors will be, by definition:
dR

e

(B.4-8a)

_3R

(B.4-8b)

2 ~ "37T'

and
dR

(B.4-8c)

These basis vectors need not be unit vectors. By direct application of the chain rule and
substitution of equations (B.4-7a) through (BA-If) into equations (B.4-8a) through (B .4
8c), as in the following example:
2

- - .
~ 3cp ~ dx 3cp

3*

3-

d(p

.
dy 9(p

dv

3z

d(p

d(p

+ JV-=r- + Z^r-

= -x r sin(cp) + y r cos((p)

9z d(p

(by the chain rule)

/by definition of R in rectangular
^Cartesian coordinates

(by equations B.4-7a to 7c)
(by equation B.4-7e)
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we obtain:

e, = r ,

(B.4-9a)

= rq>,

(B.4-9b)

— z.

(B.4-9c)

and

To get a handle on the metric tensor, one can first consider the differential of the position
vector dR, which has the representation:
(B .4-10)

dR = d*' e, = dr r + dcp r <p + dz z .

By comparing terms in equation (B.4-10) and using equations (B.4-9a) through (B.4-9c)
the following can be deduced:
= dr, dx2 = dcp and d*3 = dz .

Keeping this in mind and using equation (B.4-10), the differential arc-length can be
computed:
(ds) = dR-dR = gij dxl foJ = (dr) + (r dcp) + (dz) .

(B .4-11)

This, in turn, gives the definition of the metric tensor, which can be written in matrix
form as:

1

O O
O (r)2 O =
O

and

O

1

1

O
12

O (-* )
O
O

O
O

1

(B.4-12a)
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-i

1
O
O

O

2

wO

O
O

1

1
=

O
2

(*T

O
O

O

O
O

(B.4-12b)

1

The metric tensor can also be defined by the inner or dot product of the covariant basis
vectors in the following manner:

e/-e ; = #;;.

(B.4-13a)

Equation (B.4-13a) provides an alternate means of obtaining the length of the covariant
basis vectors. Since the covariant basis vectors are not unit vectors in general, but lie in
the same directions as the physical unit vectors, the length of the covariant basis provides
a link between the physical and contravariant components of the vectors. The lengths of
the covariant basis vectors are:
(B.4-13b)

This supplies a link between the contravariant components of a vector and its physical
components through the metric tensor. Let u, be unit vectors along the covariant vectors
e,. Then for any vector v the relationship:
(B.4-14)

V = V U ; = V1C

holds. The tilde specifies the physical components. Examining equation (B.4-13b) and
equation (B.4-14) shows the components are related by:

v a = */gaava

(recall, no summation on Greek letters).

(B.4-15)

The previous development allows the calculation of the Christoffel symbols. For
cylindrical coordinates in a Euclidean space, the Christoffel symbols will have the form:
jk
3*
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V/cc

(again, no summation on a).

(B .4-16a)

Since:

O

otherwise

= 2r S

then:
[(/;*] = r(838428;, +

(B .4-165)

Substitution of equation (B.4-16b) into equation (B.4-16a) shows that there are only three
nonzero elements of the Christoffel symbol, these are:

2 2
21

- ~I-

(B.4-17a)

and

(B.4-175)

All the other elements are identically zero. To simplify notation, the physical components
will not have a tilde over them: instead, any subscript or superscript of r, (p, or z will
indicate physical components. The equations of linear elasticity in cylindrical coordinates
can now be written with the aid of the expressions above; the displacement gradients will
have the form:
(B.4-18)
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which from equations (B.4-17a) and (B.4-17b) will have three special components. The
first is:
«22 =

= -^—- + -p.

(B.4-19a)

Recall that the physical components are related to the tensor components by:
'2 = M 2 2 .

(B.4-19b)

Therefore, the physical components of equation (B.4-19a) will be:
^U

U

- -

(B.4-190

The second special component is:
2

'

(B.4-20a)

which has physical components related to its tensor components in the fashion:
= r M2 .

(B.4-20b)

This means that the physical form of equation (B.4-20a) will be:

K<P. =

dMfl,

+

u

;

(B.4-20c)
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and the last special component is:
-N

1

(B .4-2 Ia)

which has the following physical representation:
_ 1

(B.4-21c)

All the rest of the components will reduce to partial derivatives of the form:
.

an1'

(B.4-22a)

with physical representations:
(B.4-22c)

The contravariant components of the linear strain are:
(B.4-23)

and some specific sample components have the form:

(B.4-24a)

with physical-component representation:
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e *• = -£•

Also,

+ -T—o ,

(B.4-25a)

and its physical component is given by:
(B.4-25b)

The last sample component is:
,33 = ^!

a*3'

(B.4-26a)

which is its own physical component, therefore:
dii,

(B.4-26b)

Before leaving stress, the following contraction will be considered:
A =A =

(R4 27)

"
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which, being a scalar, is invariant and is its own physical representation. Now consider
the constitutive relationship:

= [X 5% + n (8 ^+ 8',Oi)] e"
= A, 8''A + Ji *'> .

(B.4-28)

Some of the physical components of equation (B.4-28) are:
(B.4-29)

(B.4-30)

and
,
= X A -I- 2^1 e* = XA + 2^i -^.
dz

(B.4-31)

Finally, the two forms of the equation of motion will be:

M" p = (A,+ji) gv M'/y. + V gji U1J1 + f ''p

(B.4-32)

and
M1' p = (A+2|/) g V «7>/y- - fl EV4E^" M^ + / 'P

(B.4-33)

where equation (B .4-27) has been substituted and the definition:
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(B.4-34)

was used. The physical representations of equation (B.4-34), also called the curl of the
displacement, can be found. For this purpose it is easier to work with the contravariant
components, so equation (B.4-34) will be cast in its contravariant form as:

(B.4-35)

Before proceeding further, the following useful identity will be derived:

Box II:
4

J

Ik

since:

then:

BxJ

The first component of equation (B.4-35) is:

= j [e123 M2,3 +e ' 32 "3,2] (expansion of permutation symbol)

=

7 ["2,3 ~ "3,2]= 7

(by equation B.4-II-ii)
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3(p

(substitution of physical components).

(B.4-36)

Since:

co,.= © 1 = v^Tfo)1= co1,
the first physical component of the curl of the displacement in cylindrical coordinates will
be:
(B.4-37a)

___
^\

3q>

The second and third physical components of the curl of the displacement can be found in
a similar fashion to be:

uz

dur

(B.4-37b)

OXn =

and:
co,=

3u
3cp

(B.4-37c)

3r

By the same procedure as above, the physical components of the equation of motion
(B.4-33) can also be derived by:

3A

= (A+2/l)g» ^-^[^23(02,3 +
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3

-l _ £r

3(D2

(B .4-38)

a*

Substituting the physical components:

CO = O =

= CO3

into equation (B.4-38) gives the first physical-component form of the equation of motion:
frP-

(B.4-39a)

By using the same method as above, the second and third physical components are:
3A

3co7

3coJ

3cor

3rco9

-TT-^k LP,

(B.4-39b)

and:

dcp

(B.4-39c)

The tensor equations previously derived for linear elasticity have been translated
to the physical components of two particular coordinate systems, the rectangular and
cylindrical coordinate systems. This is just an example, of course, since the tensor
equations are true in any curvilinear coordinate system. Since physical laws should not
depend on the coordinate system in which they are formulated it is prudent to cast the
physical laws in some coordinate-independent form. Tensor component formulations
provide one such platform; vector notation is another. The tensor route, however, does
provide more information then the vector notation and rules of transformations are more
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apparent in tensor form. The disadvantage is that tensor component formulas tend to be
more complex in appearance and require some time to become comfortable with.
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C: Cosserat media

C.1: Introduction
This note represents basically a review of a portion of Mindlin and Tiersten's
(1962) paper. I will put the work in Einstein notation, which seems to be clearer. An
attempt will be made to keep the development in general curvilinear coordinates (which
does not necessarily add to the clarity). The sections of concern are the development of
the Cosserat equations, which govern the behavior of continua where couple-stresses are
included alongside the more familiar force-stresses, the development of constitutive
relations (Toupin, 1962) which in the present analysis concerns the response of a Cosserat
medium to deformation, the linearization of these relations, and the analysis of wave
propagation through such a medium with emphasis on plane waves.

C.2: Force and Couple Stresses in Elasticity (Cosserat Equations)
It can be shown that any system of forces acting on a rigid body can be broken
down into a single force which acts on an arbitrary point of the body plus an appropriate
couple (Symon, 1971). A couple, by definition, is a system offerees whose vector sum is
zero, and which forces can be reduced to a system of two forces that are equal in
magnitude but opposite in direction and do not act directly against each other (i.e., they
do not have the same line of action). Otherwise, one could just as well replace these two
forces by a force with magnitude zero, which is not very informative in any way. Couples
provide a twisting or torquing effect to a mechanical system.

In continuum mechanics, the assumption has been made that a similar scheme can
be used to describe the forces acting on a material volume V centered about the point P,
enclosed by an orientable closed surface S\ as shown in figure C.2-1.
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Fig. C.2-1. Forces and couples acting on a volume of material.

The material outside of V exerts forces on the material inside V through the surface S1. If
we concentrate on a small region of the surface, as outlined by the oval in figure C.2-1,
the net influence of the material in the direction of the outward unit normal vector, n,
consists of a force per unit area, t n , and a couple per unit area, m n . In the interior of S1
action-at-a-distance type forces can influence the material in V. These forces will be
assumed to be proportional to the mass acted upon; again, we will simplify these forces at

each point in V into the now familiar force per unit mass, f, and a couple per unit mass, c.
This is represented in figure C.2-1, where forces are illustrated as line segments ending in
a single arrowhead and couples are portrayed with two arrowheads.
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We shall now consider the motion of the material in the reference volume, V, due
to these forces and couples. The motion will be governed by the equations of
conservation of mass, balance of momentum and moment of momentum, and
conservation of mechanical energy. The equations in index notation of these properties
are respectively:
d_
dt

PdV =

d
dt

v1 p dV =

(C.2-1)

ids +

(C.2-2)

/PdV,
Jv

V

d_
dt

(C.2-3)

and
d
dt

(^ *,>• V 1 V+CT)PdV =

where
— = material time derivative,
dt

p = mass density,

+

Ik

2 m »'W C ^ )dS

(C.2-4)
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n = outward normal of surface S',
xl = position vector component,

gy s metric tensor,
e

such that

i/jt = v & e t j k = permutation tensor,

g = det[g *] = | glk \ and e^ = permutation symbols,
/
d i •/
. , ,
v = —jc = x = material velocity,

and

U = internal energy per unit mass.

We are using the material (Lagrangian) frame of reference, which means the
material time derivative can be taken within the integral sign. One direct consequence of
this is that equation (C.2-1) can be written as:

(C.2-la)

By the tetrahedron argument, as summarized in appendix E, we can recast the
force per unit area and couple per unit area, respectively, in the following form:
=

and

m^ = mijnj.

(C.2-6)

The surface integral in equation (C. 2-2) can be transformed by use of equation (C.2-5)

and the divergence theorem in the following manner:
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(C.2-7)

where

n

rj

is a covariant derivative,

and
r .. n

ik

[ljjc\
- ——- +
1 J =2

U^

Substituting equation (C.2-7) into equation (C.2-2) and using equation (C.2-1) results in
the following, after rearrangement of terms:

Since the volume is arbitrary, we have the result:
/ ^ . + / p - v ' p = O,

or

(C.2-8)
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which is the usual force-stress equation of motion. In the same spirit of casting the
integral equation (C.2-2) into its differential form (C.2-8) we shall do the same for the
rest of the equations. First we shall concentrate on the separate parts of equation (C.2-3)
as follows:
d_
d/

v* pdV =

^(V7Vp+JcVp

p ) dV

p dV.

(C.2-3a)

The last equality is due to the antisymmetric nature of the permutation tensor and
equation (C.2-la); also,

eJ

-J Jd i ft

,J Jd dv
A\J

fjk** J + tjkXj*

•

(C.2-3b)

The first equality uses equation (C.2-5), the second uses the divergence theorem, and
finally

mndS

(C.2-3c)

where equation (C.2-6) and the divergence theorem is used respectively. Substitution of
equations (C.2-3a-c) into the conservation of momentum equation (C.2-3) yields:
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jc

c1' p

= 0,

the first integral of which is identically zero, as can be verified by direct comparison with
equation (C.2-8). Since again the volume is arbitrary, the integrand of the second integral
must equal zero. This results in the equation:
c p

or
(C.2-9)

Equation (C.2-9) is the couple-stress equation of motion, and it provides an alternative
expression for the antisymmetric part of the force-stress tensor as:

(ce P + m

.

(C.2-10)

The proof that equation (C.2-10) actually furnishes the antisymmetric part of a tensor is
given box C.2-1.________________________________________
Box C.2-1: Antisymmetric part of a second-order tensor.

The following development shows that equation (C.2-10) actually furnishes
the antisymmetric part of a second-order tensor.

M _ _ J. £-I J4
(Fe
<fe r ^f

1
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\ SU tide 8dm *!,« 8en £efg &

= - \ (gil gdm gen £&) JJn E1^ &

(raising and lowering indices)

(grouping terms)

—
£imn enfgf x1,m $
2

(raising indices)

--Sr111Jc7' /^
2 '£ *

(see B.3-I-i, generalized Kroneker
delta)

- fSt 5m - S' 8?) jc7m /^

(expanding Kroneker delta)

2 v /

S

8 J) '

= _ _ {W
rm; _ *<m
W 1/"")
V-Wi'
J

(definition of Kroneker delta)

(coordinate transform)

This completes our demonstration.

Note, the antisymmetric part of the force-stress tensor is identically zero if both the body
couple and divergence of couple-stress are zero; therefore, under this condition, the forcestress tensor is totally symmetric The total tensor can be expressed as the sum of
symmetric and antisymmetric parts as follows:
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f J — t\ J' i *l(/J

-t

+t

/v"* ^\ i i \
(C.2-11)

,

where the term with superscripts in round brackets is the symmetric part of the tensor.
Substitution of equation (C.2-10) into equation (C.2-11), and subsequently into the
equation of motion (C.2-8), results in the alternative form of the equation of motion:
r<0. +1 e</y/_

+/p +1e^p = v'p,

(C 2.12)

Note, in equation (C.2-12), that if the body-couple and couple-stress terms are zero, we
revert to the standard equation of motion, which is the start of most analysis. A further
reduction can be achieved in equation (C.2-12) by considering the scalar of the couple
stress given by:
tn — m Xjj,

(C.2-12a)

and the deviator of the couple stress of the form:
(C.2-12b)

We will now show that equation (C2-12a) makes no contribution to equation (C.2-12);
thus only the deviator given by equation (C.2-12b) will have any effect in equation (C.212). Consider the expression:

where the last equality is due to the fact that covariant differentiation of invariants
(scalars) is commutative; in other words, we have the following symmetry property:
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m

—m

We can thus substitute equation (C.2-12b) into equation (C.2-12) to arrive at a form
which more truly represents the independent parameters constrained by this equation.
Equation (C.2-12) becomes:
1

^p = V 1 - P.

(C.2-13)

We will now cast the equation of conservation of mechanical energy (C.2-4) into its
differential form. To achieve this end we shall manipulate separate terms in the equation
independently and then recombine them into our desired form. Start by considering:
d_
dt

dV =

^ V 1 V+LOp dV,

(C.2-4a)

where the dots represent material time derivatives. Secondly:

(tijnj) V1 dS

f*S) dV
V

(C.2-4b)

The first equality is from equation (C.2-6); the second is just the divergence theorem and
the last is just the distributive law of covariant differentiation. Finally we consider:
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Ik i
-mlrnreijkglkv>jdS

Js

Jk

(C.2-4c)

The steps taken above are almost identical to the previous and will not be elaborated
upon. We can now incorporate equations (C.2-4a) - (C.2-4c) into equation (C.2-4) and
upon rearrangement we get:
p/ -p v') V1- + E174 ( mir, +p c') v** + ij vj4 +

tijk mlr ^ dV

which, upon comparison with equations (C.2-8) and (C.2-9), simplifies to:

^ ^) v"+

Eiy, m fr

dV

we make further note that:
1 «

~i

r .si ijc

/ 1 „./*„/

.5/x

The last equality can be seen by direct comparison with equation (C.2-10), hence:
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-e.., m 'V'*\dV
si
2 y*

or in differential form:
(C.2-14)

Note:
V7'1*'-

-F

-*

~

which is a trivial consequence in rectangular Cartesian coordinates. This means that the
scalar of the couple-stress again has no effect in equation (C.2-14), a result which can be
seen by substitution of (C.2-12b) into equation (C.2-14), Therefore, we can rewrite (C.214) in the following more informative way:
Up = rJ> V1-.- + - e,;, m ! V' .
TT^.

*\ll)

•

«

i//"i

/tAfc

(C.2-15)
//"^ ^ 1 ^\

Equations (C.2-9), (C.2-13) and (C.2-15), the Cosserat equations, leave the antisymmetric
part of the force-stress and the scalar of the couple-stress indeterminate. This means the
number of independent variables controlled by these equations is (9-3)=6 from the
symmetric part of the force-stress and (9-1 )=8 from the deviator of the couple-stress, for a
total of 14 independent variables. This becomes important when we try to relate the
response of such a medium to deformation in the next section.
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C.3:

Toupin's constitutive relations

Constitutive relations here will be concerned with the response of a Cosserat
medium to deformation, which mean that other effects such as temperature and
temperature gradient will not be considered. The deformation will be described with
respect to some initial reference configuration called the material frame. The material
frame position will be designated by the capital letter X and all references to that frame in
terms of subscripts and superscripts will also be in capital letters. The arc distance in the
spatial and material (Eulerian and Lagrangian) frames are respectively:
xl

(CS-Ia)

and

(dS)2 = GKL dXK dXL

(C.3- Ib)

where the metric tensors are self-defining in each of the equations (frames). Now
consider an infinitesimal directed line segment in the material frame and its image in the
spatial frame, they will be related by the following formula:

dxk = xk.KdXK

(C3-2a)

or
JT^A

IfK

J

K

dX =X.kox ,

//~t

>}

IL \

(C.3-2b)

where the semicolon designates ordinary partial differentiation. Taking the inner product
of equations (C.3-2a) and (C.3-2b) we arrive at:
(d5)2 = gu Xk.K X(L dXK dXL

and

(CS-Sa)
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(dS)2 = GKL X^ XLj dxk dxl.

(C.3-3b)

The difference between the squared length of line elements containing the same material
points in the deformed and undeformed bodies gives a measure of length change due to
deformation. This can then be used as a variable to determine the amount of energy stored
during deformation (I will not be considering systems which generate energy during
deformation). With this in mind we write the following formula:

- (dS)2 = (gu Xk.K X(L = (Ski - GKL X1* XLj) dx* etc' .

(C.3-4)

The terms in parenthesis after the two equal signs provide a measure of length change in
the material and spatial frames respectively. We shall give these quantities (Lagrangian
and Eulerian strain tensors) special symbols, as defined below:

2EKL = 2ELK=gklxk.Kx(L-GKL

(C.3-5a)

2ekl=2elk = gkl-GKLX^XLj.

(C.3-5b)

and

The symmetry is obvious due to the symmetry of the metric tensor. When couple-stress is
not taken into account, the strain tensors as defined by equations (C.3-5a) and (C.3-5b)
are sufficient to describe the specific energy during deformation. However, as can be
seen, this provides only 6 independent components while we have seen in the case when
couple-stresses are considered there exists 14 degrees of freedom. R.E. Toupin (1962) has
shown that an appropriate second variable is:
(C.3-6)

the scalar of which is zero, giving a total of 8 independent components. The 8
independent components from equation (C.3-6) and the 6 independent components from
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equation (C.3-5a) are sufficient for our purpose. We now assume that the specific energy
can be expressed as a function of these two tensors as:
CJ,

(C.3-7)

which implies:

at/

(C.3-8)

The object is to put the conservation of energy equation (C.2-15) into the same double
inner product form. After some troublesome manipulations this can be done giving rise
to:
(C.3-9)

P </ =

where
(C.3-9a)

14

and
(C.3-9b)

such that
R

L

(C.3-9c)

Before proceeding we have to note that:

aXIJ KU = O,

(C.3-10)

where a is an arbitrary constant, this is due again to the fact that the scalar of K is zero
and therefore not all nine components are independent. We can therefore add equation
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(C.3-10) to equation (C.3-8) without changing anything then subtract the result from
equation (C.3-9) to get:

A< r - P

¥

RS

(C.3-11)
^RS

If we assume all terms within the square brackets of equation (C.3-11) are independent
of the terms they are dot-multiplied with, then we can write:
^= p 1^-,

(C.3-12a)

=p

(C.3-12b)

and

By noting that all terms in equation (C.3-12b) have zero scalars, we can now finally set
the constant a to zero. Now we can solve for the symmetric part of the force-stress tensor
and the deviator of the couple-stress tensor from equations (C.3-12a) and (C.3-12b),
giving:
(i J)

J* JM*

(C.3-13a)

and

,- at/

(C.3-13b)

Equations (C.3-13a) and (C.3-13b) are one form of Toupin's constitutive equations.
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C.4: Linearization
We will now linearize the equations previously developed. This linearized set will
form the basis from which all future development will stem. We shall begin by assuming
the specific energy can be expressed in terms of a Taylor's series in powers of E and K
and also allowing the undeformed state to be one of zero stress and density with subscript
O:
QRKST+

bQRSTEQRKST + cQRSTEQREST+ - ,

(C.4-1)

where a, b and c are constant material tetradics and the higher-order terms are understood
to have higher-order polyadics for coefficients. The linear terms are zero from our zerostress assumption above. We will define the material displacement as:
u=x-X,

(C.4-2)

which we will constrain to have a small material gradient in the following sense:

This implies that the material gradients and spatial gradients can be taken as
approximately equal and the density remains approximately constant. The distinction
between material and spatial frame can then be ignored. In this regime we can use the
following approximation for the material strain dyadic:
(C.4-3a)

which in turn gives the approximation for:
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= I e;/m UnJ1 = Kj.

(C4-3b)

Substitution of approximations in equation (C4-3a) and (C.4-3b) into equation (C.4-1)
yields:
q
O
y fast
y +bq e qr A*st
Y +—
e qr e St + ••• '
KOnU=W=o a* ri*qr
o c

(C
4-4)r/
\\^.T^

which can be used with the general constitutive equations (C.3-13a) and (C.3-13b) to
give:
{ij)= _aw
5

XiJ

(C.4-5a)

and

.«« aw

, aw

ni

which, upon the further assumption that u,'"J js negligible, can be written as:

^ ^ aw;

(c.4-5b)

By ignoring all terms of higher order, we can write the following set of linearized
equations:

,,rJU+ic^'e^e,,,

= cijst ES( + bijst X,r

and

(C.4-6a)

(C.4-6b)
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(C4.6c)

Equations (C.4-6a),(C.4-6b) and (C.4-6c) are the general linearized constitutive
equations. If one considers all the symmetries imposed on the material tetradics we will
find that a has 36 independent components, b has 48 and c has the usual 21 independent
components. If we now restrict the material to be centrosymmetric-isotropic we wind up
with the following much simpler system of equations:

nei^,

(C.4-7a)

(C-A-Tb)

and
/••\

m{IJ] = —— = 4T1 x'7 + 4TiV,

(C.4-7c)

^

where X and |i are the familiar Lame constants while U1 and T]' are new constants due to
the introduction of couple-stresses. If we now substitute equations (C.4-3a) and (C.4-3b)
into equations (C.4-7b) and (C.4-7c) we arrive at:
(C.4-8a)

and

m{ij] = 4r| e;/m umjl + 4^eflm umjl.

(

Now we can substitute equations (C.4-3a),(C4-3b),(C.4-8a) and (C.4-8b) into the
equation of motion (C.2-13) which takes on the form:

j+n e^ 4, u1:^+P/+1 e^ ^P = P «'

(c.4-9)

Easley 207

This equation will.be the starting point for further analysis.

C.5: Wave motion
The equation of motion (C.4-9) in the absence of body forces and body couples
has the form:

(C.5-D
We now proceed in the usual manner by taking divergence and curl of the equation of
motion (C.5-1), resulting in:
c? 9 = 9,

(C.5-2)

c

(C.5-3)

and
\ Vjj' c\ t2 V1 = V' »

where

TI
(A+ 40
M
i2 = — , C21 = ——-—— and C22 = -.

As can be seen, the dilatational wave given by equation (C.5-2) is identical to the couple stress-free case, while the rotational case is quite different. If i = O, we would recover the

usual rotational-wave equation. To examine the effects of this extra term on wave
propagation, consider a plane rotational wave of the form:

\jf' = dl A exp[/ k (H1 xi - c i)} = dl A exp[/(Jt,- yf - co r)] ,

(C.5-4)
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where
dl = unit vector,

A = scalar amplitude,

k s wave number,
n, = unit wave normal,

c = phase velocity,
and

CO = angular frequency.

Substitution of (C.5-4) into (C.5-3) results in the following two equations:
co2 = ck

2

2
( 1 - 2) and c2 = c,
( 1 - 2) ;

(C.5-5)

which we can use to solve for k , giving us two roots, which we will denote as:

1 + 41

2

eo2

-1

(C.5-6a)

and

1 + 41

2

co2

(C.5-6b)

Since i is real we can see that kl is real while k2 is purely imaginary. This means there
are two rotational plane waves one propagating and the other nonpropagating, and both
are dispersive. The propagating wave will have a group velocity given as
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dco

\+2i2k2}

.

(C.5-7)

Formula (C.5-7) shows the group velocity as a monotonically increasing function of i
The preceding discussion has shown us some of the similarities and differences of a
Cosserat continuum, as compared with an ordinary elastic continuum. Regardless of

whether or not couples have a strong effect in real systems, we should be aware of the
possibility of differences in observations and mindful of the models which we may
employ to explain these differences.
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D: Method of Steepest Descent

D.1: Introduction
The method discussed here is used to obtain an approximate solution to definite
integrals of the form:

I=

dz

(D.l-1)

where t is assumed to be real, positive and large and/(z) is an analytic function. To find
this approximation we need an intermediate result which gives the asymptotic expansion
of the integral:

J=

e-'zzmf(z)dz

(D.l-2a)

such that the conditions of the corresponding variables and functions are met, that J(z) is
not zero at z=0, and that Z is not a function of t. The asymptotic expansion of the integral
J is given by one form of a lemma due to G. N. Watson. The actual integral we are
interested in does not have the form of equation (D.l-2a) but rather that of the special
case

/2 ,2

K=
-A

f(z)dz.

(D.l-2b)
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Generally I will be following the development of Watson's lemma from Jefferys
and Jeffreys (1980, p. 501-502) and the approximate solution of equation (D. 1-1) from
Bath (1968, p. 51-54), but I will borrow freely from other sources as well as adding my
own two bits. The method of obtaining an approximate solution to (D.l-1) is known as
the method of steepest descent or saddle-point method.

D.2: Watson's lemma
D.2.a: Case 1 (Equation (D.l-2a))
Since we have assumed Kz) to be analytic on the integration path we can, within
the circle of convergence, expand KZ) m aTaylor's series (Churchill, Brown and Verhey,
1976, p. 145-147) as:
/(Z) = 2, O1Z*+ Rn(Z)

/no« i

where

(D.2.a-2)

(S-Z)S'

is the remainder and C is a closed path around the area of convergence. Since/(5-) in
equation (D.2.a-2) is analytic on and within C, it must be bounded within this region. Let
the upper bound to its modulus be m. Then

(s-z)s

nds,

(D.2.a-3)

will also be bounded. To see this, let | z | = r and s \ - rc, where rc is the radius of the
circle of convergence, then:
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This allows us to transform equation (D.2.a-3) into the inequality:
*„<*)
Z"

1

~2n C f (S-Z)S"

ds

<

w

"271

N

J5

C ; (s-z}sn
C

C

so that
m
27i(r c -r)r£ C ) ds
C

Now that an upper bound, U, of

m r,

(D.2.H-4)

has been shown to exist in equation (D.2.a-4),

we can use this information to rewrite the remainder as:
(D.2.a-5)

where the new scalars are defined by : O < © < 1,

et/ =\Rn(z)\,

(D.2.a-6a)

and
(D.2.a-6b)

This means that

/? ^7^

n

n

approaches a finite limit as z approaches zero. We will put

equation (D.2.a-5) into a more concise form
(D.2.a-7)
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such that M = QU and 6 = e^. Now we proceed to break up integral (D. 1 -2a) into two
parts by identifying a point where z = A within the circle of convergence C and
expressing the integral as:

e-tzzmf(z)dz,

(D.2.a-8a)

where I have defined:

(D.2.a-8b)

and

(D.2.a-8c)

/B =

Using the Taylor expansion (D.2.a-l) and the expression given by equation (D.2.a-7) the
first of the two integrals in equation (D.2.a-8b) can be expressed as:

e-tzzmf(z)dz

M

Y
A

~l z zm dZJ dz

zndz

(D.2.a-9)

This was accomplished by substitution of equation (D.2.a-7) into equation (D.2.a-l) and
subsequently into the first integral of equation (D.2.a-8). It is important to note that the
integration is over a real line segment (0,A), therefore 6 = el$ is equal to 1, and the factor

Easley 214
0M can be treated as constant and taken outside the integration. This means that both

integrals in equation (D.2.a-9) are of the form:
CA

e~tzzp dz.

J =

(D.2.a-10)

This equation can be solved by the repeated application of integration by parts. The result
is:
p

(D.2.a-lla)

or

_ p}-

-tA\

(D.2.a-llb)

where O(.) means of the order of the argument. Equation (D.2.a-l Ib) allows equation
(D.2.a-9) to be written in the form:
n-\

./)!
f(m

+ j+ 1)

Now we turn our attention to the second integral in equation (D.2.a-8) given by:

e-tzzmf(z)dz.

(D.2.a-13)

In order to examine the behavior of IB , we need Abel's theorem for integrals, which
states:
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if v(jc) is a non-negative and non-increasing function in the interval, a<z<b and we can
find numbers H and H such that:

(D.2.a-14)

f(z)dz

then

h\v(a)\<

(D.2.a-15)

v(z} dz <H\v(a)\.

A proof of this theorem can be found in Box D.2.a-1.

Box D.2.a-l: Proof of Abel's theorem for integrals.
Integration by parts allows us to write the integral in equation (D.2.a-15) as:

v(z) dz =

F(Z) dv(z),

(D.2.a-16a)
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where F(Z) is self-defined in equation (D.2.a-16a). Since by its definition F(a) = O we
have:
rb

f (x) v(x) dx = F(b)v(b)-

F(X) dv(x).

(D.2.a-16b)

Substitution of the bounds given in equation (D.2.a-14) into equation (D.2.a-16b)
results in:

v(b)~

dv(z)

f (z) v(z) dz <H

which simplifies to equation (D.2.a-15), completing our proof.

If we assume the integral

e-t z zm

^2) £z exists for some t - a and ^ € (A,Z), then an

upper bound N for the integral must exist giving:
e-azzmf(z)dz

(D.2.a-17)

Therefore, if we make the following associations:
(D.2.a-18a)
JA

(D.2.a-18b)

Easley 217
then using Abel's lemma, as indicated in equations (D.2.a-14) and (D.2.a-15), we can cast
the integral (D.2.a-13) in the form of an inequality:

e-'zzmf(z)dz

(D.2.a-19a)

or

(D.2.a-19b)

Combining the results from equation (D.2.a-19b) and equation (D.2.a-12) back into
equation (D.2.a-8) we arrive at the result:
(m + n)\

/-

.(m + n+ 1)

(D.2.a-20)

If we multiply equation (D.2.a-20) by tm +n, the right hand side tends to zero as t -» °°.
Thus by Poincare's definition of an asymptotic expansion (Jeffreys and Jeffreys, 1980, p.
499) we have the asymptotic expansion of the integral / or:

(D.2.a-21)

/=

which is one form of Watson's lemma. This is not the exact form we are after. The related
integral given by equation (D.l-2b) is the one which will allow us to find an approximate
solution for equation (D. 1 -1).
D.2.b: Case 2 (Equation (D.l-2b))

The integral given by equation (D. 1 -2b) and reproduced here as

,-1/2/ 2 Z 2

K=
-A
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is the actual form that we will be using. Therefore it is worthwhile to see how its
asymptotic expansion is derived. The development here is similar in many ways to the
development in the previous section. I will refer back to the previous section for reference
but will reproduce similar results so as to minimize flipping back and forth between
sections, not all steps, however, will be reproduced. Since A and B are positive numbers
we can recast equation (D.2.b-l) in the form:
rfl
,-U2t2z2

KK
~

f(z)dz.

(D.2.b-2)

We still assume that /(z) is analytic on the path of integration and therefore, within the
circle of convergence, it's Taylor series exists (refer to equation (D.2.a-l) and (D.2.a-2)).
The Taylor series and remainder of f(z) will have the form:
n- 1

/U)= Z0 Ci1,j + Rn(Z)

(D.2.b-3a)

where the remainder is defined by:

(s - z) sn

(D.2.b-3b)

ds

Now, let the point a be such that it is within the circle of convergence of the expansion
given by equation (D.2.b-3a) and rewrite equation (D.2.b-2) as:
•a

K=

,-l/2/ 2 z 2 f(z)dz

(D.2.D-4)

KA + KB .
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We will now deal with the three separate integrals Ka, KA and K8 defined in equation
(D.2.b-4). Integrals KA and KB are very similar and will be dealt with together. For the
integral Ka ,we begin by using the Taylor expansion given by equation (D.2.b-3a) to
express
,2/
"2'Z

(D.2.D-5)

where, without loss of generality, I have assumed n to be even. Substitution of equation
(D.2.b-5) into integral K0, in equation (D.2.b-4) gives

Ka =

(D.2.b-6)

We can substitute equation (D.2.a-7) into the second integral, Ra, in equation (D.2.b-6) to
get:

8Mzne~mt

z

dz.

(D.2.b-7)

By using the substitution £ = z we can transform equation (D.2.b-7) into

«~ 2

(D.2.b-8)

By using the method of integration by parts, similar to the derivation of equation (D.2Ua), Ra above can be reduced to the form:
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2/2a2 ^2

:n [n-M -D]
I2J

7=1

6 M Il L[n - (2*-!)]
k=\

2t

n

rS

1/2

(D.2.b-9a)
2

e-mt
p

L

««*?.

where the assumption of n being even still holds and we have made the definition
(D.2.b-9b)

Now we will deal with the last integral in equation (D.2.b-9a). As a first step we will
make the reverse substitution z - /^ so that

7=

=2

=2

(D.2.b-10)

= 2[/0-/J

The first integral, /0, defined in the last line of equation (D.2.b-10), has the solution:

The second integral /a, defined in the last line of equation (D.2.b-10), will be dealt with
using Abel's lemma. Prior to applying Abel's lemma we have to show that 2/a is
bounded. The bound is simply found: since the integrand is a positive real function on the
interval [0,°°), we can write:
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2Ir

2/o |,

(D.2.b-12a)

and we have the solution given by:
/ |<v57L = //

(D.2.b-12b)

which provides us with the bound which we need. Now we can apply Abel's lemma and
write:
(D.2.D-13)

|2/ a l^

If we now substitute equations (D.2.b-l 1) and (D.2.b-12b) into equation (D.2.b-10) which
we in turn substitute into equation (D.2.b-9a), we get the result:

R =
-

(D.2.b-14a)

A

where I have grouped all terms of the order e~ ((x * ) 12, and where:

0M
(D.2.b-14b)

Now we will deal with the second integral Ja in equation (D.2.b-6), reproduced
here as
(D.2.b-15a)

where
2

Z2ie-l/2t

(D.2.b-15b)

Easley 222

We again apply the substitution £ = z2 to equation (D.2.b-15b), followed by integration
by parts, to get
/-2/+1)

- i '2

- <'2«2) ' 2) .

(D.2.b- 1 6)

The integral in equation (D.2.b-16) can be dealt with in the same manner as that which
we went through to get equation (D.2.b-13). This would transform equation (D.2.b-16)
into the form:

0(e- <' 2 « 2 >' 2 ).

2t Ii + 1

(D.2.b-17)

Substitution of equation (D.2.b-17) into equation (D.2.b-15a) gives
£1 (21-21+1)
Jn =

2t'

(D.2.b-18)

Finally we need to deal with the last two integrals KA and K8 defined in equation (D.2.b-

4). These integrals can be dealt with in the same manner used to obtain equation (D.2.a19b). From this procedure, which is again a simple application of Abel's lemma, we find
(D.2.b-19a)

and

KB = 0(e- ^«

(D.2.b-19b)

Now we can collect all the terms comprising the integral K, that is,
(D.2.b-20)
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as defined in equations (D.2.D-4) and (D.2.b-6). The individual terms have been defined
in equations (D.2.b-19a), (D.2.b-19b), (D.2.b-18) and (D.2.b-14a). Collecting these terms
and rearranging yields:
nil

tl
= (2/-2/+1)
a-,; fin / 1 2i+\
2t

M

(D.2.D-21)

By direct examination of equation (D.2.D-21) we can see that the right-hand side, when
multiplied by f n , tends to zero as / tends to infinity; therefore, by Poincare's definition of
an asymptotic expansion, we have shown the asymptotic expansion of the integral K to
be:

2,

2t 21+I

(D.2.D-22)

which seems to differ from the classical formula by a factor of one half. I have not been
able to track the discrepancy so far. The following development will proceed with the
classical formula (Jeffreys and Jeffreys, 1980, p. 503). We now go on to see how this
expansion is used in the method of steepest descent or saddle-point method.

D.3: Steepest-descent or saddle-point method
Watson's lemma will be used to find an approximate solution of:

/=

(D.3-1)

which is just equation (D. 1-1). The technique is alternately known as the method of
steepest descent or saddle-point method, which according to Jeffreys and Jeffreys (1980,
p. 503) is due to Debye.
We can always write:
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f(z) = Cp(Xy) + /V(ACJ) ,

(D.3-2)

separating its real and imaginary parts, where the complex variable z is related to real
variables x and y in the following manner:
z = x + iy.

(D.3-3)

Since J(z) is assumed to be analytic, its real and imaginary parts obey the CauchyRiemann relations
3(p
dx

3\i/
dy

-^T = ^T,

(D.3-4a)

and
dcp

d\i/

If we now take the appropriate partial derivatives of equations (D.3-4a) and (D.3-4b) we
find the relations
d2(p

d2(p

r)2\i/

32\j/

and

K^-T = O.

(D.3-5b)

Therefore, the real and imaginary parts of/ obey Laplace's equation, which in turn means
that, where/ is analytic, 9 and \|/ cannot have either minima or maxima. This also means
that, at points where dq> = O, (p will there exhibit the behavior of local saddle points. This
situation is graphically demonstrated in figure (D.3-1). These points are crucial in the
following development.
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Path where Vis constant

Fig. D.3-1. Surface of <p(x,y) around a saddle point where dq> = O.
If we examine the integrand in equation (D.3-1) we will notice it can be written as:
X(Z) ^) = X(Z)*' 9 *'""",

(D.3-6)

which will be large when (p is algebraically large. This means, if we choose a path of
integration which passes through points where (p is large and then quickly drops off away
from these points, an approximation can be made by summing the contributions from
these points only. This is basically the procedure we will develop here.
The points we seek are exactly the previously mentioned saddle points, one of
which is pictorially represented in figure (D.3-1). Since we can not have local minima or
maxima on tp(*,;y), the only choice left is to use saddle points, which suits our purpose
just fine. A saddle point, say at point ZQ = XQ +i >0» corresponds to a local flat spot on the
(p(j:,y) surface, which means

dx +

Since dx and dy are arbitrary differentials, equation (D.3-7) can be true only if

(D.3-7)
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= 0 and

= 0.

(D.3-8)

Now that we have characterized the behavior of <p(.x,>>) at a saddle point
ZQ = XQ + i ;y0, we shall proceed to find the associated local path of steepest descent away

from this point. This, as discussed previously, is the second step towards our approximate
solution of integral equation (D.3-1). From elementary calculus (Kaplan, 1973, p 204205), we know that the gradient of a function points in the direction of the function's
steepest ascent; therefore, the negative of the gradient must point in the direction of
steepest descent. This is exactly the direction in which we want to place our path away
from the saddle point. There is one problem: since we have just determined that
- V(p(jc0,;y0) = O fr°m equation (D.3-8) we cannot directly determine the path from the
gradient. However, even though the magnitude of the gradient vector is zero at the saddle
point its direction is a well defined quantity at all points where f(z) is analytic. This
direction can be represented by an angle 0 with respect to the x axis as shown in figure
(D.3-2) and relationally represented by:
dcp

3\j/

dx

dy

t a n e dy

==

where we have used the Cauchy-Riemann relations to get the last equality. This ratio is
well defined even at the saddle point. This means that on the path, not necessarily at the
d\i/

9\i/

saddle point, we will have the condition - -^- dx = -^- dy or
dx
dy
dx

oy

Equation (D.3-10) means that \|/ must be constant along this path.

(D.3-10)
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dy

_ dy _ 99

Fig. D.3-2. Direction of the path of steepest descent.
To examine the behavior of the surface (p around the saddle point Z0 more
rigorously, we can expand (p(;t,;y) as a Taylor series around Z0. This results in:
acp

d(p

x-

^Ky-J0) +
d2<p

+2

(D.3-11)

aV (y-

Letting
A=

, B=

, c=

, X = (X-JQ), y = Cv-

(D.3-12a)

and noting at the saddle point that
= 0,

(D.3-12b)

then equation (D.3-11) can locally be cast in the form
2

(D.3-13)
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Note, the term locally means that X and Y are small enough that all terms higher than
quadratic are assumed to be negligible. We can write equation (D.3-13) in matrix form
(D.3-14)

where
=2

x4 x
*W

T

and X is the transpose of X. Since (Ji is a symmetric matrix we can diagonalize it

(Kolman, 1970, p. 154). The first step is to form the characteristic polynomial
i
-A,

(D.3-15)

Equation (D.3-15), being a quadratic equation, has the following solutions for the
eigenvalues:

X1 =

W(A + 0'-4(AC-J')

(D.3.16a)

and
(D 3.,6b)

We can now express $ as
(D.3-17)

where
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O X

and 6 is the associated orthogonal matrix which is composed of the eigenvectors of the
eigenvalues in D. We can now express equation (D.3-14) as
= [OX]1D[OX] = ^ D 5,

(D.3-18a)

where £; = OX = | - | are the new transformed coordinate variables. In algebraic notation

(D.3-18b)
There are three general cases that represent the surface described by equation (D.3-18b)
and they all depend on the factor AC - B2 in equations (D.3-16a) and (D.3-16b).

(Case I.) If AC - B2 = O, then at least one of X1 or X2 is zero,
giving rise to equations of the form O = X1 £2 or O = X2 Tj2 .
These are parabolic equations (see figure D.3-3a).

Fig. D.3-3a. A paraboloid.

(Case II.) If AC - B2 >0, then both eigenvalues X1 and X2 will be positive,
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giving rise to equations of the form O = | X 1 1 £2 +1X 2 1 T^
This is the equation of an ellipsoid (see figure D.3-3b).

Fig. D.3-3b. An ellipsoid.
(Case IU.) If AC -£2<0, then the eigenvalues X1 and X2 will be of opposite sign,
giving rise to equations of the form O = | X 2 1 T\2 - \ X 1 1 ^ 2 .
This is the equation of a saddle (see figure D.3~3c).

Fig. D.3-3. A saddle.
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If we examine the Cauchy-Riemann relations, equation (D.3-4a) and (D.3-4b), we will
find that
^

n

n

AC-B = -Hr^Hr - 3-3- = - 5-ir +d*d;yj
3-5- < ° ;

(D.3- 1 9)
'

therefore, we will always satisfy the conditions in case III. This means, we will always
have a saddle, as stated previously.
Yet another way to visualize what happens around the saddle point is to look at
the curvature along the path of steepest descent and then compare it to the curvature at
right angles to this path. I am using the word curvature in the same sense as Bath (1968,
p. 52), I believe the quantity, d2(p, would be more correctly called concavity since
curvature is a well defined geometric term different from the current usage, but to
maintain consistency with Bath we will keep the same terminology. Along any fixed
dy
direction, where tan 9 = -T- is constant, the curvature is
2

B [3(p
3x[3x

3<p
3y

1
J

d
By

*>

—

-\
i*^v
T ^Hr
-.
d2x + 2 3-^dx i*y
dy +
dy.
dx
oxdy
dy
-.

2^

i* ^v T ^ -v

(D.3-20)

The direction perpendicular to the path will be typified by the condition:

tanfe + ?) = cot 6 = - ^,
V
L)
ay

(D.3-21)

and will have curvature

If we now add the curvatures in the two perpendicular directions, as given by equations
(D.3-22) and (D.3-20), the result will be:
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T x

d2y) = O .

(D.3-23)

The last equality in equation (D.3-23) is a direct consequence of the Cauchy-Reimann
equations as given by equation (D.3-5a). Equation (D.3-23) shows that the curvatures in
the two orthogonal directions are of the same magnitude but of opposite sign; this is just
the condition that is satisfied at a saddle point. Now that we have seen the geometric
behavior around a saddle point, we can proceed to the next stage of finding an
approximate solution of equation (D. 1 - 1 ).

The next stage begins by expanding the analytic function J(z) as a Taylor's series
around the saddle point Z0, where we have shown, with equations (D.3-7) and (D. 3- 10),
if
that -T- = O. Therefore, the Taylor's series of/(z) will have the form:

/U) = /U0) +

(z - ^0)

T + ' ' '•

(D.3-24)

We will now define a new variable

—f
+ ••• ,

(D.3-25a)

which has the approximation
I\j2f}

(D.3-25b)

when z is close to the saddle point Z0. Using the new variable £ we can rewrite equation
(D.3-24) as:
/(Z) -/Uo) = -

2

-

(°-3-26)

Since from equation (D.3-10) we know that \|/ is constant along the path of steepest
descent, and that 9 reaches a maximum along the path at the saddle point, we then, from
equation (D.3-2), can say that
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(D.3-27)

must be real and negative along this path, which also means that (z - ZQ):

is real

and negative along the path. We can then use our new variable, as defined in equation
(D.3-25a), to recast equation (D. 1-1) in the form:

T __

rB
-O/2)'C2

(D.3-28)

This formula is in exactly the same form as equation (D.2.b-l); therefore, we can use
Watson's lemma to get an approximation. Before we proceed, we will cast some of the
variables in a more useful form. Using polar notation, we can write:
- —
_ rf aid
Z- — ZQ
C
,

(Tl
1 9Qa^
\\-J.j-L:}A.)

where r is the distance between the points z and Z0 and a is the angle subtended by the
line segment between z and ZQ and the real axis on the complex plane; this is also the
direction subtended by the cord between the saddle point and a point on the path of
steepest descent and the *-axis. Part of the geometry can be seen in figure (D.3-1). It is
also equal to the angle 6, as defined in equation (D.3-9) and shown graphically in figure
(D.3-2), at the saddle point. The approximation given by equation (D.3-25b) allows us to
write our new variable as
,/2cc

(D.3-29b)
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where we have used the fact that (z -

is real and negative along the path, as

discussed previously, to arrive at the last equality. Furthermore, since | e1a| = 1, then
(D.3-29c)

dz2\ Z
1

0

and

(D.3-29d)

~dz

The positive sign will be used in the formulas above to determine the direction that the
path will take. There are two directions the path could take given by values of a differing
by n. Now, we will use Watson's lemma, as given by equation (D.2.a-21), to get the final
form of our approximation. We will only use the first term of the asymptotic expansion.
The correspondence, or mapping, of terms is:
,ICt

IL

(D.3-30a)

and

(D.3-30b)
With the substitutions given by relations (D.3-30a) and (D.3-30b), the approximate
solution from the saddle point method as shown in equation (D.2.b-22) will be:

I-

(D.3-31)

2

d /}

7?\

Zo
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This is the approximate solution we have been looking for. It should be noted again that
the equation (D.2.b-22) differs from the classical formula, as given by Jeffreys and
Jeffreys (1980, p. 503, equation 13), by a factor of one half.
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E: The Cauchy Tetrahedron Argument
The result of the following reasoning is to show that if an arbitrary function <P is
dependent only on the position xl of the surface S' on which it is defined and the normal
to that surface n , then this function can be recast in terms of an inner product between a
tensor defined from cp and the unit normal. The function could also be dependent on time.

Note that this will not hold in many instances, such as when 9 is dependent on the
curvature of the surface as well. The quantity of concern is not the value of <P, but rather
it is the differential 9 ds, which can be approximated by the average value of (p in a small
area AS multiplied by the area; we will write this as (p AS
We shall now construct a tetrahedron by first introducing locally an orthogonal
right-handed system, x with origin O, such that the area AS consists of the region
defined by the plane normal to n and the intersection of this plane with the orthogonal
axis. The points of intersection are labeled A'. The altitude from the origin O to the point
P is of length h. Each of the surfaces bounded on two sides by the axises and the third by
the plane normal n are labeled as As', where the superscript / determines the axis to which
the plane surface is perpendicular. This is shown in figure E-1.

Fig. E-I. Cauchy's elemental tetrahedron.

The components of n in this local coordinate system are just the direction cosines given
by:

Easley 237
U1- = COS(ZA1OP)

(E-I)

The altitude h is given by:
/i = 0A('\,

(E-2

(no summation implied, as indicated by parenthesis)
The volume of the tetrahedron can be written as:
1 . .
1
AV = - h As = ^ OA(i)w As'.
'

(E-3

Substitution of equation (E-2) into (E-3) and simplifying results in:
As' = H, As.

(E-4)

We can approximate

V = () cp dS,

(E-Sa)

.5

the integral of (p around the close surface of the tetrahedron, by the sum of average values

it takes at each plane face multiplied by the area of the face (note, the direction of the unit
normal is crucial and determines the sign of the sum). This can be written as:
\\f = <p(n) As - (p(x ) As1 - q>(x ) As2 - (p(x ) As3 ,

(E-Sb)

where x is a unit vector in the direcion of coordinate axis xl and we can assume this
average is placed at the centroid of its corresponding face. This sum becomes exact as the
volume goes to zero. Substitution of equation (E-4) into equation (E-Sb) results in:

\\f ~ [(p(n) - (p(x ) /i, - (p(x ) W 2 - cp(x ) /I3J As.

(E-6
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In many instance we can show that the integral \}/ is also dependent on the volume
enclosed by the surface. A particular case is if \j/ is proportional to the volume AV, or
(E-7)

where C is the constant of proportionality. One way to see this is to use the divergence
theorem and write:

Ocp^S =

Vcp dV

5

Then it is not difficult to see that if Vcp is well behaved, then there should exist a constant
that will make equation (E-7) true. This is always true where tractions and couples per
unit area are concerned. Combining equations (E-6) and (E-7) then substituting in
equation (E-3) yields:
cp(n) - cp(x ) H J - cp(x )n2- cp(x )rc 3 As = CAV= C—/i As,
3

upon division by As we get:
^

^ ^i

cp(n) - (p(x ) /J 1 -

_

- cp(x

«C- h

(E-8)

In the limit as h approaches zero the formula becomes exact and the left-hand side goes to
zero, which results in:
(p(n) = (p(x

(E-9)

If we now define 9' = (p(x ) then we can rewrite equation (E-9) as:
(p(n) = (p'«,-,

which is our desired conclusion.

(E-IO)
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