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Abstract

Four distinct topics are covered in this dissertation. These topics can be grouped
under the general heading of multicomponent seismology.

The first topic, deals with the generation of shear waves using vertical vibrators.
Two methods were used to investigate this experimentally proven phenomenon. The first
involves assuming the surface sources at some point can be modeled as vibrators with
displacements in counterphase. The resulting far-field radiation pattern is then calculated.
This shows the potential for strong vertically incident shear waves. The second method is
based on simple mechanical models for vibrators that are allowed to interact over an
elastic half-space. The theory for this method is developed fully and ready for numerical

implementation.

The second topic deals with describing the composite earth as a generalized
continuum. The method of Backus averaging, for a stack of finely layered media, is
generalized to develop a new generalized continuum description. This development
extends the averaging method to non-zero frequencies. The possibility of plane waves
within this medium is investigated. This investigation show the plane waves in this type
of media have the kinematic properties of waves in an elastic medium, but dynamic

effects of absorption and dispersion are present.

The third topic, involves a statistical method for finding the preferred frame of
reference of an elastic tensor. The method is tested for the case of cubic symmetry and
the preferred frame was extracted from a cubic elastic tensor represented in an arbitrary
frame. Methods to extend the method to cases where the symmetry is unknown are
presented.

The last topic, is concerned with a novel method of generating P- and S-wave
synthetic seismograms using the state-space approach with coupled Goupillaud models.
The method is implemented and synthetic seismograms generated showing good
kinematic agreement to what is expected from the input model.
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0: Introduction

0.1: Historical review

Seismology, without need of much evidence, could probably be traced to the first

sentient being that felt the physical earth move under his/her feet. A more quantitative

approach can still be traced back to ancient China, during the Han dynasty (AD 132), a

rudimentary seismograph was constructed by Chang Heng (Encyclopaedia Britannica,

1981). But, it was not till the early 1800s that quantitative seismology, in which modemn

seismology has its roots, can actually be said to begin. The topic of exploration

multicomponent seismology, has its inception as recently as the 1940s. A good brief

overview of the history of multicomponent seismology can be obtained by examining
table 0.1-1, adapted from Tatham and McCormack (1991).

Table 0.1-1: Historical development of multicomponent seismology

Era Development

1800s Use of multicomponent recording, especially horizontal seismometers.
Earthquake Seismology

1940s Observation of S-wave arrivals in routine check-shot survey.
Horton (1943)

1950s Use of multicomponent geophones in observational studies of
fundamental seismic wave propagation. Jolly (1956), White, Heaps and
Lawrence. (1956), Press and Dobrin (1956).

1960s Use of horizontally polarized Vibroseis sources and geophones for S-

wave reflection observations. Cherry and Waters (1968), Erickson,
Miller and Waters (1968).
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1970s Use of improved horizontal Vibroseis sources and conventional
Vibroseis for P- and S-wave reflection studies over a large number of
known fields. Conoco Group Shoot (1977-1978).

1980s Observation of S-wave reflection in marine environments.

Tatham and Stoffa (1976), Tatham, Goolsbee, Massell and Nelson
(1983), Tatham and Goolsbee, (1984).

Nine component recording- multicomponent recording, anisotropy and
shear-wave splitting reported a improving shear-wave data quality and
mapping fractures. Alford (1986), Johnston (1986).

( After Tatham and McCormack, 1991 )

Multicomponent seismology has been a very rich source of research topics and
this thesis is comprised of a few topics under this heading.

0.2: Structure of thesis

This thesis examines several very different topics under the framework of
multicomponent seismology. I have attempted to make this thesis self-contained so there
is quite an extensive appendix section; the subject is so broad, however, I was only
partially successful in this endeavor. Even though much of the material in the appendices
is review, I have included original developments and analysis in appendix A. The
following is a chapter-by-chapter preface to the thesis.

0.2.1: Shear waves from vertical vibrators

It is rather fitting to start this thesis on multicomponent seismology by
considering seismic sources. Chapter 1 deals with the generation of shear-waves using
vertical vibrators. Experimental evidence of shear-waves generated by vertical vibrators
in counterphase was collected by Edelmann (1981). The theoretical explanation of this
near-vertically incident shear-wave was not readily available. Dankbaar (1983) and Tan
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(1985) analyzed the situation theoretically and found no evidence for vertically incident

shear-waves.

I have taken the works of Dankbaar (1983) and Tan (1985) and generalized them.
In this way, I am able to show the potential of shear-wave generation in the near-vertical

direction from interacting vibrators.

0.2.2: Composite media as generalized continua

After looking at sources, it is appropriate to look in more detail at the medium in
which we are placing our sources. Chapter 2 is concerned with composite materials and
how we may be able to better describe them by treating them as generalized continua.

Backus (1962) showed that a stack of finely layered isotropic or transversely
isotropic media can, in the case of long wavelengths, be approximated by a homogeneous
transversely isotropic media. I have generalized this method to indicate how we may
approximate the composite under conditions of shorter wavelengths. I have also
suggested other avenues to pursue this topic.

0.2.3: Elastic tensors and their preferred frames of reference

Elastic tensors, having many intrinsic symmetries, still posses 21 constants in an
arbitrary frame of reference, though they may not all be independent. Given an arbitrary
elastic tensor, it is difficult to determine what symmetries may exist for the elastic tensor.
Backus (1970) proposed a method to decompose an arbitrary elastic tensor into vector
bouquets; by examining the symmetries of these bouquets one can determine the
underlying symmetry. Baerheim (1993) proposed a more direct method to find the

underlying symmetry, but it is not applicable for all symmetries.

These existing methods are good methods with some drawbacks. The method of
Backus requires visual inspection while Baerheim's method is not universally applicable.
Both methods are analytic and depend on the eigenstructure of tensors related to the
elastic tensor, which may not be stable under small perturbations of the constants. I
Propose a statistical method that should be universal and, by its statistical nature, not
sensitive to small perturbations. The statistical method was tried on an elastic tensor with
cubic symmetry. The results from the trial confirmed the viability of the method.
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0.2.4: Goupillaud P- and S-wave synthetic seismograms

Mendel, Nahi and Chan (1979) showed how to use a state-space approach to
generate plane-wave synthetic seismograms within a Goupillaud model. Because of the
differing P- and S-wave velocities, their method was only applicable for a single wave
type. They did, however, have a complete elastic plane-wave modeling method that is not
based on the Goupillaud model that is both memory- and speed- intensive as compared to

one based on the Goupillaud model.

Because of the speed and memory benefits of the Goupillaud model, I devised a
method to generate synthetic seismograms for both P- and S-waves using two parallel
Goupillaud models. This method was implemented and found to be fast and memory -
efficient. Many additional enhancements that already exist for the state-space Goupillaud
model can directly applied to the dual Goupillaud model case.

0.2.4: Appendices

Appendix A deals with the wavefield of a vertically vibrating disk on an elastic
half-space (Miller and Pursey, 1953). This treatment of Miller and Pursey's (1953) work
is quite different from their paper. The treatment here is more general and there are a few
points of analysis that are quite different. The results of this appendix are central to the

developments in chapter 1.

Appendix B is a review, from a few different sources, of the theory of an elastic
continuum. The results are used throughout this thesis. Appendix C is meant to mirror
Appendix B, but for the special case of a Cosserat continuum. This type of continuum is
the prototype of generalized continua, which is the topic of chapter 2. Appendix D
develops the method of steepest descent and appendix E develops Cauchy's tetrahedron
argument; both of these are used in other appendices.
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1: Shear Waves from Vertical Vibrators

1.1: Introduction

1.1.a: Overview of experimental evidence

The possibility of generating shear waves in the near-vertical direction by using
vertical or P-wave vibrators was first considered by Edelmann (1981). He showed in his
(1981) paper that it was possible to collect in-line shear-wave data by using two in-line
vertical vibrators in counterphase (180° out of phase) as the source. Since the early
experiments by Edelmann other field experiments (Sun and Jones, 1993) and some very
preliminary physical modeling experiments at the University of Calgary also support this
observation. I have reproduced the figure in Edelmann's (1981) paper as figure 1.1.a-1,
which shows in-line particle motion due to in-line counterphase vertical vibrators.

P A
il ) :‘?{5 Ko e
T O o

I,
IR Bl ind ke A
e o w.«—m‘qa‘,%h
DRI it i oy A
e Yo
v Mot i#

-

. o X" vl o
.l.a-1. Shear wave shot records as recorded from two in-line

AR SIRSUSS i

i TR T
cseaitos il BT
, o1 g ol

I~ B,

vertical vibrators in counterphase.
(From Edelmann, 1981, Figure 8)

The acquisition geometry is shown in figure 1.1.b-1. The important feature is the
coherent energy on the inside traces, even at a time of over three seconds. This energy, I
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surmise, must come from a takeoff angle extremely close to the vertical. Edelmann's
paper does not give the exact shooting geometry, so an accurate estimate of the takeoff
angle is not available.

The support for the observed shear waves in the near vertical direction has not

had as much support theoretically as it has experimentally.

1.1.b: Overview of theoretical development

From my survey of the literature, a few authors have given the subject some
thought but have not come up with a satisfactory explanation of the observed
phenomenon. Edelmann (1981) conjectured that since a disk vibrating vertically on a free
surface produces strong shear waves around 37° from the vertical, as developed in -
appendix A as well as by Miller and Pursey (1953), then the two vibrators running in
counterphase would produce a strong uncompensated shear-wave between the two
vibrators. This situation, as represented by figure 1.1.b-1, is certainly true for a region 37°
between the two vibrators but this is necessarily a near-field phenomenon so does not
explain the deeper near-offset shear-wave energy which we observed in figure 1.1.a-1.

In-line | + |

shear-wave Vertical

geophone P-wave
Vibrator

In-line
Elast ic | | direction
Half - Space 370 ‘

< l > “p |

Maximum of shear-wave g eneration

Fig. 1.1.b-1. Horizontal displacement produced by two
vertical vibrators in counterphase.
(Adapted from Edelmann, 1981, Figure 6)

Dankbaar (1983) placed the ideas of Edelmann on good theoretical ground. I will
here give a brief summary of Dankbaar's contribution. He used the far-field displacement
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of what is essentially the response of a vertical point source on a free surface, as given by
equations (A.6-24a) and (A.6-24b) in appendix A or equations (116) and (117) in Miller
and Pursey's (1953) paper, and constructed the resultant wavefield that would be
observed if there were two of these sources separated by a small distance with forces
acting in opposite directions. To develop the previous discussion mathematically I will
begin by defining the point-source response. I will follow the convention of Aki and
Richards (1980) by calling this response

Gee(x, 1, €, 1), (1.1.b-1)

which is the elastodynamic Green's function, representing the ith component of
displacement at the point x and time t resulting from a point impulsive source in the 1-
direction (which is vertically downwards in the present discussion) located on the free
surface at point & and detonated at time T . Dankbaar then used a Taylor-series to get the
response of a source displaced from & in the direction of unit vector A for a distance D as

follows:

free( &) ] +—[82 free(x &) J ; D

oF/ 2| et

Gi®e(x; & + DA) = G*(x; ) + [

(1.1.b-2)

where n = 1 and Einstein summation notation is in effect for repeated indices. By taking
the appropriate derivatives of equation (1.1.b-1) and using displacements of D and —D in
conjunction with equation (1.1.b-2) Dankbaar showed that the combined effect of these
two sources added together can be represented by:

free free frce( E)
n (X E+DA) — Gy (X; E—DA) =2 | ————
ot'
a3Gfree( &) (1.1.6-3)
—— = 2 ANAK D +
ot 'oE/9Ek

Equation (1.1.b-3) is just the response of the elastic half-space to a simple couple
(Symon, 1971, p. 231 ff), a couple or torque being a system of forces the sum of which is
zero. However, except as a trivial case, the system of forces will have a resultant nonzero
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torque. An example of a couple is a system consisting of two forces of equal magnitude
acting in opposite directions and not collinear; thus a torque is produced. It is interesting
to note that for rigid bodies any system of forces can be reduced to a single resultant force
plus a couple. Now back to the topic at hand. Since Dankbaar assumes D to be small, he
only uses the first term of the expansion given by equation (1.1.b-3). Actual analytic
expressions for equation (1.1.b-3) will be derived as an intermediate result in the
development in the next section, §1.2 [equations (1.2-31a), (1.2-31b) and (1.2-31c)], so
will be omitted here. With this description Dankbaar (1983) was able to show that at an
angle greater than five to ten degrees, shear-wave energy dominates over compressional-
wave energy. This can be seen on figure 1.1.b-2a which shows the radiation
characteristics of two vibrators in counterphase. Dankbaar (1983) was also able to show
the effect described by Edelmann (1981) as a near-field effect which can also be seen in
figure 1.1.b-2. '

(a)

®

Fig. 1.1.b-2. Radiation characteristics of two vibrators in counterphase.
(a) Far-field response. (b) Near-field response.
(From Dankbaar, 1983, Figure 5)

Dankbaar's development basically assumes that the two vibrators do not interact with
each other and that, as a matter of fact the two vibrators could have been run separately
and the result summed in the computer later to achieve the same result. This situation of



Easley 9

non-interacting vibrators is a rather unrealistic case, especially since the vibrators are
assumed to be close to each other.

Tan's (1985) approach is far more general. Tan assumed a simple mechanical
vibrator system, which was two-dimensional (2-D) thus representing a line source. A
series of these theoretical 2-D vibrators were then placed parallel to each other on a
frictionless free surface of an elastic half-space. Since the mechanics of both the
vibrators, which were coupled through the half-space, and the elastic half-space itself
were known, Tan was able to calculate numerically the resulting wavefield within the
half-space after the vibrators were set into a prescribed sequence of gyrations. The
radiation patterns calculated by Tan also failed to show the existence of normally incident
shear-waves. I believe one of the reasons Tan's (1985) radiation patterns fail to show
normally incident shear waves is due to the frictionless-surface assumption that was
made. In §1.3 I will develop the theory which relaxes two of the assumptions present in
Tan's paper, namely the 2-D assumption and the assumption of a frictionless free surface.
Since much of the details of this method will be elaborated on there, I will not go into

anymore detail here.

The review so far has not shown a theoretical framework that supports the
observed experimental data. In an attempt to bridge this gap, I have tried to generalize the
work of Dankbaar (1983) and Tan (1985). The preliminary results were published in the
CREWES Project research report (Easley, 1992a and 1993a). Those results and
extensions are the subjects of the next two sections. §1.2 concerns extension to
Dankbaar's ideas whereas §1.3 deals with Tan's work. Work can be done to flesh out the
material in section §1.3, in terms of numerical solutions, but lack of available time means
that this must wait for a future date. The theory developed, however, is, in my opinion,
complete.

1.2: Displacement in counterphase

The description of two vibrators in counterphase given by Dankbaar (1983) is one
which assumes that the two vibrators do not interact with each other and there is no self-
interaction of the vibrators. Under these severe restrictions it is not surprising that no
shear-wave energy was predicted to exist in the normal direction between the two
vibrators. One of the major features of Dankbaar's development is the assumption that the
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stress imparted to the elastic half-space is exactly the sum of stresses generated by the
vibrators individually. This assumption, of course, precluded any interaction of adjacent
vibrators. If we were to allow interactions among the vibrators, there could be situations
where counterphase stresses may not provide a good description. I made the assumption
(Easley, 1992a) that under certain circumstances the vibrators could be modeled as
displacements in counterphase. Under this assumption, and prompted by results from
earthquake seismology (Aki and Richards, 1980, p. 43-84), I was able to show that
normal-incidence shear-waves are a possibility from interacting vertical vibrators. To
begin we need a relationship between the displacements at the free surface and the
resultant displacement field in the elastic half-space. The representation theorem as given
by Aki and Richards (1981, p. 29) is exactly such a relationship; this theorem is

embodied in the following equation:

oo

u,x, 0=\ dt| £, 1) G % -1, € 0) dV(E) +

oo v

dt| T,E&, 1), n) G,,(x, +-1; €, 0) dS(E) +
o i (12-1)

dt| un(& 1) i) 0j G (X, -1; &, 0) dSE)

oo S

where u = displacement vector,

X = observation point vector,

€ = source point vector,

Gum(x,1-1;5,0) = nth component of the elastodynamic Green's
function with unit impulse applied at & and time T,

Gnk s = partial derivative of the Green's function with
respect to source coordinate &, ,

14 = volume of integration containing source
mechanisms,

S = closed orientable surface containing V,

unit outward normal of surface S,

fm = mth component of body force vector,
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T,,(u(&,7),n) = mth component of traction vector consistent with
displacement u on surface element with unit normal
n
and c,,,jkl(}f,) = elastic tensor at source location &.

Equation (1.2-1) describes the displacement due to the existence of sources within the
volume V and on the surface S. As I wish to investigate the dynamic properties of a
counterphase displacement source embedded on the free surface of an elastic half-space,
we will not need to consider the effects due to body forces within V, nor do we need to
consider any surface tractions upon S. With this in mind we can see that only the third
integral in equation (1.2-1) needs to be retained. The resulting integral becomes:

w,x, )= | dt| u,E& 1) cmjk,@) n; G (X, I-T; & 0)ds®). - (1.22)

. s

(@)

Fig. 1.2-1. (a) A volumetric potato representing the volume over which
sources are integrated to obtain the total displacement.

(b) A cut is introduced half way into the potato to create surfaces
", ande.

To follow the development of Aki and Richards we shall first consider a volume V
embedded within a homogeneous medium. This abstract volume is represented in figure
1.2-1a. We will augment the surface S as shown in figure 1.2-1b, which is the same

. . . . + -
volume with an indentation creating new surfaces £ and £ separated by €.
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We now embed the displacement discontinuity within the two newly created surfaces and
introduce a coordinate system as shown in figure 1.2-2.

X; +

3 X
Lo s
‘ |
: |
|
[
|
|
[
|

Point Displacement

£/2

—-X

Point Displacement

i

|

!

|

!

| |

| |

] |

] |
\d \4
z s+

Fig. 1.2-2. Graphical representation of point displacements embedded
in surfaces =" and 3.

The assumption of isotropy allows the elastic tensor to be expressed in the following

manner:

Cijit = A 8,0+ 1 (8,8, +8,5,), (1.2-3)
where Aandp = Lamé constants,
and Sij = Kronecker delta .

Substitution of equation (1.2-3) into equation (1.2-2) results in
U, )= | dt | Aupn;Guy+p(ugn Guy+uyn Guy)dS.  (1.2-4)

— o0 S
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+ -
On surface £, n; = §;1 and on surface X', n; = -§;; . All other surfaces of S have no
displacement sources so we will not need to consider the normal vectors there. With this

in mind equation (1.2-4) becomes

oo

u X, )=~ dt| Uy [Gpn+ Gipp|pdS +

-0 h g

(1.2-5)

+ dt U,, [Gmn,l + Gln,m] udS .

oo bl

Since the displacement sources have displacements only in the 3-direction, and assuming
the displacements are localized in time and space, we can represent them as:

J-{fe-3)

magnitude of the argument,

U 1) = 8,5 5(T) [6( lf, + gxl (1.2-6)

where

(1)

1]

Dirac delta function (distribution),

and X1

unit vector in the positive 1-direction.

Substitution of the relations above to equation (1.2-5) results in

u,(x,)=| dr} 1) 8( l E- §x1

-00 zt

)[Gsn,l + G ds+

(1.2-7)

o0

+| dt| &) [5(

oo by

£
E+3%

)} [G3n1 + Gia3|ndsS.

I'have not evaluated the Dirac delta functions in equation (1.2-7) so that the following
steps will hopefully be clearer. If € is allowed to approach zero then the surfaces =+ and
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¥ will approach a'single surface X which is located on the 2-3 plane in this instance.
This will transform equation (1.2-7) into:

o0

u,(x,)=2| dr| &) §|&|)[Gsp; + Gin3)ndS. (1.2-8)

oo T

Evaluation of equation (1.2-8) results in:

u,,(x, H=2 18 [G3n,1(x, L é, O) + Gln’3(x, z, &, O)] (§= 0 ) (1.2-9)

To see that equation (1.2-9) represents the response to the sum of two single couples, we
shall show that each term within the square brackets represents the wavefield of a single
couple. To do this we need only to write out the operational definition of the partial

derivatives within the square bracket as:

oG
G3n,1(X, t, é, O) = a§3n =
: (1.2-10a)
_ lim G358 - €8,,0) - G3,(x.58 - £5,,0) '
Te—>0 2¢ '
G3(X, 6§ —€6, 0) — G3,(x, 1, E—€E,, 0
The term (% &~ ek a3 55851, 0 , (1.2-10b)

2e

is just the response of a single couple as shown in figure (1.2-3a).The second term in

equation (1.2-10b) represents the response in the limit of a couple as shown in figure 1.2-
3b.
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s

Point Force

Fig 1.2-3a. Single couple corresponding in the limit as € — O to the response G3,, ;.

&

PointForce

>

Point Force

.gq

Fig. 1.2-3b. Single couple corresponding in the limit as € — O to the response Gy, 3.

The Green's function for a point force in an unbounded, homogeneous, isotropic and
elastic medium is known. The far-field displacement is given by Aki and Richards [1980,
p. 74, equations (4.24) and (4.25)]. The double-couple response in this situation is also
known (Aki and Richards, 1980, p. 81) and, since we will be deriving the double-couple
response for a source on the free surface of an elastic half-space, I will not derive these
equations here; however, even at this preliminary stage, we can see by the radiation
patterns for a double-couple source in an unbounded, homogeneous, isotropic and elastic
space (figure 1.2-4) that, as compared to the radiation of a single couple, here the shear-

wave radiation pattern contains a shear-wave lobe in the vertical direction.
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S-wave

P-wave

8=0" §=0°

Fig. 1.2-4. Radiation pattern for a double-couple source
in the plane containing both sources.
(adapted from Aki and Richards, 1980, p. 82-83, figure 4.5 and 4.6)

As I have already mentioned, the results so far have been for double-couple sources
within an unbounded space. The next step is to find the radiation pattern for a double-

couple source on a free surface.

The first things we need are the far-field responses of vertical and horizontal point
forces on a free surface. The responses we will be using are the far-field body wave
responses due to a disk of radius a and strength M. This, however, is not a problem since
as stated by Cherry (1962, p. 32), "If Ma? remains finite as a approaches zero, then a
point force is obtained at the origin of coordinates.". The response for a vertical force on
the free surface is derived in appendix A and given by equations (A.6-24a) and (A.6-24b)
which are equivalent to equations (116) and (117) in Miller and Pursey's paper (1953).
These formulas are reproduced here as:

s e-iR cos 8(m2-2sin%0)

R~ Z2F(-sm®) (1.2-11a)

uy =-

3 e=imR sin 20 y/m?sin%0 — 1 (1.2-11b)

Vo _;
UG =S M e F(—msin®)

and
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&
€<
]

o

(1.2-11c)

where

Fo®=(287-m?) —ag? 1 VE (12-11d)

is Rayleigh's function and I have placed all source-related terms and similar constants
under the constant S to simplify future developments. Note that I have removed the
superscript indicating Fourier transforms and replaced it with the letter V to indicate its
relationship to a vertical point force. The removal of the Fourier transform can be
justified by assuming an impulsive source which should not cause any problems, since
this will not affect the radiation patterns of concern to us. Now we need to consider a
horizontal point force.

The equivalent formulas for radiation patterns associated with a horizontal force
are derived in Cherry's [1962, p. 31, equations (29), (30) and (31)] paper. In order to have

a consistent notation, I will transcribe these equations here as

=g e“R sin 20 ¥ m?2 — sin%0

Fo(—sinB)

sin @, (1.2-12a)

e-imR cos ©(1-2sin%0) .

ufl=-§ o Fo(—msin®) sin @ (1.2-12b)
and

Hogenk 1.2-12

u(p—S oS (1.2-12¢)

where the superscript H is used to indicate the connection to a horizontal point force.
Before we continue we need to make a correspondence. The Green's function, G,,,,,
represents the displacement in the n-direction due to a point force in the m-direction.
Therefore, G5, is directly related to equations (1.2-11a), (1.2-11b) and (1.2-11c), whereas
G,,, is related to equations (1.2-12a), (1.2-12b) and (1.2-12c). I will use matrix notation to
simplify the equations. Let a bold symbol capped with ~ represent a matrix and a bold

symbol capped with » be a unit vector. Since we will be dealing with both spherical polar
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coordinates as well as rectangular Cartesian coordinates, as shown in figure 1.2-4, we
shall define the following column matrices

r %
F={6|and x=|9|. (1.2-13)
¢ Z

We will also place all the displacement components within a column matrix without
appending the superscript; this is to mean whatever relationship written in this fashion
will apply to both vertical, V, and horizontal, H, cases. With this in mind we shall write:
Ug
= ul. (1.2-14)

U

With the matrices defined in equation (1.2-13) and (1.2-14) we can now write the total
displacement vector u as the matrix product

T

u=aF = up b +ug0+u, @, (1.2-15)

where the superscript T means matrix transpose. The relationships between spherical and
rectangular Cartesian coordinates are well known and summarized in table 1.2-1. These
relationships can be easily derived from figure 1.2-4. More importantly, these
relationships allow us to relate derivatives from one coordinate system to the other.

Table 1.2-1: Relationships between spherical and rectangular Cartesian coordinates.

Rectangular to Spherical Spherical to Rectangular
x =R sin 6 cos @ (12-162) |R=NxX’+y*+7° (1.2-16d)
. . _ z
Yy=RsinOsin @ (1.2-16b) 0 = arccos (ﬁ) (1.2-16e)
_ _ Y
Z=Rcos O (1.2-16¢) ¢ = arctan (g) (1.2-16f)
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N N

X

Fig. 1.2-4. Relationship between spherical and rectangular Cartesian coordinates.

Since for couples, as in equation (1.2-9), we need to deal with quantities such as

u
Gspq = TS and G, 3= 5, Ve need to differentiate equation (1.2-15) giving:

vige, (1.2-17)

where & can be either x or z . From equation (1.2-17) we can see that we will need to
=T
know the analytic form of the term 72— To find this analytic form we will need the

relationship between 7 and £, which can be derived from figure 1.2-4, resulting in:

Fl=A%T, (1.2-18a)

where
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sinBcos @, sin@singp, cosH

A=|cosBcos @, cosOsing, -sin® | (1.2-18b)
—sin 6, cos 6, 0

Since A is an orthogonal matrix, which means A~ = AT, we can also state that

T_ AT (1.2-19)

"
"R

Therefore, differentiation of equation (1.2-18a) results in:

~T A T A
- (1.2-20a)
:a_AATfT .
a& ’

where I have used the fact that X is a row matrix of constant unit vectors to go from the
first equality to the second, while going from the second to the third just involves
substitution from equation (1.2-19). Now, if we use the coordinate system relationships in
table 1.2-1 and equation (1.2-18b), we can state explicitly

Q| @
m' ]

=%@T (1.2-20b)

Jij=1?

where i is the row counter, and j is the column counter, and the elements of the matrix are
tabulated in table 1.2-2.
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~

. JA
Table 1.2-2: Matrix elements for the matrix 5E for the cases where & = x and = z.
elem E=x E=z
ents
a, €0s“0 cos<@ + sin“0 —cos (pcos O sin O
a; — cos @ sin @ sin”® —cos 0 sin O sin @
aé —€0s ¢ sin 6 cos @ sin’0
2 . . .
aj [sin2@ — cos2@ sin®8] cot B cos @ sin’0
a% -[sin26 + 1]sin @ cos @ cot B sin @ sin”®
a; — cos ¢ cos20 cos 0 sin 6
a]3 cos 9 sin @ 0
sin ©
ag sin2(p 0
sin ©
3
a; 0 0

We will now define another matrix:

AT,

S

By =

where, from equations (1.2-20b) and (1.2-17b), we have for £ = x:

0, cos@cosB,  —sing@
ﬁx=% — cos ¢ cos 6, 0, __c_g_ss_ier%g ’
sin 0, &SS%%Q’ 0

and for & = z:

(12-21a)

(1.2-21b)
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~ 0, -singp, O
B.=%|sing, 0 0 (1.2-21c)
o 0 0

form:
a_“-[%g +aﬁ§] £, (12-22)

u
The only term in the equation above for which we do not have explicit formulas is FI

which can be derived from equations (1.2-11a), (1.2-11b), (1.2-11¢), (1.2-12a), (1.2-12b)
and (1.2-12c¢). The actual derivations of these formulas are rather cumbersome involving
many terms, so I used a symbolic manipulator to help me out. The product I used is

Theorist® on a Mac® IIsi computer. First I shall tabulate the results for the case where
£ =x and the force is in the z direction, which means from equation (1.2-14):

du_du [ouy duy ouy T 23
9F " 9F |9t 9%’ oF | (1.2-23)
such that the first term on the right-hand side is given by:
Jug _ SeiRa¥0.9)  SielRBp®.9) (1.2-242)
0x  R%*Fy(-sin®) RFy(-sin@)’ :
where
oV = ([sin26 — 2 m? cos26] G( sin 8 ) + 2 [6 sin?0 — m? — 4] sin ©) sin @
. 25in 1.2:24b
(m? — 2 sin%6) ’ (1. )
2

(2 5in%0 — m2) cos @ sin 20
Br= 5 : (1.2-24¢)
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_Po)
G(C)~F0

PN
[T o
~—
“

(1.2-24d)

and

2 2 3
e \Szcg _m\/;zl)c _+8L2C-m V1 V) 2200
-1 -m

the second term is given by:

dug _SimdeimRaY(®.9) SmdeimRBY(O6.p) -

% - RFy-msin6) | REo(-msin@) ’ (1.2-252)
where
oy = g(8) cos @ + f(0) sin @, (1.2-25b)
g(®)=sinOsin20 Vm2sin’6 -1, (1.2-25¢)
- i i 2 ¢in%@ — 2 gin2
7(6) = (4c0s20-2mG(msinB) cos 8 sin 229) (m2 sin%@ — 1) + m2 sin?26 ’ (1.2-254)
2 sin 6 ¥ m?2 sin“6 — 1
and
By = sin 0 sin 208/m2 — 1 cos @; (1.2-25¢e)
and the third and final term in this group is:
au(\;
—=0. (1.2-26)
ox

Second, I shall tabulate the results for the case where & = z and the force is in the x

direction, which means, from equation (1.2-14),
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ﬁ 3 ou" | ouf ouf duf i -
aE—.— a& = a& » ag s a& 3 (1 - 7)
such that the first term is given by:
oull iR yH(Q) < . iR RHQY o
R _Se'fog®)sing  Sie'™PBr(0)sin @ (1.2-282)

0z  2R2Fy(-sin@) 2RFy(-sin®) ’

where
o 2([6 m2—2]sin%0 +25in®20 — 4 m?)sin 6
OR (6) = )
Vm? —sin%0 (1.2-28b)
— G(~-sin 8) sin?26 ¥ m? — sin’0
and
H (sin?28 — 4 m? cos28) sin 6
r(©) = , (1.2-28¢)

Vm2 —sin%@

and G( £ ) has been defined in equation (1.2-24d). The second term has the form:

duf  Smte-imRoH(@)sing SimdeimRBHO) sin @

= . , 1.2-29
0z 4R?Fy(-msin@) 4RFy(-msinb) ¢ 2
where
okl(0) =4 (35in’26 — 1)~ m G(—msin 8 ) cos O sin 40, (1.2-29b)
and
BE(6) =4 m (sin?28 — cos26); (1.2-29¢)

and finally the third term,
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H . .
dup  SeimRcosBcosg Sime iR cos6cos @

3z 72 R (1.2-30)

We should notice that equations (1.2-24a), (1.2-25a), (1.2-26), (1.2-28a), (1.2-29a) and
(1.2-30) are all comprised of two parts, a far-field portion with the factor R in the
denominator and a near-field portion with the factor R in the denominator. Since our
derivations for displacements only consider the far field, we would be justified in
dropping all the near-field terms; but to be complete I have included both terms. We now
have all the terms in equation (1.2-22) defined explicitly and, since this equation
represents the displacement field due to the two couples of concern, we have the radiation
pattern for both the single-couple case, as considered by Dankbaar (1983), or, by
combining the other couple as required in equation (1.2-9), we have the radiation-from a
double couple on a free surface over an elastic half-space. To complete the picture, we
will write down the expressions for all the new types of sources we have considered,
namely, the vertical couple, horizontal couple and the double couple on the free surface
of an elastic half-space. The displacement equations of a single vertical couple on a free

surface of an elastic half-space are:

ouy
WyC = R —uy cos ¢ cos 6
ox R

ruy 222, (1.2-31a)

ouy '
uyC @ ysingcosB® , cos@cosB

=%x T4 “Rsme Y4 R - (1.2-31b)
and
vC a“:&’/ ySing | sin@cos6
Uo"=3x “MRTR T "Rsno (1.2-31¢)

where all the terms above are explicitly expressed in equations (1.2-11), (1.2-24a), (1.2-
25a) and (1.2-26) and I have used the superscript VC to indicate displacements due to a
vertical couple. The displacement equations of a single horizontal couple on a free

surface of an elastic half-space are:
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oull .
wfC=—~ + uf S8, (1.2-32a)

dupy - '
ufC=— - uf Sing, (1.2-32b)

and
ou
¢

=2, (1.2-32¢)

where all the terms above are explicitly expressed in equations (1.2-12), (1.2-28a), (1.2-
29a) and (1.2-30) and I have used the superscript HC to indicate displacements due to a

horizontal couple. Finally we can combine the equations above using equation (1.2-9) to
give the equation of motion due to a double couple on the free surface of an elastic half-
space. These equations are:

ugc =21 [u,\glc + ugc], (1.2-33a)\

uBC =21 [y € + ug©), (1.2-33b)
and

uDC =2 [ug €+ ugc, (1.2-33¢)

where all the terms above are explicitly expressed in equations (1.2-32) and (1.2-31) and I
have used the superscript DC to indicate displacements due to a double couple.

We can summarize all the displacement equations we have dealt with in the
following table 1.2-3.
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Table 1.2-3: Displacements due to different source types.

Source Type Diagrammatic Displacements

Representation

u Wave Type | Equation | Figure
Number | Number

Vertical Point Force 1 uy P-wave 12-11a | 1.2-5a
uy SV-wave 1.2-11b

ug | SH-wave | 12-11c | 12-5b

Horizontal Point ufl P-wave 12-12a | 1.2-6a

Force
—p ulf SV-wave 1.2-12b

ug | SH-wave | 12-12c | 1.2-6b

Vertical Couple ug P-wave 1.2-31a 1.2-7a
uy€| SV-wave 1.2-31b
uy¢|  SH-wave 12-31c | 1.2-7b
Horizontal Couple uffc P-wave 1.2-32a | 1.2-8a
>—_p
ufC|  SV-wave 1.2-32b
4

udCl  SH-wave 12-32¢ | 1.2-8b

Double Couple $ ugc P-wave 1.2-33a | 1.2-9a
ugc SV-wave 1.2-33b

$| uBC|  SH-wave 12-33¢ | 1.2-9b
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Since the sear-wave displacements have been separated into their components in
the 6 and @ directions I should state for completeness that the magnitude of sear-wave

displacement should be given by
2 2 _
W=/ (ug) +(ug) - (1.2-34)

Keeping this in mind, we shall plot the far-field radiation patterns for P and S waves. The
source types and their associated figure numbers are given in table 1.2-3, the actual
figures are at the end of this section. All the figures assumes the source strength S = 1.

This ends our discussion of both stresses and displacements in counterphase. Both
of these assumptions are rather unrealistic impositions on vibrators and serve only to
indicate the possible range of phenomena that can be expected. One outcome of the
development of double-couple sources is that shear-wave generation in the vertical
direction is not such a strange phenomenon. In the next section we will explore a more
reasonable method to investigate the wavefield produced by interacting vibrators.
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1.3 Mixed-phase coupled vibrators

In section 1.2 we made assumptions as to how a pair of vibrators can interact on a
free surface. This, as already mentioned, is at best a very crude estimate. In this section I
will expand upon a method originated by Tan (1985). As stated in the introduction to this
chapter, Tan's (1985) approach consists of fabrication of simple two-dimensional (2-D)
mechanical models which are meant to mimic 2-D vibrators. These simple vibrator
models are placed parallel to each other on a frictionless surface of an elastic half-space.
The coupled system of equations is then solved to find the radiation pattern of the system
consisting of the vibrators and the elastic half-space. The radiation patterns calculated by
Tan, as with Dankbaar's (1983) analysis, also fail to show the existence of normally
incident shear waves. I believe the lack of shear waves in the vertical direction is in part
due to the frictionless surface assumption.

I have used a methodology similar to Tan's and derived the coupled equations for
a simple vibrator model over an elastic half-space, allowing interactions in all three
orthogonal spatial directions. I have made the assumption that plate rotation is negligible
and that the vibrators are in welded contact with the surface. With these assumptions, a
set of coupled equations is derived that allows the modeling of the wavefield within the
elastic half space along with the dynamics of the vibrators.

1.3.1: Fabricating the mechanical model of a vertical vibrator

I will be going into some detail in this section. If the reader only wants the results,
it is only necessary to go through the next paragraph and diagram and then proceed to the
final equations (1.3.1-30a) - (1.3.1-30c), noting that the displacements of the center of
mass of the base plates are, from equilibrium, as defined in equation (1.3.1-3b).

Since I wish to have a mechanical system that is quite simple yet has enough
complexity to approximate a real vibrator, I will utilize a spring-mass-dash pot system.
Figure 1.3.1-1 represents the system we will be using, with displacements and forces only
in the vertical direction shown. Properties in this direction will be denoted by the
subscript 3.
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Reference Plane

K

Fig. 1.3.1-1. Coupled spring, dashpot and mass model of a vertical vibrator.

In figure 1.3.1-1 we have defined the following symbols as follows:

M = hold-down mass,

m = mass of vibrator plate,

k = spring constant,

b = damping constant of dashpot,

f = force acting between the hold-down mass and the plate,

F3 = force exerted on the plate by the elastic half-space,

Z = instantaneous position of center of mass of hold-down mass,

z = instantaneous position of center of mass of plate,

Z0 =  equilibrium position of center of mass of hold-down mass,
and 20 = equilibrium position of center of mass of plate.

When we first place our lovely vibrator upon the elastic half-space, there is bound
to be some initial transient motion on the elastic half-space. This transient motion is
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assumed to eventually die out and everything would come to rest unless some other force
were applied to the system. When the system has reached this rest state, we will say the
system is in equilibrium. In the equilibrium state the centers of mass of the hold-down
mass and the plate are in positions Z° and z9, respectively, from the reference plane as
shown in figure 1.2.1. I will assume the system has reached the equilibrium state prior to ¢
= 0. Since in equilibrium there is no net force acting on the system, the gravitational force
due to the hold-down mass and plate must be equal but opposite in direction to the
vertical reaction force of the elastic half-space. Let the vertical force supplied by the half-
space be F g when the system is in equilibrium. This means that

(M+m)g=-F, (1.3.1-1a)

which is a restatement of the equilibrium condition of this system. The forces in any other
two perpendicular directions are assumed to be zero at equilibrium. Symbolically this can
be written as:

F=F=o, (1.3.1-1b)

where we have taken the two horizontal directions to be represented by subscripts 1 and
2. The 1,2, and 3 axes are assumed to form a right-handed rectangular coordinate system.
Another relation of the equilibrium state comes from considering the hold-down mass
being solely supported by the spring, this means :

k(*-Z°-L)y=-Mg, (13.1-2)

where L is the length of the unstressed spring. The equilibrium equations provide a means
of testing the dynamic equations that we will develop. When a dynamic force f{) is
applied between the hold-down mass and plate, the two masses will in general move from
their equilibrium positions. Let the vertical displacements from equilibrium of the center
of mass of the hold-down mass and of the plate be respectively:

U;=2-2° (1.3.1-3a)

and
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u3=z7-2" (1.3.1-3b)

As the masses are displaced, the distance between them can change. The change in this
distance can be written as: '

1-Z=us-Us+(°-29. (1.3.1-4)

Substitution of equation (1.3.1-2) into equation (1.3.1-4) results in:

Z—Z=u3—U3-£M7(§-+L. (1.31'5)

As a first step towards developing the coupled system of equations of motion for the two
masses, we will consider all the forces acting on each mass individually. The forces
acting on the plate are:

mg = gravitational force, (1.3.1-6a)

~k (z—Z- L) =force due to the spring, (1.3.1-6b")

-b (é - Z) = frictional damping force from the dashpot, (1.3.1-6¢")

f{t) = applied force between the masses, (1.3.1-64d)
and

F3(t) = force due to the elastic half-space. | (1.3.1-6¢)

By using equation (1.3.1-5), forces (1.3.1-6b") and (1.3.1-6¢") can be put in terms of
displacement as:

—k(z~Z—-L)——k (u3—-Us)+Mg , (1.3.1-6b)

and
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~b(z-2) > -bus-Usy). (1.3.1-6¢)

The corresponding forces acting on the hold-down mass are

Mg = gravitational force, (1.3.1-7a)

—f(t) = applied force acting between the masses, (1.3.1-7b)

k (uz - U;)— Mg =force due to the spring, (1.3.1-7¢)
and

b (d3 - U3) = frictional damping force from the dashpot. (1.3.1-7d)

Forces (1.3.1-6a) - (1.3.1-6e) and (1.3.1-7a) - (1.3.1-7d), along with Newton's second
law, can be used to obtain the equations of motion in the vertical direction for the plate
and hold-down mass, respectively, as:

usm=(m+ Mg +f+ F;— k(uz — Us) — b(us — Us), (1.3.1-8a)

and

UsM = —f + k(uz — Uz ) + b(us — Us). (1.3.1-8b)

These dynamic equations reduce to equation (1.3.1-1a) in the static situation, which is a
nice check for correctness. The only forces acting in the two horizontal directions are
assumed to arise solely from the elastic half space. Let the forces in the 1 and 2 directions
from the elastic half-space be respectively Fy and F,. By assuming that the vibrator acts
as a solid unit to forces in these directions, which means «; = U; and u; = U, , Newton's
second law in these directions takes the form:

(M +m) uy =Fy, (1.3.1-8¢c)

and
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M+m)uy=F,. (1.3.1-8d)

We have assumed that the vibrator remains vertical throughout the experiment. Taking m
times equation (1.3.1-8b), subtracting M times equation (1.3.1-8a), and substituting a few
variables, we arrive at the following equation:

VUL +vb +vk =11, (1.3.1-9)
where
v =u3—U3,
- mM
H m+M’
and

[I=rf+ r—';;—F3+Mg .

Equation (1.3.1-9) represents a damped harmonic oscillator with displacement v and
forcing term II. The first step we take in solving equation (1.3.1-9) is to consider the
homogeneous case. The solution of the homogeneous ( I1 = 0) form of equation (1.3.1-9)
(Symon, 1971) is:

v=Ae " cos(wt+8), (1.3.1-10)

where A and 6 are constants of integration which are to be determined by boundary

conditions andco1=\/0)§—yz in which 0)0=4/ﬁ and y =§bIl.— .

As a second step towards the solution of equation (1.3.1-9), we will find the Green's
function vg associated with it. The causal Green's function is defined to be the solution of

the following problem:

VoM + Vg b +vg k=8(1- 1), (1.3.1-11a)
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such that:

—ol T, T< oo,

By causal, I mean there will be no response until the impulse at z = T. The initial value
problem given by equation (1.3.1-11a) can be cast in another form incorporating a jump
condition as:

VgU +vgbh +vgk =0. (1.3.1-11b)

when ¢ is in the ranges:

0 L 1<T, T<t< 0o,

with the following additional conditions:

VG continuous at ¢ = 1T,

and

lim vg(t+ &) —vg(T-€) = L
e—0 H

The causality condition is still enforced. The Green's function for equations (1.3.1-11a)
and (1.3.1-11b) (Stakgold, 1979) is:

¥
va(t, ) =H(z- 1) —:;IE sin(®, [t-1])=vg(- 1), (1.3.1-12)

where the Heaviside function, H(f), is defined to be:

Ho={o! o)
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Before proceeding to writing down the solution for equation (1.3.1-9) it is necessary to
state the following. Equation (1.3.1-9) can be broken into two equations, namely:

VIL + vib +vik =m(0) , (1.3.1-13a)
and
i}zu + Wb + vk =1, , (1.3.1-13b)
with:
)
T, ()= ™ AF (D) +f1),
and

n2=%F3’°+Mg,

where the force due to the elastic half space F3(¢) is partitioned into a constant
equilibrium restoring force term F- 2 and a term AF3(?) representing a perturbation from

equilibrium. This can be represented by:

Fy(t) = F) +AF3(0) ; (1.3.1-13c)

Note that F 39 has been defined in equation (1.3.1-1a). Due to the linearity of equation

(1.3.1-9) its solution can be written as:

v=vi+v;. (1.3.1-14)

By direct substitution of equation (1.3.1-1a) into the definition of 7, in equation (1.3.1-
13b) we can see that T, is identically zero. Since the unique solution of the homogeneous

problem with homogeneous initial conditions is the trivial solution, we have:

vy =0. (1.3.1-15)
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We will use the Green's function of equation (1.3.1-12) to obtain a particular solution of
equation (1.3.1-13a). The form of this solution is:

vi(t) = f vg(t - T) my(1) dt. (1.3.1-16)

-~00

If we assume, with no loss of generality, that &t is zero before z = 0, we can rewrite

equation (1.3.1-16) in the following manner:

14
o=

Vi) = sin(ml [t—‘t]) m(T) dt. (1.3.1-17)

Now that we have particular solutions to equations (1.3.1-13a) and (1.3.1-13b), we can
use equation (1.3.1-14) to obtain a particular solution to equation (1.3.1-9), then add the
solution of the homogeneous equation given by equation (1.3.1-10) to get the general
solution of equation (1.3.1-9). The general solution would then be given by:

v(t)=j Qc%f;l—ﬂ-sin((ol [t-1)) m(t) dt + A e cos(wyz +6),  (1.3.1-18)
1
0

where A and 0 are arbitrary constants to be determined from boundary conditions.
Following the technique above, we shall solve another intermediate problem. By adding
equations (1.3.1-8a) and (1.3.1-8b) and defining a few new variables we get:

W=D, (1.3.1-19)

where

w=uym+ UM,

and

Mt)=(m+ M) g+ F5(2).
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As in the previous differential equation, we begin by solving two related problems. First
we solve the associated homogeneous problem given by:

Wo=0; (1.3.1-20)

secondly we solve the associated causal Green's problem below:

wg=8(-1), (1.3.1-21)

such that

. —eo <L, T< o0,

The general solutions of differential equations (1.3.1-20) and (1.3.1-21) are respectively:

wo=At+B (1.3.1-22)

and:

wg=H(t-1) (-1, (1.3.1-23)

where H(?) is the Heaviside function previously defined, with A and B being constants to
be determined by boundary conditions. As before, we will now split equation (1.3.1-19)
into two separate expressions whose sum, due to the linearity of the equation, is the
solution of equation (1.3.1-19). The two expressions are:

.. A
W, =71, (1.3.1-24a)
and
w, = Ay(2), (1.3.1-24b)
7here

w=w;+wy and 7\,(I)=7\.1 +)\.2(t),
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such that

M=(m+M) g+F{ and A1) = AF3(p).

Noting that A; is identically zero, by equation (1.3.1-1a), particular solutions of equations
(1.3.1-24a) and (1.3.1-24b) are respectively:

wi() =0, (1.3.1-25a)

and

t
wyt)= | (t—1) Ay (1) dT. " (1.3.1-25b)

Equation (1.3.1-25a) can be obtained by inspection of differential equation (1.3.1-24a),
while equation (1.3.1-25b) was obtained by using the Green's function of equation (1.3.1-
23) in equation (1.3.1-24b). Since w = w] + wy , we can construct the general solution of
equation (1.3.1-19) by adding the general solution of the homogeneous equation, wy(z), to
the particular solutions wy(#) and w,(#), giving:

w(t) = wy(2) + wi(2) + wy(2),

t
wit)=| (t-1)A(1)dTt+At+B, (1.3.1-26)

where A and B are again constants to be determined from boundary conditions. By
manipulating the definitions of w and v in equations (1.3.1-9) and (1.3.1-19) we can
obtain:

us(t) = % [WT(JQ + v(t)], (1.3.1-27a)



and

U3 = 47 |2+ v

Assuming the relatively reasonable initial conditions of U3(0) = u3(0) = 0 and
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(1.3.1-27b)

U3(0) = 13(0) = 0, then using equations (1.3.1-18) and (1.3.1-26), we can expand
equations (1.3.1-27a) and (1.3.1-27b) to their final forms:

t
t-DA(T) -1
u3(t)=% MZ +emll-l sin(a, [1 - 1]) 74(7) d,
0
and
[ yi-1
w| G=Dryn M4
Us(t) =— — + M sm(a)1 [t—'c])n,('r) dr,
0
where
1(1)- AF3(I) +f(@,
)\'2(1) = AF3(t)a
W = 0)3'72’
in which
= -_m and Fy(f) = F2 +AFx(f)
Wo = \/> 1= _21 m+M T F

(1.3.1-28a)

(1.3.1-28b)

By direct comparison of equations (1.3.1-8c) and (1.3.1-8d) with equation (1.3.1-19), we

find that the forms are identical; so we can adapt the solution of equation (1.3.1-19),
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given by equation (1.3.1-26), to equations (1.3.1-8c) and (1.3.1-8d). The solutions are

respectively:
t
w®=1 (-1 (;’f; S dr, (1.3.1-29a)
0
and
t
w=| -1 (A?S)n) dr, (1.3.1-29b)
0

where I have made the assumption of homogeneous initial conditions. We now have a
full set of equations for the motion of the vibrator as summarized below:

t

w=1 -1 H(© dr (1.3.1-30a)
1 M+m) e
4]
t
w®)=| -1 B0 (1.3.1-30b)
M+m)
0

and

m [ (t-T) AFy(1) ¢ M-7]

u3(t) = -n_‘l M + o
0

sin(o, [ 1] [’::7 AFy(1) + j(‘c)} dr, (1.3.1-30c)

where
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such that
oo=q/It. v =5k,
mM
R=mvm
and

F3(0) = FY + AFy(D).

As can be seen from equations (1.3.1-30a), (1.3.1-30b) and (1.3.1-30c), the

displacement of the vibrator plate is inextricably linked to the forces of the elastic half-
space Fj(T), F5(7), and F3(7). In order to complete the characterization we must have a

description of the deformation and stresses within the elastic half space due to the
displacements u;(?), u,(t), and us(f) of the plate. To accomplish this, we turn to the

representation theorem (Aki and Richards, 1980) which can be used to relate the
displacement field throughout the elastic half-space to sources within a given volume of

the half-space, as well as on the surface of that volume.

1.3.2: Getting the elastic half-space involved

As mentioned, we now need to couple the base plates through the elastic half-
space; this is the topic of this section. We begin by considering a group of N vibrators, the
ith element of which has base-plate displacement characterized by:

ui®): i=12,N and j=123, (1.3.2-1a)

where subscript j indicates three orthogonal components. These base plates are situated

on surface elements:

S :i=1,2,-+-N. (1.3.2-1b)

It is assumed that the three displacements given by equation (1.3.2-1a) completely
describe the motion of the base plate and the half-space under the base plate, with which
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it is in welded contact. This rather severe restriction can be partially justified in the
following manner.

By a rigid plate we have reduced the possible deformations to just a rotation and
displacement. In two dimensions a rotation and translation can be written in matrix form

as:

Uy

iy (1.3.2-2a)

X 1_| cos(8) -sin(B)
[ Y} _[ sin(8) cos(0) M;] ¥

where x and y are the coordinates of a point before deformation while X and Y are the
coordinates of the same point after a rotation by angle 0 and displacements in the x and y
direction given by u, and u, respectively. If the rotation 6 is small compared to unity,

then we can use small-angle approximations to rewrite equation (1.3.2-2a) as:

%] “[é?“ﬂ%zﬂ (1.3.2-2b)
Bl "

where only the translational/displacement term has survived the approximation. This
restriction, however, is not crucial to our development; it only serves to simplify
developments to follow. The forces F:, F and F g due to the half-space acting on the ith
base plate results from the stresses set up in the elastic half-space, either by self-
interaction, interaction with the other vibrators, stresses due to other external or internal
sources, or any combination of these. If we represent the stress field in the elastic half-
space by ©;;, the forces acting on the individual base plates can be represented as:

Fi(n= [ Ojx ni dS (1.3.2-3)
Si

where n; is the outward normal of the surface S of which S; is a part. The surface S,
together with volume V, encompasses all sources of the half-space. Figure (1.3.2-2)
shows this in two dimensions. The surface S and the volume V can be extended to cover
all of the half-space.
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Fig. 1.3.2-2. Source volume in elastic half-space.

We will use the elastic representation theorem (Aki and Richards, 1980) to relate
the displacements of the base plates to the displacements observable throughout the
elastic half-space. Since the only sources are postulated to be those due to the
displacements of the base plates, the appropriate form of the representation theorem

would be:
u X, )= | dt| uy(& ) pipf® 1 Gur (X, £-1; €, 0) dS(D). (1.3.24)
—o S
where u = displacement vector,
X =  observation point vector,
£ =  source point vector,
Gum(X,1-1;6,0) =  nth component of the elastodynamic
Green's function with unit impulse applied
at € and time T, subject to homogeneous
boundary conditions,
G =  partial derivative of the Green's function
with respect to source coordinate &; ,
Vv =  volume of integration containing source
mechanisms,
S =  closed orientable surface containing V,
n =  unit outward normal of surface S,
and Cmiki(§) = elastic tensor at source location £.

We will be considering only homogeneous isotropic half-spaces so the elastic tensor

takes the special form:
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Ciju=h 88y + 1 [8;8;+8;8;] . (1.32-5)

The final connection between the vibrators and the elastic half-space is made
through the constitutive relation: '

G = Cijkt €kl (1.3.2-6)

where

€= % (s + 11 1).

Due to the symmetries of the elastic tensor, equation (1.3.2-6) can be written in the

following more convenient form:

Gij = Cijkt U1+ (1.3.2-7)

Conveniently, we have ready-made solutions for a point force on the free surface
for both vertical and horizontal directions. The solutions come from the works of Miller
and Pursey (1953) for vertical point forces and Cherry (1962) for horizontal forces. They
were calculating the response of an elastic hélf-spacc to a vibrating circular disk where
the traction under the plate is assumed to be known. They then proceeded to derive the
asymptotic expansions to their integral representations. As paraphrased from Cherry
(1962), if the amplitude multiplied by the radius of the disk squared remains finite as the
radius of the disk approaches zero, then we have the response due to a point force on the
free surface. It is just such a response that is needed in equation (1.3.2-4) for the Green's
function. It should be noted that the Green's function we are considering also contain
surface waves, which are perhaps the stronger agent when we are considering vibrator
interactions. This completes the definitions needed to solve the complete set of coupled
equations.

1.3.3: Procedure to solve the idealized interacting-vibrator problem

So far we have developed a complete set of equations describing the motion of the
vibrators, as given by equations (1.3.1-30a) through (1.3.1-30c); however, these
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equations are dependent upon the forces the half-space exerts on the vibrators. The
equation describing the motion of the half-space is equation (1.3.2-4), which in turn
depends on the motion the vibrators. These two sets of equations are related to each other
by equations (1.3.2-3) and (1.3.2-7). If we start with the following initial conditions:

Uy =ur=u3 =0 (1.3.3-1a)

for displacements, and

F| =F,=0and F} = F) (1.3.3-1b)

for forces, we can use the coupled equations to solve for all future displacements within
the half-space. The actual procedure is most easily implemented by numerical integration
and further simplification can be sought by transforming the equations into the frequency
domain. The flow-chart in figure 1.3.3-1 shows how the variables are related to each
other and indicates how an algorithm may be implemented.

In this section we have derived the set of equations which govern the evolution of
a simple vibrator model consisting of a hold-down mass and a base plate joined in series
by a spring and dashpot. A set of these simple vibrators were then allowed to interact
upon a free surface over an elastic half-space. The equations controlling the dynamics of
the elastic half-space were developed. These coupled systems of equations completely
describe the wavefield that would be generated by a given set of the simple vibrators in
the elastic half-space. The numerical implementation of this scheme would certainly be a
wonderful addition to this work but this task is left to the future continuation of this

research.
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Calculated quatities

Required for calculation

—

Relationship of the coupled system of equations
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Fig. 1.3.3-1. Flowchart showing how to solve the coupled system of equations.
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2: Composite media as generalized continua

2.1: The composite earth

There can be very little disagreement that the earth is not exactly a homogeneous
elastic isotropic sphere. It can also be stated that the earth, at most scales of interest, is
rather heterogeneous. But given that the earth is a rather complicated object, in particular
the earth'’s crust must be considered to be in this category, we know that some simple
mathematical descriptions actually work well as predictive tools. An example of this is
the success that the elastic wave equation has had in helping us understand phenomena as
diverse as earthquakes as well as seismic sources used in exploration geophysics. If we
were to consider each and every detail that is a building block of the earth's crust we
would very quickly throw up our hands in despair from the shear enormity of the
problem. Being pragmatic creatures, we tend to start lumping the complexity and
describe the lumped object as some simple continuum, such as the simple isotropic elastic
media that have already been mentioned. This process is most evident when we treat the
earth's crust as a simple series of isotropic elastic layers. Even though this is a gross
approximation, we are awarded a certain degree of predictive power. But we know that
this is not the whole story since the dispersive nature of all seismograms, or what appear
to be anisotropic effects, continuously rears their ugly heads. The subject of this chapter
is aimed at finding other dynamic descriptions that take into account more of the internal
complexities of the layers or lumps without abandoning the concept that there exists a
relatively simple continuum that will help us come to a better understanding of the
processes within the actual material that we are investigating.

2.1.1: Where others have gone before and where I have wandered

Any material that at one scale looks to be homogeneous will at some other scale
appear to be heterogeneous, and even possibly discontinuous. To see this, one only needs
to acknowledge the existence of molecules and atoms at some scale. Nevertheless, the
continuum description has been so successful, and the alternative of describing all the
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effects on all the constituent particles so daunting, that we return to the continuum
description with little hesitation. Rivlin (1968) showed, through an averaging process,
how a system of particles each comprised of different mass points can be described as a
generalized continuum and Eringen (1968) showed how to start from a granular
composite and reach the same end, which he calls a micromorphic continuum. Bedford's
(1985) book showed how to use Hamilton's principle and the additional degrees of
freedom of a composite to develop new generalized continuum theories. Generalized
continuum theories have a long history; the prototype of this is the Cosserat continuum
(Mindlin and Tiersten, 1962). A review of this type of generalized continuum can be
found in appendix C. The development in appendix B follows the development of the
normal elastic continuum theory as reviewed in appendix C. Both appendix B and C start
from assuming knowledge of the forces acting on the medium, unlike the development
using Hamilton's principle (Bedford, 1985) where the degrees of freedom in deformation

are assumed to be known.

A composite, as considered here, is just a heterogeneous continuum which at
some scale will also appear to be homogeneous. The behavior of such a continuum may
be quite unique, differing significantly from its constituent parts, at the scale of
homogeneity. Backus (1962) looked at a composite of layered isotropic and transversely
isotropic media and, through averaging, was able to describe the static behavior of the
composite as a transversely isotropic homogeneous medium. Schoenberg and Muir
(1989) extended this idea to layers of arbitrary anisotropy by assuming the same
averaging method as Backus (1962) and found the static equivalent anisotropic
homogeneous medium to the finely layered composite. Others have attempted to use this
basically static description to nonzero wavelengths with some success. The dynamic
effects such as dispersion of the wavelet, have not been dealt with in these cases. In the
next section, I will attempt to generalize Backus's (1962) averaging method, to
mathematically develop a generalized continuum theory consistent with this method of
averaging and hopefully relax the static or zero-frequency assumption. In §2.3 we will
look at more general methods that may lead to future developments.

2.2: A perturbation to Backus's averaging method

Backus (1962) showed a method of averaging a stack of finely layered isotropic
or transversely isotropic media to come up with a statically (or long-wavelength)
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equivalent transversely isotropic medium. I will borrow his averaging technique and try
to generalize it in order to find other forms of dynamic relationships which can be used in
the nonstatic cases.

2.2.1: Defining the averaging technique

The following averaging scheme was introduced in Backus's (1962) paper. He
defined a linear averaging operator in the form:

oo

N =| wE-xAE) dE, (22.1-1)

00

where

w(x) 20 , w(te) =0,

o L=} [~ =]

wx)dx=1, xw(x)dx=0 and xzw(x)dx=lz.

—00 —co —00

Note that I use the notation < - > to represent the average of the quantity within the
angular brackets. For functions f that are approximately constant when x is varied by no
more than /, Backus used the following approximation:

fe)=rf(g - (2.2.1-2)

As a first step one may generalize equation (2.2.1-1) to n dimensions by letting x
represent an n-dimensional position vector and then recast the linear average as:

N =| wE-x)AHdVg, (2.2.1-3)
Voo

such that,

w(x) 20, w(deo) =0,
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1
wx)dVy =1, —| xw(xt)dx=0,
Ag

V. -

oo 3

Zl_ X wityde=1I; and Ag= | wixt)dx,
t

—oo —0

where t is a unit vector, indicating the direction for which the appropriate property is
calculated, and V_, represents the limit as a finite volume V is allowed to expand and

cover all space.
Now we attempt to generalize the approximation. Our assumption is, for a
neighborhood around x, where x varies by no more than ¢ in the direction of unit vector

t, the function f can be represented by a Taylor's series as follows:
i i 1 . . . .
Y) =fX) +f(x) ¢ —x) + Efif(x) o' =x) ¢ -x)+ -, (22.14)

where y' are the components of vector y, x' are the components of vector X, f; represents

the partial derivative of f with respect to x', and summation on repeated diagonal indices
is enforced. We now turn our attention to the product of the function f with another
function g and the average of the product:

fax=| wy-x)Ay) gy)dy, (2.2.1-5)
VOO

w(y — ) g(y) [ﬂx) + (%) ' - x') + %f,,-,{x) O =x) ¢ =) + | dVy
Voo
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= Ax) g () + £, [{gx) x) ~ x' (ex)] +

+ %f,,-,(X) [(gx) x ) — 2 (gx) x* ) — x* (g0 o/ ) + X' ()] +

As can be seen by direct comparison of equation (2.2.1-5) and equation (2.2.1-2), the first
term of equation (2.2.1-5) is equation (2.2.1-2). It must be recognized at this point that
equation (2.2.1-5) is only accurate as an infinite series and, if we truncate it, the function f
and all its remaning derivatives must be approximated by some averages as well. This
point seemed to have been glossed over in Backus's (1962) paper. The use of Taylor-
series truncations also entails an assumption of a smooth neighborhood of the function in
question.

2.2.2: Application to linear elasticity

We will now venture to apply the averaging method that was discussed in the
previous section in the realm of linear elasticity. First consider the constitutive relation of

a linear elastic material below:

o¥=c¥,e¥, (2.2.2-1)

keeping in mind the difficulties above. The average of equation (2.2.2-1), by using the
first two terms in relation (2.2.1-5), can be written as:

(0%) = {clue")

=CY, eM + By M (2.2.22)

,"l
where
Clu= <CUJ<1> and BY"= <Cykl xm> -x" <C”k1> -
The linear momentum equation in the absence of body forces is:

o .—pu'=0. (2.2.2-3)

Before considering the average of equation (2.2.2-3), we shall derive a couple of
intermediate results. Consider:
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(0¥ )=] wE'-x)o! &)dw, (2.2.24)
Vo

which can be cast in another form by the following reasoning:

Aw(&' - ) o)) _ Bwee'~ x) do(&)

S + W& - x')

oF/ ot/ or/
=— _a_w(_g_x.;_xl Gij(ii) + w(&i _xi) 0"}(&’) 2.2.2-5)

When relation (2.2.2-5) is used in equation (2.2.2-4) we have:

i Aw(E' - x oY
(c.{,j> = % | dVg +
V. V.

aw(ii-xi) ij oy i
—— oY(&H dV;
~ ° €HdV

[we’ - x' 69 n; dg+— | wE'-x) oUE) v
Se V.

=(c¥) ;. (2.2.2-6)

where we have used the divergence theorem and the fact that w goes to zero on S... We
shall now use equation (2.2.1-5) to recast the average of the product of density and

particle acceleration as:
<p ii') U DU WUV (2.2.2-7)

where

p=(p) . K" ={px™)-x"(p),

and
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n 1 m m -n n m m n
v™ =-2-(<px x")—-x <px>—x <px >+x X (p))

Note that we have chosen the highest order of spatial differentiation in the displacement
in order to be consistent with the terms kept for linear deformation in equation (2.2.2-2).
The equation of motion (2.2.2-1) can be averaged in the following manner:

(a7 )-(pu)=0,
which, upon substitution of relations (2.2.2-6) and (2.2.2-7) becomes:

(o —u'p~u'pu™ =iy v™ =0, (2.2.2-8)
Using equation (2.2.2-2) in equation (2.2.2-8) results in:

[Cllet+ B €] =il iy =0, 2229
Equation (2.2.2-9) can be put into a more useful form by using the following relations:

ki

€ =-;—(uk’l+ul‘k) ,

Cy=C and BY" =B,
which upon introduction to equation (2.2.2-9) is transformed into:

[ weg+ B ) iT WP = iy W= U,y V"= 0. (2.22-10)

I have been able to gain some headway in deriving equation (2.2.2-10) as a direct
consequence of Hamilton's principle as outlined in Bedford's (1985) book. This is an
interesting mathematical exercise, but how can we use the new generalized continuum
description to give us more information? As a step towards answering that question, we

shall look at the simple situation of a plane wave propagating through this medium.

2.2.3: A plane-wave solution

Consider the possibility that there exist plane-wave solutions to equation (2.2.2-

10) of the following form:
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u'=Ap exp(i [ks X - t]) =Ap" exp(i k [n, x°—v t]) (2.2.3-1)
where

W = displacement vector,

A =  amplitude,

pr = unit polarization vector,

k; =  propagation vector,

X o= spatial coordinate vector,

® =  angular frequency,

t = time,

k =  magnitude of propagation vector |k = Vk:k*
and

ng, = unit vector in direction of phase propagation.

On substituting equation (2.2.3-1) in equation (2.2..2-10 and assuming C and B are
constant tensors, we arrive at:

[_ Cabc‘lkd kb =1 Bapede kd kb ke + ('02 5 8ac +i He k¢ mz 8ac - Vefke kfmz 5ac‘]pc =0,
(2.2.3-2)
where

8, = Kronecker delta.

d d
Using the identity k =k n we can recast equation (2.2.3-2) in the following form:
[?8,.-Co]pi=0. (2.2.3-3)

where

C* i (Cabcd nd nb) +1i (k Bapcde nd nb ne)

“ (5 K vefne n’)+ i(k 1, ne)

In order that equation (2.2.3-3) have nontrivial solutions, the following condition must be
satisfied:

det [v2 8, - C;] =0. (2.2.3-4)
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Equation (2.2.3-4) is of the form of an eigenvalue problem. The eigenvalues
resulting from its solution will be the phase velocities. It is interesting to note that when k
= 0, equation (2.2.3-3) takes on the same form as the velocity equations in standard
elastic media. This also means that if we have a finely layered composite we can use
Backus's (1962) or Schoenberg and Muir's (1989) averaging scheme to get the elastic
constants for C. The velocities obtained from equation (2.2.3-4) will in general be
complex, indicating attenuation and dispersion are possibilities. Once the eigenvalues are
obtained, equation (2.2.3-3) can then be use to solve for the polarization vectors
(eigenvectors).

This seems to be a reasonable means to find other dynamic relationships which
could be used to describe a composite but it does seem to be a bit ad hoc. In the next
section I will discuss a more general method which has the potential to set this direction

of investigation on a more solid footing.

2.3: Other possible directions for investigation

It is probably a good idea to start from the basic definitions of deformation rather
than the short-circuit method we have been using to describe the composite. I will use the
Lagrangian, or material, description of motion. The notation I shall use is identical to that
used in appendix B. I will describe it again here to avoid too much flipping back and
forth.

As our composite continuum is deformed, the individual points of the continuum
traverse different paths. If we now identify all the points within our continuum in some
fixed reference configuration with a coordinate system, say X'51=1,2,3, then we can
track the motion of a particular point, for which we now have a unique label. We will set
up another coordinate system to track the instantaneous motion of the labeled point. Let

the coordinates of this system be symbolized by xX3i= 1,2,3. When convenient I will
also use vector notation such as X = (Xl, X,, X3) and x = (xl, X3, X3). The actual motion of

a point of concern can be written as

Xi=X‘{X],X2, X3, t), (2.3-13)
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x=(X, 1. , (2.3-1b)

Equation (2.3-1b) gives the location of point X =(X|, X, X3) at time . If we were to track

this same point for a period of time we would have a complete description of the motion
of that point. Since we have this description for all points within our continuum, we also
have a precise description of the deformation of the continuum. This is a very short
summary of the Lagrangian (or material) description of deformation, for a very detailed
analysis try volume 2 of the Continuum Physics series edited, and heavily contributed to
by Eringen (1975). This is a very complete work and not an easy read.

We could attempt to describe, using equation (2.3-1b), all the motion of all
constituent parts of our composite continuum. This, in many practical situations ,is not an
easy task since there may be many different constituent parts and the associated motion
can be quite complex. One way we could proceed is to ask if there is any macroscopic
phenomenon which can be observed that is of interest that is not completely tied to all the
microscopic fluctuations within the continuum. If the answer is yes, then we can start to
look for a mathematical means of isolating this macroscopic effect. A common method
that is used assumes that the small fluctuation are random in some sense and tend to
average out, so we can look at what happens if we average equation (2.3-1) using the
same averaging scheme as in equation (2.2.1-1). When the average is applied we get

X, 0)= | WER(X-E 1)dVz, (2.3-2)

where the integration is over material coordinates E = (E P o 53). If we make the
assumption that within the neighborhood specified by the weighting function, w, we are
able to expand equation (2.3-1) as a Taylor's series around the material point X, then we
can write

X(X -E)=x(X)+x' fX) 2 + % X EFEl e (2.3-3)
where I have deliberately left out the explicit dependence on time, ¢ . This is done to
simplify the equation, and from this point, I will leave out the explicit dependence of the

material point X, since it is understood to be present as well. Substitution of equation

(2.3-3) into equation (2.3-2) results in:
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(N=x'+x, ] Wz sfdvsuf,n% w(E) 2Xzlave+ - -

=x'+x L1 e xR (2.3-4a)

where I have defined

L=| wE)z dv

V- (2.3-4b)

and

k-l

5| wE) =X=lave. (2.3-4c)

It is not too surprising that we can express the average of the motion as a function of the
actual motion and its partial derivatives, but what we would like is the opposite; namely,
the actual motion as a function of its average and the partial derivatives of its average.
Towards this end we begin by taking the partial derivative of equation (2.3-4a) with
respect to X; and form a product with L1%, which, with judicious change of dummy

variables, allows us to write:

J ] J ] J 7K ] JK y4L
(L =x L e xd et LK iy 127010 (2.3-52)

Upon subtracting equation(2.3-5a) from equation (2.3-4a)we arrive at:

() =Gy L1 =0 e (270 - L1 L1 %) o g (1375 - 127K 1)+ (2.3-5b)

By repeating the process that gave us equations (2.3-5a) and (2.3-5b) we are able to bring
all the averaged quantities to the left-hand side of the equation and leave only x' on the
right-hand side. We will go one step further to solidify the process. We will now take the
second derivative of equation (2.3-4a) with respect to X; and Xy, then form a product

with (LZJ K_p1'n K) Again with judicious change of dummy variables, we get:
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(o (L2 = L1 V) = x e (1275 - L1 L9 2y LI (027K - L LK)+
(2.3-6a)

Mirroring the step that gave us equation (2.3-5b), we subtract equation (2.3-6a) from
equation (2.3-5b) to arrive at:

() =G LY = () e (L2 - LV L1¥) = ey +
+xl e (L3 - L2 nf) - (2 L LR+ (2.3-6b)

By repeated application of the process we arrive at:

xt= () + () ) AL+ (o) g A2K 4+ () g ABTEE 4

, (2.3-7a)
where
Al =—L1/, (2.3-7b)
AKX =_ (2% 11’ %), (2.3-7c)
A3KL = {137k 2 127K L1k L1 11K LY, (2.3-7d)

and so on. Equation (2.3-7a) tells us that the averages and their gradients have the
potential to tell us about the actual motion. This means that meaningful dynamic relations
can be derived from the averaged quantities and their gradients. One possible method is
to truncate equations (2.3-7a) and substitute these into dynamic equations derived from
x!. Another more direct method is to assume that, in a composite the individual terms (x?),
(x) , (x) jx ,and so on, represent independent degrees of freedom, insert them into
Lagrange's equation, and see what types of dynamic relations result from Hamilton's
principle as outlined in Bedford's (1985) book.

There seem to be many avenues to investigate and many have been tried with
mixed results. There is even an entire book by Christensen (1979) on this very subject but
there is a lot of room for additional work. I believe that whole area of generalized
continua has only seen cursory application in geophysics, such as in Biot mixtures (Biot,
1956). Perhaps the phenomena we will be investigating are second-order type effects; but
from the lack of success of some of our standby methods to many real problems it is well
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worth investigating. Real problems aside, the subject has enough depth to provide ample
mental challenge for anyone with the interest.
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3: Elastic tensors and their preferred frames of reference

3.1: A brief review

Even though tensors have an existence independent of what frame we choose to
represent them in, it is inevitable that we need to utilize the numbers representing the
tensor in some particular frame of reference. The elastic tensor is no exception; if we
choose the wrong frame of reference, the tensor components will in general all be
nonzero, a situation that is cumbersome to work with, even though correct. If we choose
the preferred frame, we gain two things: minimization of dependent nonzero elements
and information as to the symmetry orientation represented by the elastic tensor. In real
experiments where elastic constants are inverted from group- or phase-velocity
measurements (Vestrum, Brown and Easley, 1996), we may not be fortunate enough to
know exactly what the preferred frame is or even to what symmetry class the material,
from which we took measurements, belongs. In this situation, when confronted by a
bunch of elastic constants, a method to determine the preferred frame from these would
be invaluable. I propose to approach the problem in a statistical manner (Easley and
Brown, 1992, Easley, 1993b).

Many people have devised means to take an elastic tensor represented in an
arbitrary frame and determine the symmetry properties of the underlying tensor. Most
notable is the work of Backus (1970) who decomposed the representation of the elastic
tensor to a series of vector bouquets and showed that, by direct observation of the
symmetry of these bouquets, one can determine the symmetry of the underlying tensor. A
second method is described by Baerheim (1993). He notes that the symmetric mapping of
the asymmetric part of the representation of the elastic tensor is diagonal in the preferred
frame of reference for all crystal classes except triclinic, monoclinic and trigonal cases.
Thus the diagonalization of this matrix will yield eigenvectors that should represent the

preferred coordinate system.

These are both good methods with some points which can be built upon. The
method of Backus requires visual inspection, which can probably be automated, and there



Easiey 72
is no work which shows how stable the technique is to small perturbations. The method
of Baerheim is direct but is not universally applicable, and I have not seen the effects of
small perturbations on this method. Thus I propose to study a statistical method that
should be universal and, by its statistical nature, not sensitive to small perturbations. It is
a good idea to have a good concept of how to deal with tensors and frames before
proceeding to methods; so I will quickly review these aspects.

3.1.1: Preliminary mathematical considerations

We will use the definition that a tensor T of order m is a multilinear functional on
an n-dimensional vector space Vj equipped with an inner product ( -, - ). These are all
abstract quantities, which is the definition used by Backus (1970). The properties of T are
determined by choosing an arbitrary set of m vectors from Vy such as {v,,v,, ---,v, },
and examining the scalar defined by T(v],vz, ---,v,, ) and doing this for all sets of
vectors {v,,v,, ---,v, ). This method, though correct, is a rather daunting task. In
practice, we choose an orthonormal basis in Vj,, say (XX, -0 X, }, then represent the
vectors above as v; = (VX j) X; for i = /,...,m, summation on repeated indices being in
effect. This convention differs from other sections by the fact that the indices do not have
to be in a diagonal position for summation to be implied. This should be no problem since
we will deal only with orthonormal basis throughout this section. With this in mind we

can write:

T(vl’ v2’ T vm) = (VI,le)(V2,Xj2)"'(vm,ij) T(le, sza Tty xjm) ) (3-]1“1)

where we have relied heavily on the multilinearity of T, that is for any set of m scalars
{0, 0y, - - - ,0,t We have: T(ay vy, 0ty Vg, ==+, O, V) = 0Ly O - - - 0, T(V), ¥y, o, v,).

To cast equation (3.1.1-1) in a more familiar form, we can define the following scalars:

T = T X -0, X5 ) (3.1.1-2a)
V= (v,X;) (3.1.1-2b)

Véz =(v2X;) , (3.1.1-2¢)
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Vin= (VpX; ) , (3.1.1-2d)

The scalar on the left-hand side of equation (3.1.1-2a) is just the commonly used tensor
component. The scalars on the left-hand sides of equations (3.1.1-2b)-(3.1.1-2d) are the
components of the vectors. All of these scalars are defined only with respect to the basis

we choose. Thus equation (3.1.1-1) can be rewritten with the aid of definition (3.1.1-2)

as;
T(V), Vo -+, V) = VWPl T (3.1.1-3)
Now consider the case when we have a different orthonormal basis {X}, X, - - - ,X,, }. Then
definition (3.1.1-2) and equation (3.1.1-3) give us:
T(;ll’ ~‘2’ ’ ;im) = i:l'Z im = ':J’:;/‘l; ~i:n" Tiyevtjm: (3.1.1-42)
where
X, = (X)), (3.1.1-4b)

are just the direction cosines relating one frame to the other. Equation (3.1.1-4) shows
that the components of a tensor can be quite different from one frame to the other, and
this equation also provides a means of going from one to the other. The elastic tensor is
no different. Its components are directly related in the same fashion to the frame of
reference we choose to express it in. This is all the mathematics we need in order to

develop the statistical technique that follows.

3.2: Statistical determination of elastic tensor's preferred frame

I will use the standard two-index notation for all the development. All bold-face capital
letters will represent the tensor which underlies the matrix representation. It should be
noted, that the matrix notation is only a short-hand used to list all the possible
independent components of an elastic tensor and not the tensor itself. In other words, one
must not confuse the matrix with the tensor itself. If one has this clearly in mind, then
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equalities, such as the one in equation (3.2-5), should not confuse the reader. A reference

for the two-index notation can be found in Baerheim's (1993) paper. 1 will be developing
the idea for an elastic tensor of the cubic symmetry class. The ideas are easily transferred
to other symmetry classes. The cubic elastic tensor represented in the preferred frame of
reference has the following form in two-index notation:

"Cyy Cha C, 0 0 O
Cpo Cy C2 0 0 O
| C2 C2 €yhb 0 O O 2.5
C 0 0 0 Cu 0O 0 , 3.2-5)
0 0 0 0 Cua O

0 O 0 0 0 Cu |

where Cj; are the elastic stiffness coefficients. This shows that the cubic elastic tensor has

only three independent elements. Now consider the same tensor is some arbitrary frame
of reference. In general its representation will no longer be as simple in appearance as
equation (3.2-5) but will have many nonzero entries as:

(A} Aln Ay Ay Ajs A |

C = , (3.2-6)

where I have included a prime above C to indicate another basis function has been used to
represent this tensor. In our present discussion this means the tensor representation has
been rotated into another configuration. In order to find the frame which causes equation

(3.2-6) to become closest to equation (3.2-7), I propose to form the new matrix below:

[ By B, B, 0 0 O

By, By B, 0 0 O

g=| Biz B Bun 0O 0 O , (3.2-7)
0 0 0 By 0 O
0 0 0 0 By O

. O 0 0 0 0 44

where
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By = %(An +Axn+A3) ,

Bys = %‘(AM*‘ASS + Ass)
and By = %(A12+A13 +A2) .

Of course, equation (3.2-7) is not the only representation we could choose, nor are we
stuck with only one representation matrix. We could just as well choose several matrices
like (3.2-7) and proceed equally with all of them through the following steps. We now
form the difference E = R(B - C'), which I will call the error tensor. Note that if we did
have several representation matrices, B, we could index them and form a series of
indexed error matrices, E, before proceeding. The symbol R(-) represents the rotation
from one frame of reference to another, as given by equation (3.1.1-4); this is where the
distinction becomes important that the rotation is actually performed on the tensor and
not its two-index matrix representation. The rotation can be represented by Euler angles
or some other set of three appropriate variables. Let the matrix representation of E have
the elements E;;. We now form the scalar:

6 6
e=y, > wiE?, (3.2-8)
i=1j=1

which shall be called the error term, in which weights w;; have been introduced to add

additional control. If we had more than one error matrix, we could at this point calculate
an error term for each of them then form a weighted sum before going on. At this point
we are free to use a number of optimization techniques (Press, Flannery, Teukolsky and
Vetterling, 1988) to minimize equation (3.2-8). The template matrix, B, can be
customized for all symmetry systems in the same manner as above, and so is not
restricted to cubic symmetry. When equation (3.2-8) is minimized, the resulting B will be
our closest representation of C within the confines of this fixed symmetry system. We
can also examine the error matrix, E, to see how the error is distributed and to see the
magnitude of the individual terms. If we are to compare one symmetry class with another
and have the error scalar have any meaning it is necessary to insure all the elements in the
error matrix E is as random as possible. Visual inspection is one way to determine
randomness, but, a better way is to use a measure of randomness such as the Shannon
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entropy measure or the varimax norm. With the error scalar and the entropy measure we

can determine the best representation to be the one which minimizes the error scalar and
maximizes the entropy. The Euler angles will define the new coordinate system, which
provides information as to the underlying symmetry of the tensor, A. There is a host of
error-minimization routines to perform just this task (Press, Flannery, Teukolsky and
Vetterling, 1988). This procedure is represented in flowchart form in figure 3.2-1.

Output: Euler angles
which rotates input
tensor into optimum
frame, B, E and e.

Given a cubic
tensor in some
arbitrary frame.

otate C using Euler angles
o reduce the magnitude of e.

A=[Cn+Cyp+Cyli3
B=[C,+ Css+ Cl/ 3
C=[Cpy+Cy+Cl13

Calculate template
B from C.

cocoNOx»
coon»n
ococoxnNn
ocogmooo
oOWOoOoOoO
WOOOOO

Calculate error

matrix E. Calculate error

scalar e.

Fig. 3.2-1. Flowchart for a method to determine the preferred frame of
reference of the elastic tensor (cubic example).

3.3: The proof of the pudding ( the numerical trial )
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To see if this method works, I programmed the algorithm represented in figure
3.2-1. The numerical trial begins with a specific cubic elastic tensor in one of its preferred
frames and represented in standard 6x6 matrix notation as:

[ 3.1500 1.8500 1.8500 0.0000 0.0000 0.0000]
1.8500 3.1500 1.8500 0.0000 0.0000 0.0000
C= 1.8500 1.8500 3.1500 0.0000 0.0000 0.0000 (33-1)
0.0000 0.0000 0.0000 2.5000 0.0000 0.0000| '
0.0000 0.0000 0.0000 0.0000 2.5000 0.0000

| 0.0000 0.0000 0.0000 0.0000 0.0000 2.5000|

The frame of reference is then rotated by the Euler angles 6 = 35°, ¢ = 16° and y = 52°.
This results in a matrix representation of C very different from equation (3.3-1), as shown
below:

[ 35169 1.8237 1.5094 0.0003 0.7344 —0.1172]
1.8237 3.3647 1.6616 0.5416 —0.0610 0.2429
Co| 15094 16616 3.6789 —0.5419-0.6734-0.1257 (332)
0.0003 0.5416 —0.5419 2.3116 —0.1257 - 0.0610| '
0.7344 —0.0610 - 0.6734 —0.1257 2.1594 0.0003

[~ 0.1172 0.2429 - 0.1257 - 0.0610 0.0003 2.4737 |

The prime in equation (3.3-2) indicates that a rotation of the frame of reference has
occurred, but we must keep in mind that we are still dealing with the same physical
tensor. As can be seen by the representation of tensor C in equation (3.3-2), it would be
difficult to determine what symmetries, if any, may exist for this tensor. Following the
recipe outlined by the flowchart in figure 3.2-1, we calculate the template associated with

C as given by equation (3.3-2). This results in:

[ 3.5202 1.6649 1.6649 0.0000 0.0000 0.0000 ]
1.6649 3.5202 1.6649 0.0000 0.0000 0.0000
B.—| 16649 16649 35202 0.0000 0.0000 0.0000 (3.3-3)
I=1 0.0000 0.0000 0.0000 2.3149 0.0000 0.0000 [ '

0.0000 0.0000 0.0000 0.0000 2.3149 0.0000

| 0.0000 0.0000 0.0000 0.0000 0.0000 2.3149|

where the subscript 1 indicates that this is the template associated with the first iteration
and that no rotations have been applied to equation (3.3-2). By direct comparison with
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equation (3.3-1) we can see that there is a large difference between the two matrices. The
error scalar associated with this template is € = 3.580657, which is rather large. We now
attempt to find rotations which will minimize the error scalar. At each stage of
minimization a new rotated realization of the elastic tensor C  is calculated, as well as its
associated template. This procedure is repeated until our optimization criterion is met.

For this case, 14 iterations were necessary to satisfy the optimization criterion using
Powell's method (Press, Flannery, Teukolsky and Vetterling, 1988). At this point the
Euler angles were found to be 8 = - 52.000027, ¢ = — 16.000008 and y = 55.000027.

When these Euler angles are used to rotate equation (3.3-2), the following results:

[ 3.1500 1.8500 1.8500 —0.0000 —0.0000 0.0000 |
1.8500 3.1500 1.8500 0.0000 — 0.0000 — 0.0000
C | 1:8500 158500 3.1500 -0.0000 0.0000 0.0000 (3.34)
—~0.0000 0.0000 —0.0000 2.5000 0.0000 0.0000 | '
-0.0000 - 0.0000 0.0000 0.0000 2.5000 — 0.0000

0.0000 - 0.0000 0.0000 0.0000 —0.0000 2.5000 |

By directly comparing C of equation (3.3-4) with C of equation (3.3-1) we find that they
are identical to four decimal places. The error scalar is zero also to four decimal places.
We have come full circle and found a set of Euler angles which will give a reference
frame in which our elastic tensor will have a representation in its standard form.

I have developed a rather simple statistical method to find the preferred frame of
reference of an elastic tensor and was able to show that it works in the simple cubic
symmetry case. Additional numerical trials would be useful to further test this method, as
well as applying this method to real experimental data (Vestrum, Brown and Easley,
1996). The method used here is the most basic one as outlined in the flowchart of figure
3.2-1; the other symmetry classes may require some of the enhancements as outlined in
section 3.2. This, however, is the stopping point I will choose for this chapter.






