
Figure 3.2: A plot of various Gaussian functions obtained using Equation 3.4. The constant
A scales the amplitude of the Gaussian, the constant B shifts the position of the peak, and
the constant C adjust its width.

over time. We are most interested in computing the value of pG(t) in this model, as that is

what was used to model the amplitude and frequency response of charges employed in the

field.

3.2 The Choice of Pressure Pulse and Gaussian Ball Width

Figure 3.3 shows a Gaussian pressure pulse that was obtained using Equation 3.7, where

pressure pulse p3(t) from Equation 2.20 was used for the activation waveform w(t). Note that

all applicable parameters from Equation 2.21 through 2.24, and a magnitude of M = 1 were

used in the following calculations. After a pressure pulse for p(R, t) has been established in

Equation 3.9, a Gaussian explosion filter g(R, t;h, α) can be used to compute pG(R, t). Figure

3.4 shows a series of Gaussian explosion filters with varying values of the width parameter

h, and Figure 3.5 shows the Gaussian pressures pG(R, t) that result via convolution of these

filters with the pressure pulse p(R, t), as per Equation 3.9 and Figure 3.3. Essentially, the
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Figure 3.3: A plot of the Gaussian pulse using p3(t) in Equation 3.7 for w(t). Note that
this is the same pulse that was used in both the SHCM and HCM to compute the particle
displacements and frequency spectra.

plots in Figure 3.5 were obtained via convolution of the pulse in Figure 3.3 with the Gaussian

Balls in Figure 3.4.

Examination of Figures 3.3 through 3.5 reveals several key features of the GBSM. The

width of the Gaussian explosion filter in Equation 3.8 determines the width of the Guassian

pressures obtained via Equation 3.9. Figures 3.8 and 3.5 shows that the width of the obtained

Gaussian pressures is inversely proportional to the width of the Gaussian ball filters, since

expanding in the time domain results in shrinking in the frequency domain. From these

figures, it is also apparent that the amplitude of the resulting Gaussian pressures, is directly

proportional to that of the Gaussian filters, and thus higher amplitude Gaussian filters should

produce higher amplitude Gaussian pressures.

For the purposes of modeling real data, it would be useful to be able to observe the

behavior of the dominant frequency when we alter both the magnitude and width of the

Gaussian explosion filter shown in Equation 3.8. Observation of Figures 3.3 and 3.5 reveals

a potential limitation of pressure pulse p3(t) that we used in the SHCM and HCM. There
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Figure 3.4: A plot of the Gaussian explosion filters with varying Gaussian width parameter
h, as per Equation 3.8. Note that as the width of the ball increases, the amplitude decreases
and the Gaussian begins to expand. An increased width parameter expands the width of the
Gaussian, but in the case of Equation 3.8, the amplitude of the filer is inversely proportional
to h, and thus the amplitude decreases for wider Gaussian explosion filters.

does not appear to be a low frequency roll-off in the Gaussian pressures of Figure 3.5, which

could pose a problem when modeling dynamite explosions. It is therefore necessary to utilize

a different pressure pulse in the GBSM if we wish to observe any sort of variation in dominant

frequency when we change the parameters of this model. In the frequency domain, Equation

3.9 can be expressed as

p̂G(R,ω) = p̂(R,ω)ĝ(R,ω;h, α). (3.10)

In the frequency domain, the spectra of the Gaussian pressures is the product of the spectra

of the pressure pulse and the Gaussian explosion filter. Figures 3.6 through 3.8 shows a

series of pulses that were obtained using the same calculations performed previously, but

using a different source activation waveform w(t). Note that all of the other parameters

used previously were maintained in these calculations. Figure 3.6 shows the pulse p3(t) as

the source activation waveform w(t) in Equation 3.7, Figure 3.7 shows a Ricker wavelet of
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Figure 3.5: A plot of the Gaussian pressures obtained via convolution of the pressure pulse
in Figure 3.3 with the Gaussian explosion filters in Figure 3.4, using Equation 3.9. The
resulting pressures in the GBSM are modulated by the Gaussian explosion filters, and thus
the width of the resulting pressures are determined by the width of the Gaussian explosion
filters. Since widening in the time domain becomes shrinking in the frequency domain, the
width of the Gaussian pressure is inversely proportional to width of the Gaussian explosion
filter. Also note that the amplitude of the Gaussian explosion filter determines the amplitude
of the Gaussian pressures as well.
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Figure 3.6: Plot of the Gaussian pressures obtained using p3(t) as the source activation
waveform w(t) in Equation 3.7. Note the fact that the resulting frequency spectra of the
Gaussian pressures do not contain any sort of low frequency roll-off, which could prove to
be a significant limitation of p3(t) in this particular model as we are interested in observing
changes in the dominant frequency when we alter the parameters of this model.

dominant frequency 30Hz used for w(t), and Figure 3.8 shows a minimum phase wavelet of

dominant frequency 30Hz used for w(t). Both the Ricker wavelet and the minimum phase

wavelet display a low frequency roll-off in their resulting frequency spectra, which suggests

that they may be a better candidate for the source activation waveform w(t) used in this

study.

The behavior of the dominant frequency in Figures 3.7 and 3.8 suggests that there are

some very distinct similarities between the SHCM and the GBSM. In the SHCM we ob-

served that as the size of the cavity was increased the resulting amplitudes of the particle

displacement increased, but the dominant frequency decreased. In the GBSM we were only

able to observe this effect if we used the assumption that the magnitude M in Equation 3.7

is related to the width parameter h via a cubic relationship

M = C h3 (3.11)
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Figure 3.7: Plot of the Gaussian pressures obtained using a Ricker wavelet with a dominant
frequency of 30Hz as the source activation waveform w(t) in Equation 3.7. This pressure
pulse results in a low frequency roll-off in the frequency spectra, which suggests that this is
a good choice of pressure pulse if we wish to observe the behavior of the dominant frequency
with changing parameters in the GBSM.
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Figure 3.8: Plot of the Gaussian pressures obtained using minimum phase wavelet with a
dominant frequency of 30Hz as the source activation waveform w(t) in Equation 3.7. This
pressure pulse results in a low frequency roll-off in the frequency spectra, which suggests that
this is also good choice of pressure pulse if we wish to observe the behavior of the dominant
frequency with changing parameters in the GBSM.
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where C is a proportionality constant with units of 1/m3 such that M remains unitless. The

frequency spectra shown in Figures 3.7 and 3.8, were obtained using the M and h shown

in the previous equation for a C value of 1 m−3, in Equations 3.7 through 3.9. If we did

not use this parameterization of the magnitude in terms of the Gaussian ball width, we did

not observe this decrease in dominant frequency with larger ball widths. This suggests that

in order match the GBSM with data obtained from dynamite in practice, we may have to

assume the relationship between cavity ball width and magnitude shown in Equation 3.11.

The assumption made here does not seem to be unreasonable, as this relationship states

that the explosive potential of dynamite is directly proportional to the volume of the charge.

Observation of these results suggests that we should expect to see similar amplitude and

frequency effects in the GBSM, as we did in the SHCM.

3.3 Power Distribution in the GBSM

Figures 3.9 and 3.10 shows the power variation in pG(R, t) in Equation 3.9 as a result

of varying ball widths h. Note that for these power computations, we assumed that the

relationship between M and h was that of Equation 3.11. The results of these computations

shows a cubic relationship between the power of pG(R, t) and the width parameter h, and

a linear relationship between pG(R, t) and the cube of the width parameter. This is very

similar to what we observed in the SHCM, and therefore if we assume that the charge size

is related to the Gaussian width parameter and magnitude, we may be able to establish a

link between the size of the charge and the width parameter.

3.4 Application of the GBSM to Data Obtained in the Field

There are three main criterion that we must observe in real data to ensure that the GBSM

can be used to effectively make predictions.
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Figure 3.9: A plot of the power spectra resulting from the GBSM as a function of the ball
width h. In this figure, we can see that there is a cubic relationship between power and ball
width in the GBSM.

Figure 3.10: A plot of the shot power as a function of the cube of the ball width. The linear
line of best fit seems to match the calculated values, which provides further evidence that
the power and width relationship is cubic in the GBSM.
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1. The amplitude of the particle displacements increases with charge size

2. The dominant frequency decrease with charge size

3. A low frequency roll-off is present in the data

These match the criterion of the SHCM, so in essence the models are almost identical in

their expected observations.

There are several potential limitations with this model that could cause erroneous pre-

dictions in real data. This model assumes that the energy source is distributed over a 3D

Gaussian ball with an intensity proportional to the Gaussian amplitude. As a result of

this symmetric energy injection, only pressure waves are produced that propagate radially

outward from the center of the Gaussian ball. The assumption that the waves propagate out-

wards in a symmetrical, radial pattern may be violated in some media. In addition to that,

this model is a far-field approximation, so it may not be able to make accurate predictions

for data that was collected close to the source.

3.5 Chapter Summary

• The GBSM predicts an increase in amplitude response for larger Gaussian ball widths.

• The GBSM predicts a decrease in dominant frequency with Gaussian ball width provided

that the magnitude is assumed to be the cube of the ball width.

• In order to accurately model an explosive source using the GBSM, an appropriate source

activation waveform must be ascribed to the model.

• The relationship between ball width and power is cubic in the GBSM.
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Chapter 4

The Heelan Cylindrical Model

4.1 Theory and Derivation

One of the biggest limitations of the SHCM and GBSM models is the fact that they cannot

predict the nature of S-wave propagation because they do not have the ability to produce

S-waves (Sharpe, 1942). This is due largely to how the cavity is set up as a sphere in the

SHCM, or the representation of the source as a Gaussian ball in the GBSM; the symmetry

of the problem allows for a derived particle displacement that is independent of the angular

variables, and thus there are no terms that can account for S-waves. Heelan developed a

model that is very similar to the SHCM in that it contains an “equivalent cavity”, however,

in Heelan’s Model it is a hollow cylinder instead of a sphere (Heelan, 1953). Utilization of

a cylinder for the equivalent cavity allows for a derivation of the particle displacement that

uses both the angular and radial terms, which can be used to account for S-waves. Heelan’s

model may also prove to be advantageous since a hollow cylinder more accurately represents

the configuration of a charge in the subsurface, specifically the borehole that is used to set

the charge in the ground.

Figure 4.1 shows a graphical depiction of the Heelan Cylindrical Model (HCM). This

model assumes that an explosive source can be encapsulated by hollow cylinder of radius a

and length L wherein waves emitted from the source do not propagate linearly. Similar to

the SHCM, the size of this cavity is directly proportional to the size of the charge. However,

in the case of the HCM, there are two independent source activation waveforms, p(t) and

q(t), that act independently along the radial and axial components of the cylinder, resulting

in a particle motion that is dependent on two different activation waveforms. The particle

displacement that occurs along the radial component as a result of p(t) is termed u, and the
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Figure 4.1: A graphical depiction of the Heelan Cylindrical Model (HCM). The equivalent
cavity is a cyilinder of radius a, and length L, within which the waves are assumed to behave
in a nonlinear manner. A source activation waveform p(t) acts along the radial component
of the cylindar, and another source activation waveform q(t) acts along the axial component
of the cylinder. This results in a particle displacement u along the radial component, and
a particle displacement w along the axial component. Note that both p(t) and q(t) are
assumed to be independent of each other.
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particle displacement that occurs along the axial component as a result of q(t) is termed w.

Note that the HCM also has a third source activation waveform that acts along the angular

component of the cylinder, but for the purposes of this study we will ignore it and only

consider p(t) and q(t).

Examination of Figure 4.1 shows that if we place the center of the cylinder at the origin of

our coordinate system, the resulting deformation caused by p(t) and q(t) will be symmetrical

about both the z and r axis of the cylinder. The particle displacement that occurs along

each component of the cylinder can be expressed in terms of two potentials: Φo and Θo,

which satisfy the following wave equations,

Φ′′o − v2
p∇2Φo = 0, (4.1)

Θ′′o − v2
s∇2Θo = 0, (4.2)

where vp and vs are the P- and S-wave speeds respectively. The particle displacements u

and w when expressed in terms of the Φo and Θo potentials are

u =
∂Φo

∂r
− ∂2Θo

∂r∂z
, (4.3)

w =
∂Φo

∂z
− 1

r

∂

∂r

(
r
∂Θo

∂r

)
. (4.4)

The boundary conditions for the stress in this case are similar to that of the SHCM, in that

the particle displacement on the interior and the exterior of the cavity have to be equal

(Heelan, 1952). The two boundary conditions that work for this problem, when expressed

in terms of the auxiliary wave functions are

p(t) = −λ∇2Φo + 2µ
∂

∂r

(
∂Φo

∂r
− ∂2Θo

∂r∂z

)
, (4.5)

and

q(t) = −µ ∂
∂r

(
2
∂Φo

∂z
+∇2Θo − 2

∂2Θo

∂z2

)
. (4.6)
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After obtaining these boundary conditions for the stress on the medium, the auxiliary wave

functions shown in Equations 4.1 and 4.2 are expressed as Hankel functions, such that

Φo =

∫ ∞
0

eikV tdk

∫
C

fo(σ, k) H(1)
o (σr) ez(σ

2−k2) 1
2 dσ, (4.7)

Θo =

∫ ∞
0

eikV tdk

∫
C

go(σ, k) H(1)
o (σr) ez(σ

2−h2) 1
2 dσ. (4.8)

H
(1)
o is a Hankel function of the first kind and zeroth order, and C is a loop that goes from

i∞ around −h and −k and excludes the origin. The terms fo(σ, k) and go(σ, k) correspond

to the boundary conditions at the source, and can be solved using a Fourier integral that

satisfies Equations 4.7 and 4.8. Once expressions for these terms has been determined they

can be used in conjunction with Equations 4.1 and 4.2, and Equations 4.3 and 4.4, to

obtain expressions for the particle displacements u and w. These expressions comprise two

separate wave systems, a P-wave (up,0,wp) that propagates with velocity vp, and an S-wave

(uSV ,0,wSV ) that propagates with velocity vs. In other words, up and wp are the particle

displacements along the u and w directions (shown in Figure 4.1) for the P-waves, and uSV

and wSV are the particle displacements along the u and w directions for the S-waves. Note

that since we have only considered the motion along the axial and radial components of the

cylinder, we can only account for vertically polarized S-waves using the Heelan model in this

study. Taking these two separate wave systems into consideration, we can see that particle

displacement along each cylindrical component will be a superpostion of both the P- and

S-wave particle displacements, such that

u = up + usv, (4.9)

w = wp + wsv. (4.10)

The expressions obtained for the particle displacement in the HCM are

up =
1

R

[
F1(φ)

d

dt
p(t) +G1(φ)q(t)

]
sinφ, (4.11)
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wp =
1

R

[
F1(φ)

d

dt
p(t) +G1(φ)q(t)

]
cosφ, (4.12)

usv =
1

R

[
F2(φ)

d

dt
p(t) +G2(φ)q(t)

]
cosφ, (4.13)

wsv =
1

R

[
F2(φ)

d

dt
p(t) +G2(φ)q(t)

]
sinφ, (4.14)

where R is the distance from the center of the source to the point of observation, and φ is

the angle between the axial component of the cylinder and the line connecting the center of

the cylinder to the point of observation, as shown in Figure 4.1. The terms F1, F2, G1, and

G2 are given by

F1(φ) = ∆(1− 2v2
scos

2φ/V 2
p )/4πµvp, (4.15)

F2(φ) = ∆sin2φ/4πµvs, (4.16)

G1(φ) = −Av2
scosφ/4πµv

2
p, (4.17)

G2(φ) = Asinφ/4πµ. (4.18)

In this set of equations, µ is the rigidity of the medium in Newtons per meter, vp is the P-

wave speed in meters per second, and vs is the S-wave speed in meters per second. The terms

∆ and A in these equations are the volume and area of the cylindrical cavity respectively,

which are given by

∆ = 2πa2L, (4.19)

A = 4πaL, (4.20)

where a and L are the radius and length of the cylinder, as shown in Figure 4.1.
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One of the major differences between this model and the SHCM is the fact that the

particle displacement depends on the angle φ, which is shown in Figure 4.1. This suggests

that the orientation of the cavity with respect to the point of observation plays a significant

role on the measured particle displacement, if in fact the HCM is able to make accurate

predictions about dynamite data obtained in the field. There are numerous scientific studies

that have been conducted which show a clear variation in S-wave amplitude with offset,

suggesting that the orientation of a source plays a significant role in S-wave amplitudes

(Blair, 2007). The HCM allows us to predict the nature of S-waves, which could prove to be

very advantageous in modeling dynamite explosions.

4.2 Pressure Pulse and Particle Displacement

The pressure pulse that is assigned to p(t) and q(t) in Equations 4.11 through 4.14 plays

a significant role in the particle displacement of the HCM. The choice of pressure pulse is

completely arbitrary, and the two sources are assumed to act independently of one another

(Heelan, 1952). For the purposes of this study, we will assume that p(t) and q(t) are equal

in Equations 4.11 through 4.14. Pressure pulses p1(t), p2(t), and p3(t), given in Equations

2.18 through 2.20 were used for the source activation waveform in p(t) and q(t) in Equations

4.11 through 4.14, and the corresponding particle displacements were computed; the results

of this computation can be seen in Figures 4.2 through 4.6. In each of these figures the

volume of the cylinder, the distance from the source to the point of observation, the speed

of the P- and S-waves, and the frequency of the source remained constant. The values of

these parameters were as follows:

R = 100 m, (4.21)

a = 10 m, (4.22)
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L = 100 m; (4.23)

V p = 2000 m/s, (4.24)

V s = 1000 m/s, (4.25)

fo = 30 Hz. (4.26)

Also note that the angular frequency used in the pressure pulses of Equations 2.18 through

2.20 was calculated as:

ω = 2πfo. (4.27)

Note that unless otherwise specified, these parameters were used to create all of the theo-

retical plots in the HCM. Observation of Figures 4.2 through 4.6 shows a distinct variation

in particle displacement u(t) and w(t) based on the pressure pulse that is assigned to the

source. Similar to the SHCM, it is important to assign a pulse to the source that represents a

realistic scenario for an explosion, so that the HCM can make accurate predictions regarding

the the particle displacement and frequency spectra of data obtained in the field.

4.3 Amplitude Variation with Angle Phi

The variables found in Equations 4.15 through 4.18 scale the amplitude of the particle dis-

placement when they are used in Equations 4.11 through 4.14. These variables are dependent

on the angle φ, which suggests that the orientation of the source affects the overall amplitude

of the particle displacements that are computed with the HCM. Figures 4.7 and 4.8 shows

the amplitude variation of these variables with a changing φ value between 0 and 2π.
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Figure 4.2: Varying pressure pulse inputs for both p(t) and q(t) and their resulting particle
displacement in the Heelan Cylindrical Model for with φ = 1o. Note that the same pressure
pulse was used for both p(t) and q(t) to compute the particle displacements u(t) and w(t).

Figure 4.3: Varying pressure pulse inputs for both p(t) and q(t) and their resulting particle
displacement in the Heelan Cylindrical Model for with φ = 45o. Note that the same pressure
pulse was used for both p(t) and q(t) to compute the particle displacements u(t) and w(t).
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Figure 4.4: Varying pressure pulse inputs for both p(t) and q(t) and their resulting particle
displacement in the Heelan Cylindrical Model for with φ = 90o. Note that the same pressure
pulse was used for both p(t) and q(t) to compute the particle displacements u(t) and w(t).

Figure 4.5: Varying pressure pulse inputs for both p(t) and q(t) and their resulting particle
displacement in the Heelan Cylindrical Model for with φ = 135o. Note that the same pressure
pulse was used for both p(t) and q(t) to compute the particle displacements u(t) and w(t).
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Figure 4.6: Varying pressure pulse inputs for both p(t) and q(t) and their resulting particle
displacement in the Heelan Cylindrical Model for with φ = 180o. Note that the same pressure
pulse was used for both p(t) and q(t) to compute the particle displacements u(t) and w(t).

Figure 4.7 shows the amplitude variation of the P- and S-waves when the source is subject

to a source activation waveform p(t) only in Equations 4.11 through 4.14. Note that this is a

polar plot that shows amplitude variation with angle φ, and thus the radius of the polar plot

corresponds to the amplitude at a specific angle φ. The amplitude of the P-wave pattern

(shown in blue) corresponds to the F1 variable found in Equation 4.15, and the amplitude

of the S-wave pattern (shown in red) corresponds to the F2 variable found in Equation 4.16

(Heelan, 1952). This plot predicts that, assuming there is only a force acting along the radial

component of the hollow cylinder, that the P-waves should have a nonzero amplitude for

all values of φ. However, this model also predicts that for φ values of 0o, 90o, 180o, and

270o that there should be no S-wave radiation observed, and for φ values of 45o, 135o, 225o,

and 315o that there should be a maximum in the observed S-wave radiation, and it should

be larger than that of the P-waves. This is something that may be possible to observe in

dynamite data obtained in the field, and it could prove to be very useful when designing
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Figure 4.7: Variation of P and SV amplitudes with φ, as a result the source activation
waveform p(t) only. Note that this plot has been normalized to the highest amplitude. For
the P-waves, which are shown in blue, the radius is proportional to the F1 variable; in the
case of the SV-waves, shown in red, the radius is proportional to F2.

surveys with dynamite for the purposes of measuring S-waves, as the borehole orientation

may have significant effects on the amplitude of the radiated S-waves.

Figure 4.8 shows the amplitude variation for the P- and S-waves when the source is

subject to a source activation waveform q(t) only in Equations 4.11 through 4.14. In this

case the radius of the P-wave pattern corresponds to the G1 in Equation 4.17, and the

radius of the S-wave pattern corresponds to the G2 variable found in Equation 4.18 (Heelan,

1952). When the source is subject to a source activation waveform q(t) only, there are values

of φ where both the P- and S-waves have zero amplitude, however this should not occur

simultaneously. Realistically, a source detonated in the field will probably have a amplitude

pattern that is a combination of Figures 4.7 and 4.8, as there will be energy traveling up

and down the borehole when the shot is detonated (Blair, 2007).

Figure 4.9 and 4.10 shows the distribution in power of u(t) and w(t) for varying angles of

φ, and a cavity radius of a = 10 m. The power distribution appears to be periodic after 180o,
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Figure 4.8: Variation of P and SV amplitudes with φ, as a result of the source activation
waveform q(t) only. Note that this plot has been normalized to the highest amplitude. For
the P-waves, which are shown in blue, the radius is proportional to the G1 variable; in the
case of the SV-waves, shown in red, the radius is proportional G2.

so we can confine our discussion to angles between 0o and 180o. The maximum power occurs

at φ = 90o, and the minimum power occurs at φ = 0o and φ = 180o. This observation is

consistent with the behavior of the particle displacements in Figures 4.2 through 4.6. These

figures display a significant variation in the particle displacements u(t) and p(t) when the

value of φ changes. Additionally, the w displacement dominants most of the theoretical

power, which is consistent with our observations in Figure 4.7 and 4.8.

There are three key observations to take note of regarding these amplitude changes that

distinguishes the HCM from the SHCM: (1) The amplitudes of the particle displacements

are dependent on the value of φ. (2) The polarity of the particle displacements depends on

angle φ. (3) The maximum power occurs at φ = 90o, and the minimum power occurs at

φ = 0o and φ = 180o. This is significantly different than the SHCM. Equation 2.16 and

Figure 2.1 shows that the particle displacement is dependent only on the radial component

of the cavity in the SHCM (Sharpe, 1942), and thus the orientation of the cavity should not
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Figure 4.9: Plot of the power distribution of u(t) and w(t) for varying angles of φ between
0o and 180o. After 180o the power distribution becomes periodic, suggesting that power in
the HCM is symmetric about the axial component of the cavity.

Figure 4.10: Plot of the shot power distribution of u(t) and w(t) for varying angles of φ
between 0o and 180o. The maximum power occurs at 90o, and the power spectra appears to
be dominated by the w(t) particle displacement.
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contribute to the particle displacement and frequency spectra. Due to the variation in the

particle displacement with φ, the orientation of the cavity plays an important role in the

particle displacement that is calculated in the HCM.

4.4 The Role of the Cavity Size

To change the cavity size in the HCM, we have the options of varying the radius or length

of the cavity. Figure 4.11 shows the power variation of u(t), w(t), and u(t) + w(t) with

angle φ for different values of a, the cavity radius. Note that in order to obtain this figure,

we used the applicable parameters in Equations 4.21 through 4.26; we kept the value of L

constant at 10 m for these calculations. Observation of this figure shows that when the

cavity radius is varied, the location of the peak amplitudes remain unchanged form that of

Figure 4.10 (which depicts the total power for the HCM as a function of φ) for u(t) + w(t),

however the amplitudes have been scaled significantly with increased cavity radius. This

suggests that in the HCM, changing the radius of the cavity does not affect the location of

the peaks in the power spectra(and thus the radiation pattern), however it does scale the

amplitudes. Alternatively, Figure 4.12 shows a similar calculation, however this time it is

the power variation in the HCM with angle φ for different values of L, the cavity length.

Also note that we used the same parameters for these calculations as we did when we varied

the cavity radius a. The results of these calculations are similar to that of the previous one,

in that peak locations remain unchanged, and the amplitude increases with larger cavity

lengths. From this we can conclude that varying both a and L increases the volume of the

cavity, which increases the overall power predicted by the HCM. This suggests that volume

of the cavity plays the most significant role in power of the HCM, which is also true for the

SHCM.

Comparison of Figures 4.11 and 4.12 reveals a significant difference in the amplitudes of

u(t), w(t), and u(t) +w(t) when altering the cavity radius a as opposed to the cavity length
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L. Varying the cavity radius seems to have the most significant effect on the amplitudes,

which may lead to the conclusion that it is the most optimal way of increasing power in

this model. Recall that the volume of the cavity is given by Equation 4.19, and the area

of the cavity is given by Equation 4.20. From these equations we can see that the cavity

radius is going to affect the volume in a more significant manner as it is a squared term in

this equation while the length is a single power; in the area equation both terms are only

raised to a single power so they have the same effect on the area. Therefore, it is expected

that the cavity radius should have the most significant effect on the overall power predicted

by the HCM. However, there are some issues with expanding the cavity radius in practice.

Generally, boring instruments that are used to drill holes for dynamite are of a fixed width,

and it is often more practical to adjust the depth at which a charge is placed than the width

of the borehole, simply by drilling deeper into the subsurface. Therefore, the more likely

scenario to encounter in the field is the variation in L, not a.

Figures 4.13 through 4.22 shows a series of particle displacements at different φ values

and their corresponding frequency spectra, that were also computed using varying values for

the cavity radius a, a fixed cylinder length given in Equation 4.23, and pressure pulse p3(t)

given in Equation 2.20. These figures reveal a significant difference between the HCM and

the SHCM in the behavior of the frequency spectra with varying cavity size. In the SHCM

we observed an increase in the particle displacements for larger charge sizes, but there was

also a significant decrease in the dominant frequency of the spectra as the charge size was

increased. When dealing with the HCM in Figure 4.17, there is an increase in particle

displacement with larger charge sizes, but there is no decrease in dominant frequency when

the cavity volume is enlarged. This suggests that a decrease in dominant frequency with

increased cavity size may not be a feature of this particular model.

A major difference between the SHCM and HCM is role of the cavity orientation in

the particle displacement. Both models predict an increase in particle displacement with
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Figure 4.11: Variation in power distribution of u(t), w(t), and u(t) +w(t) for varying values
of φ and cavity radius a. The minimum and maximum power remain unchanged from Figure
4.10, however, the increase in cavity radius has scaled the amplitudes; larger values of cavity
radii produce higher amplitudes in the HCM. Also note that w(t) appears to be larger than
than u(t) for all values of a.
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Figure 4.12: Variation in power distribution of u(t), w(t), and u(t) +w(t) for varying values
of φ and cavity length L. The minimum and maximum power remain unchanged from Figure
4.10, however, the increase in cavity length has scaled the amplitudes; larger values of cavity
length produce higher amplitudes in the HCM. Also note that w(t) appears to be larger
than u(t) for all values of L. This plot is very similar to that of Figure 4.11 where the
value of a was varied instead of the length, note however that the overall amplitudes of all
displacements are higher in when a is varied.
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larger cavities, and thus larger charge sizes. However, particle displacement in the SHCM is

independent of the cavity orientation due to the symmetry of the problem. In the HCM, the

particle displacement depends on the orientation of the cavity, and needs to be taken into

account when making theoretical predictions about dynamite data obtained in practice.

4.5 Application of the HCM to data obtained in the field

There are several key observations from the theory of the HCM that, if observed in real data,

can confirm the validity of the HCM in applications to data collected in the field. These

observations include:

1. Variation in shot power and amplitude with φ

2. Maximum shot power occurring at φ = 90o

3. Minimum shot power at φ = 0o and φ = 180o

4. Increase in shot power for larger charge sizes

5. Variation in the frequency spectra with φ

If we can observe these effects in the field, we would have experimental verification of the

HCM, and could potentially use it to improve the quality of dynamite surveys.

There are several potential limitations of this model which could cause difficulties when

trying to model dynamite data that has been collected in practice. The amplitude variation

plots shown in Figure 4.7, 4.8, and 4.10, assume that the borehole is pointed straight down-

wards, in other words the φ = 0o angle is aligned directly along the −z axis. The φ = 0o

angle can be rotated to produce the correct plots, however, if we assume that the borehole

is oriented vertically when it is not, we may see significant deviations from the predictions

of the HCM. Additionally, the HCM is still in effect a far-field approximation, and if the
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source is located too close to the point of measurement, we may not be able to effectively

use this model to make accurate predictions of the obtained data.

4.6 Chapter Summary

• The HCM predicts a variation in amplitude with borehole orientation.

• Altering the cavity radius a has the most significant impact on the amplitudes in the

HCM, however, it is not practical to increase the radius of the cavity in practice as boring

instruments are of fixed with.

• The HCM does not show any sort of reliable variation in the frequency spectra for changing

borehole orientation.

• The HCM predicts that the maximum amplitude should occur at φ = 90o, along the radial

component of the borehole.

• The HCM predicts an increase in amplitude response with larger cavity size, and thus

larger charge sizes.

• The HCM does not predict a change in dominant frequency with varying cavity size.
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Figure 4.13: Variation in particle displacement u(t) with cylinder radius for φ = 1o.

Figure 4.14: Variation in particle displacement w(t) with cylinder radius for φ = 1o.
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Figure 4.15: Variation in particle displacement u(t) with cylinder radius for φ = 45o.

Figure 4.16: Variation in particle displacement w(t) with cylinder radius for φ = 45o.

56



Figure 4.17: Variation in particle displacement u(t) with cylinder radius for φ = 90o.

Figure 4.18: Variation in particle displacement w(t) with cylinder radius for φ = 90o.
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Figure 4.19: Variation in particle displacement u(t) with cylinder radius for φ = 135o.

Figure 4.20: Variation in particle displacement w(t) with cylinder radius for φ = 135o.
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Figure 4.21: Variation in particle displacement u(t) with cylinder radius for φ = 180o.

Figure 4.22: Variation in particle displacement w(t) with cylinder radius for φ = 180o.
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Chapter 5

An Overview of the Data Used in This Study

The data used in this study was collected over the course of three field experiments, at two

different sites: Priddis and Hussar. All of the data used in this study was collected using

dynamite, which ranged in size from one third of a kilogram, to four kilograms. These field

experiments have been covered in great detail by publications listed in our references, so we

will provide a brief overview of the field work here (Margrave et al., 2011)(Bertram et al.,

2012)(Hall et al., 2013).

5.1 Hussar 2011 low-frequency experiment

During this field experiment, a series of test charges ranging in size between 1 and 4 kg

were buried in groups at three separate locations, at a depth of approximately 15 m along

a horizontal 4.5 km long line of three-component geophones. Margrave et al. shows a series

of geophone lines, which were all recording the test shots (Margrave et al., 2011). In this

study we only used the data from the vertical component of Line 2, which was a series of

three-component 10 Hz geophones spaced at 10 m intervals. For reference, Table 5.1 lists all

of the relevant parameters of this experiment.

5.2 Priddis 2012 pulse-probe experiment

In this experiment, a series of test charges ranging in size between 0.0625 kg and 2 kg were

buried at a depth of approximately 15 m depth along several horizontal lines of geophones.

In this study, we used the data from the vertical component of the SM7 three-component

10 Hz geophones, which were spaced at 10 m intervals. The parameters for this data can be

found in Table 5.2.
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Hussar 2011 Parameters
Smallest charge size 1 kg
Largest charge size 4 kg
Charge depth 15 m
Sample rate 2 ms
Geophone spacing 10 m
Shot spacing 20 m

Table 5.1: A list of parameters for the dynamite data obtained in the Hussar 2011 low-fre-
quency experiment.

Priddis 2012 Parameters
Smallest charge size 0.125 kg
Largest charge size 2 kg
Charge depth 15 m
Sample rate 1 ms
Geophone spacing 10 m
Shot spacing 20 m

Table 5.2: A list of parameters for the dynamite data obtained in the Priddis 2012
Pulse-probe experiment.
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Priddis 2013 Parameters
Smallest charge size 1 kg
Largest charge size 4 kg
Charge depth 15 m
Sample rate 1 ms
Geophone spacing 10 m
Shot spacing 20 m

Table 5.3: A list of parameters for the dynamite data obtained in the Priddis 2013
Pulse-probe experiment.

5.3 Priddis 2013 field experiment

The data from this experiment is different than that of the Hussar 2011 and Priddis 2012

experiments, since these data were collected using a vertical line of geophones placed in

an observation well. In addition to the different geophone orientation from the previous

experiments, some of the boreholes for the dynamite shots were drilled at an angle of 30o.

The charges ranged in size between 1 kg and 4 kg, and the boreholes were drilled in a direction

that either faced the well, or faced in the opposite direction of the well. The parameters for

this experiment can be found in Table 5.3.
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Chapter 6

Spectral Notching and Source Ghosts

6.1 Spectral Notching Theory

Ghosts are a common phenomenon in seismic data that can contribute significantly to the

spectral content of measured waves. A ghost occurs when a wave emitted from the source

reflects off of the surface and travels back into the earth, creating an event that is a com-

bination of of the free surface and a reflector (Hamarbatan and Margrave, 1998). Figure

6.1 shows a graphical depiction of a common ghost, wherein a wave travels upwards from a

buried source and reflects off of the surface. This is then followed by a downward propaga-

tion and a second reflection off of the base of the layer, and finally the wave travels upward

again where it is detected at the receiver.

A ghost can be modeled mathematically using the arrival times of two separate events.

Let tr represent the arrival time of the reflection event, and tg represent the arrival time

of the ghost. Using these two arrival times, a trace composed of a reflection event and its

spectral ghost can be represented as

g(t) = δ(t− tr) + δ(t− tg), (6.1)

where g(t) represents the trace. Investigation of the geometry in Figure 6.1 reveals a way to

simplify the expression given in Equation 6.1. The ray path for the ghost (represented by

blue arrows) is longer than that of the reflection event (represented by the purple arrows),

and thus the ghost will arrive at the receiver at a later time than the reflection. If the arrival

time of the reflection is assigned a value of zero, and the tg term is treated as the difference

in time between the arrival of the reflection and the ghost event, ∆tg, Equation 6.1 becomes
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Figure 6.1: Graphical depiction of a source ghost, whose raypath is represented by the blue
arrows. The source (shown in red) emits a wave that travels upwards and reflects off of the
surface, which then travels downward and reflects a second time off of the base of the layer.
This wave is then detected by the receiver (shown in green) as a source ghost. The raypath
of the reflection event corresponding to this ghost is represented by the purple arrows in
this figure. Note that the distance traveled by the ghost is longer than that of the reflection
event.
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g(t) = δ(t) + δ(t−∆tg). (6.2)

The Fourier Transform of Equation 6.2 can be used to theorize the effect of ghosts on the

spectral content of the waves. The Fourier Transform of Equation 6.2 is given by

ĝ(ω) =

∫ +∞

−∞
δ(t)e−2πiωtdt+

∫ +∞

−∞
δ(t−∆tg)e

−2πiωtdt, (6.3)

where ω is the angular frequency. The Fourier transform of a delta function is given by∫ −∞
−∞

δ(t− to)e−2πiωtdt = e−2πiωto , (6.4)

and using this identity in Equation 6.3 yields the following expression:

ĝ(ω) = 1 + e−2πiω∆tg . (6.5)

which can be rewritten as

ĝ(ω) = e−2πiω∆tg/2
(
e2πiω∆tg/2 + e−2πiω∆tg/2

)
. (6.6)

This expression can be further simplified using the cosine identity

cos(z) =
eiz + e−iz

2
, (6.7)

which when used in Equation 6.6 results in the following expression:

ĝ(ω) = 2e−2πiω∆tg cos πω∆tg. (6.8)

Finally, the amplitude spectrum of ĝ(ω), which represents spectral content, is given by

|ĝ(ω)| = |2 cosπω∆tg|. (6.9)

The expression given in Equation 6.9 reveals critical information about seismic data contain-

ing a reflection and ghost event, since this equation will be zero whenever the terms inside

of the cosine equal π/2. Additionally, given the periodic nature of the cosine function, there
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will be multiple points in the frequency spectra where it goes to zero. This phenomenon is

referred to as “notching” in the frequency spectra, and can occur whenever you have ghosts

with reflection data (Hamarbatan and Margrave, 1998). Mathematically, the phenomenon

discussed here can be derived by first expressing the conditions under which Equation 6.1

will be zero:

πω∆tg =
π

2
. (6.10)

Based on the condition expressed Equation 6.10, the frequency spectra given by Equation

6.9 will be zero when the angular frequency is

ω =
1

2∆tg
. (6.11)

For this derivation we have assumed that the amplitude of the reflection and the ghost event

are both positive, which can be seen in Equation 6.2. Depending on the reflectivity of the

layers in the subsurface, the amplitude of the ghost event could also be negative. Under this

condition, Equation 6.2 can be written as

g(t) = δ(t)− δ(t−∆tg), (6.12)

where we have used a negative sign in the second term of the right hand side of this equation

to represent a negative polarity of the ghost with respect to the reflection event. If we carry

out the same derivation using the identity for sine

sin(z) =
eiz − e−iz

2i
, (6.13)

we arrive at an amplitude spectrum of

|ĝ(ω)| = |2 sinπω∆tg|. (6.14)

Equations 6.9, 6.14, and 6.11 reveals a common phenomenon that is present in most seismic

signals (Hamarbatan and Margrave, 1998). Whenever a seismic signal contains a reflection

and a ghost event, there will be points in the frequency spectra (given in Equation 6.9)
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Figure 6.2: Plot of a 30 Hz Ricker wavelet used to construct a synthetic seisimc trace and
its corresponding frequency spectra.

where the amplitude goes to zero due to the condition given in Equation 6.11. Depending

on the polarity of the reflection and the ghost event, the form of the frequency spectra will

also behave differently, which can be seen in the sine and cosine terms of Equations 6.9 and

6.14. Additionally, the spacing of these notches is also given by Equation 6.11. This effect

is often referred to as Spectral Notching, and can cause potential errors when interpreting

the spectral content of seismic data.

A synthetic seismic trace can be modeled using the convolution operation

s(t) = r(t) ∗ w(t), (6.15)

where s(t) is the synthetic seismic trace, r(t) is a synthetic reflectivity, and w(t) is an

arbitrary wavelet (Aki and Richards, 1980). Figures 6.2 through 6.5 shows two synthetic

seismic traces that were created using Equation 6.15. Figure 6.2 shows a 30 Hz Ricker

wavelet that was used for w(t) and its corresponding frequency spectra. Note that for this

spectra, there are no notches below the noise floor of the spectra, and the dominant frequency

is located around the 30 Hz position as expected. Figures 6.3 and 6.4 shows the reflectivity
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Figure 6.3: Plot of the reflectivities used to create a synthetic seismic trace. The first event
in each plot is the reflection event, and the second event is the ghost. Note the difference in
polarity of the second event in each of the plots.

Figure 6.4: Plot of the amplitude spectra of the reflectivities used to create a synthetic seismic
trace. The first reflectivity r1(t) follows the form of a sine function, which was predicted in
Equation 6.14, and the second reflectivity r2(t) follows the form of a cosine function, which
was predicted by Equation 6.9.
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Figure 6.5: Frequency spectra of the synthetic seismic traces created using Equation 6.15
with the Ricker wavelet in Figure 6.2, and with the reflectivities in 6.3. Note that in each
case the locations of the notches and the form of the final frequency spectra depend on the
amplitude polarity of the second event in the reflectivities.

functions that were used for r(t) in Equation 6.15. The first event in both of these spectra

represents the arrival time of the reflection, and the second event is the arrival time of the

ghost. Note that we used two different reflectivities for this model: r1(t) is a reflection event

where the ghost polarity is negative, and r2(t) is a reflection event where the ghost polarity

is positive. When these reflectivities are convolved with the Ricker wavelet, as per Equation

6.15, the frequency spectra shown in Figure 6.5 is obtained. When compared to the original

Ricker wavelet spectrum in Figure 6.2, the presence of notching becomes apparent in Figure

6.5. These notches are a result of the convolution of r(t) with w(t) in Equation 6.15. Since

r(t) is dependent on the polarity of the reflection and the ghost events, which can be seen in

Figure 6.3 and 6.4, the notches in amplitude spectra seen in Figure 6.5 are also dependent on

the polarity of the events. Therefore for events that occur in real data, we should ex[ect to

observe notching that is dependent on the polarity of the events that arrive at the geophone.

Careful observation of Figure6.5 shows a clear shift in the notches depending on r(t), however
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Figure 6.6: Synthetic seismic trace containing a reflection event and its ghost. For the trace
modeled in this scenario, the source is buried at a very shallow depth, and thus the events
are very closely spaced.

the overall form of the frequency spectra is similar to that of the original wavelet in Figure

6.2. Therefore, it would not be unreasonable to assume that the polarity of the events will

shift the position of the nothces in the final frequency spectra. For the remainder of this

discussion, we will only consider events that have the same polarity.

6.2 Modeling Spectral Notching

Figure 6.6 shows a synthetic seismic trace that was modeled using the scenario shown in

Figure 6.1. For the trace shown here, the source was buried at a depth close to the surface.

From the geometry shown in Figure 6.1 it can be seen that if the source is buried close to

the surface, the ghost and the reflection events will be closely spaced since the up-going

wave from the source does not have to travel far before reflecting off of the free surface. The

corresponding frequency spectra of this trace, which can be seen in Figure 6.7, shows the

effect of the ghost on the frequency content of a reflection event.
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Figure 6.7: Frequency spectra of the trace(s) shown in Figure 6.6. The reflection event
without the ghost is shown in blue, and the reflection event including the ghost is shown in
green. Note the presence of spectral notching when the trace contains the ghost event as
well.

Alternatively, Figure 6.8 shows a synthetic trace that was also modeled using the scenario

shown in Figure 6.1, however the source has been buried much deeper in this particular

model. The frequency spectra corresponding to this trace, which can be seen in Figure 6.9,

shows a much more narrow spacing of the spectral notches than that observed in the previous

scenario. Since the source has been buried much deeper in this particular model, the ghost

requires more time to travel back to the surface, and thus ∆tg in Equation 6.9 is larger in

this case. Based on the zero-condition shown in Equation 6.11, it would be expected that the

notches will be much more closely spaced for events that occur at larger time intervals. In

practice, and in this study in particular, seismic sources tend to be buried at a depth that is

close to the surface; the largest burial depth encountered in this study was approximately 15

meters. Taking this into consideration, it may be more reasonable to expect to see notching

similar to that of the scenario shown in Figures 6.6 and 6.7.

Note that the notching effect observed here is not unique to ghosts in seismic data.
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Figure 6.8: Synthetic seismic trace containing a reflection event and its ghost. For the trace
modeled in this scenario, the source is buried at a deeper depth than that of Figure 6.6, and
thus the events are more widely spaced since the up-going wave has to travel further to reach
the free surface.

Figure 6.9: Frequency spectra of the trace(s) shown in Figure 6.8. In this case the notches
are narrower as the events in the time domain are more widely spaced than the scenario
modeled in Figure 6.6.
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Any trace containing multiple events, similar to the traces seen in Figures 6.6 and 6.8, will

produce notches in the frequency spectra. These events include multiples, ghosts, an any

other disturbances sensed by the geophones that are not part of the desired data (Hatton

et al. 1986). The data used in this study was not processed in any way, and analysis was

carried out on raw data. Therefore notching should be expected in all the frequency spectra

obtained in this study.

We expected this notching effect to cause significant deviations between our models and

measured data, because we did not include the free surface in any of our models. Without

a free surface in the model, we cannot account for events such as multiples or ghosts, and

thus we are not taking into account any sort of effects that the free surface will have on the

frequency spectra of our acquired data.

6.3 Examining the Effects of Spectral Notching on Data

The majority of the data analysis in this study was carried out in a window that contained

the reflection data. In order to determine the effect of the source ghosts and other notching

effects, the spectral content of a source from each experiment was analyzed within the window

shown in Figure 6.10. The top of this window, which can be seen in blue in Figure 6.10,

was located at the base of the first breaks. The bottom of the window was located at 2 ms

into the shot record as there was no reflection data observed after this point. Ideally, this

window would only contain the reflection data, however as mentioned before there are likely

multiples and other events included in this window as well.

The frequency spectra corresponding to the data in this window can be seen in Figure 6.11

for the Hussar 2011 data, and Figure 6.12 for the Priddis 2012 data. In both of these figures,

spectral notching is apparent across all frequencies as expected. In this study, the dominant

frequency of the sources is of particular interest, and based on these figures it appears to

be difficult to pinpoint precisely where the dominant frequency lies when this notching is
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Figure 6.10: Analysis window (shown in blue) used for determining the effect of spectral
notching. The top of the window began at the bottom of the first breaks and went to the
end of the record; the portion of data near the source was ignored in this case, as the models
that were investigated in this study are not able to make predictions about waves near the
source.

present. Figure 6.7 shows a model where the dominant frequency of the reflections have

been buried by a notch, and the dominant frequency of the entire spectra has been shifted.

Given the geometry of the model that created this spectra, it is the most likely scenario

to be encountered in the data as the sources were buried fairly close to the surface. If this

scenario is encountered, it is entirely possible that the measured dominant frequency of the

sources are erroneous; this introduces a potential source of error in this experiment.

6.4 Chapter Summary and Conclusions

• Spectral notching has been observed in the Hussar 2011 and Priddis 2012 data sets.

• We did not account for the free surface in any of our models, and thus we cannot account

for effects like multiples and source ghosts that give rise to spectral notches.
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Figure 6.11: Frequency spectra obtained from the reflections in the Hussar 2011 data set.
The notches in this spectra are most likely caused by source ghosts and multiples, and other
events that may be present within the data. These notches can make it difficult to locate
the dominant frequency of the source, which can cause errors with the interpretation of the
results of this study.

Figure 6.12: Frequency spectra obtained from the reflections in the Priddis 2012 data set.
The notches in this spectra are similar to what was observed in Hussar 2011 (Figure 6.11.
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• The causes of these notches have not been identified at this point, however, they are most

likely caused by source ghosts and multiples.

• The notches introduce a potential source of error as it is possible for one of them interfere

with dominant frequency in the frequency spectra.
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Chapter 7

Application of the SHCM to real data

The relationship between charge size and cavity radius is an integral part of the SHCM if

we wish to apply it to data obtained in the field (Sharpe, 1942). In our discussion of the

SHCM we observed a cubic relationship between power and cavity radius, which can be seen

in Figure 2.10. Based on this observation, if a relationship between charge size and shot

power can be established, it may be possible to determine some sort of a link between charge

size and the cavity radius in the SHCM.

7.1 Establishing a Link Between Charge Size and Cavity Radius

We began our analysis by computing the shot power for each charge in both the Hussar 2011

and Priddis 2012 field experiments. The power was computed over the vertical component of

the geophones, and we chose a time window that only encompassed the first breaks and the

reflections, as the SHCM cannot predict the nature of the energy outside of these windows

(Sharpe, 1942). Figure 7.1 shows an example of a shot record and the window over which we

computed the power, and conducted the frequency analysis of each shot record. The power

was computed using the equation

P =

∑
s2

N
, (7.1)

where P is the power, s is the trace, and N is the length of the trace. Note that the power

in this case is unitless. The frequency spectra were obtained using the function fxtran in

the CREWES MATLAB toolbox.

Figure 7.2 and 7.3 shows a plot of the computed shot power that results from each charge

size. Both the Hussar 2011 and Priddis 2012 data sets display a relationship between charge

size and shot power that is approximately linear, with only slight deviations from the linear
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Figure 7.1: An example shot record for the one kilogram charge in the Hussar 2011 data set.
The window over which the power and frequency analysis was conducted is shown in blue,
and the line used to determine the wave speed is shown in red. Note that this red line is the
slope of the first break line.

best fit line. This suggests that the relationship between shot power and charge size could

potentially be linear within the ranges of charges that we have used in these experiments.

Note however that we have only used a narrow range of charges in this experiment, and

that we are dealing with a limited dataset in terms of the total number of charges that we

used. Therefore, we may have to collect more data before we can draw any sort of reliable

conclusions regarding the relationship between charge size and shot power.

We had established a cubic relationship between the cavity radius in the SHCM and the

power, such that

P ' a3, (7.2)

where a is the cavity radius in meters, and P is the power. Figures 7.2 and 7.3 suggest that

the relationship between charge size and measured shot power may be linear in nature, such

that

P ' m, (7.3)
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Figure 7.2: Normalized shot power as a function of the charge size in the Hussar 2011 dataset.
Note that the power in this case has been normalized using the maximum shot power for
the group of shots at the first location in the Hussar 2011 data set. There appears to be a
linear relationship between charge size and the resulting power of the shot however, this is
something that should be studied in greater detail before any solid conclusions can be made.

where m is the charge size in kilograms. If we assume that the measured power is that of

the SHCM, we can combine Equations 7.2 and 7.3 to obtain the relationship,

m = ca3, (7.4)

where c is a proportionality constant with units of a kilogram per cubic meter. Recall that

the frequency of SHCM is given by

fo =
ω

2π
=

√
2v

3a
, (7.5)

where a is the cavity radius, v is the P-wave speed in the medium, ω is the angular frequency,

and fo is the dominant frequency (Sharpe, 1942). By combining Equations 7.4 and 7.5 we

can obtain the expression

f 3
o = c

(√
2v

3

)3
1

m
. (7.6)
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Figure 7.3: Normalized shot power as a function of the charge size in the Priddis 2012 dataset.
Note that the power in this case has been normalized using the maximum shot power for
the Priddis 2012 data set. There appears to be a linear relationship between charge size and
the resulting power of the shot however, this is something that should be studied in greater
detail before any solid conclusions can be made.

Equation 7.6 shows that if the cube of the measured dominant frequency is plotted against

the inverse of the charge size, the resulting plot should be a straight line of intercept zero,

and a slope of

S = c

(√
2v

3

)3

, (7.7)

where c is the proportionality constant, and S is the slope of the previously discussed plot.

After a plot of the cube of the measured dominant frequency as a function of the inverse

charge has been determined, the value of c can be computed using the following equation:

c = S

(
3√
2v

)3

. (7.8)

Figures 7.4 and 7.5 shows a plot of the cube of the measured dominant frequency as a

function of the inverse charge size for both the Hussar 2011 and Priddis 2012 datasets. In

both data sets, the plots appear to be linear with only slight deviations from the line of best

fit.
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Figure 7.4: A cube of the dominant frequency as a function of the inverse charge size for
the Hussar 2011 data set. Note that for this calculation, the same charges from the power
computation in Figure 7.2 were used. Based on this figure, there is evidence to suggest that
the relationship between the cube of the dominant frequency and the inverse of the charge
size is linear.
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Figure 7.5: A cube of the dominant frequency as a function of the inverse charge size for
the Priddis 2012 data set. Note that for this calculation, the same charges from the power
computation in Figure 7.2 were used. Based on this figure, there is evidence to suggest that
the relationship between the cube of the dominant frequency and the inverse of the charge
size is linear.

One of the most important aspects of the SHCM when trying to apply it to real data

is establishing a link between charge size and the cavity radius. From this portion of our

study, we were able to establish a link between charge size and cavity radius by examining

the power spectra that resulted from the theoretical portion of the SHCM, and the data that

we obtained in the field. Ziolkowski examined various radial stress patterns that resulted

from dynamite of varying charge sizes (Ziolkowski, 1993). He arrived at a cube-root scaling

of

a = CM1/3, (7.9)

where a is the cavity radius and, C is medium-specific constant, and M is the charge size.

Since we both arrived at this relationship using differing techniques, there is strong evidence

to suggest that the link between charge size and cavity radius cubic in nature.
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7.2 Determining the c-Value

After obtaining the plots in Figure 7.4 and 7.5, we used Equation 7.8 to determine the value

of c for each individual data set. The c-values that we obtained where

cHussar = 1.0× 107 m−3, (7.10)

for the Hussar 2011 data set, and

cPridds = 2.0× 107m−3, (7.11)

for the Priddis 2012 data set. We determined the value of the wave speed v, by using the the

slope of the first break line as shown in Figure 7.1. For the Hussar 2011 dataset we obtained

a value of 2750 m/s, and for the Priddis 2012 dataset we obtained a value of 3500 m/s.

We then used this c-value in Equation 7.4 to determine the cavity radii that corresponded

to each charge size; and then proceeded to use these cavity radii in the SHCM to make a

series of theoretical plots of the frequency spectra for each data set. Figure 7.6 shows the

geometry of the Sharpe model that we used to calculate the theoretical frequency spectra

for each sensor in the survey. After obtaining individual spectra for each modeled sensor in

the experiment, they were all combined to produce a theoretical frequency spectra for each

data set. The theoretical frequency spectra obtained from this calculation can be found in

Figures 7.7 and 7.8.

To summarize, the method for calculating the value of c is as follows.

1. Determine the value of the wave speed from the shot record

2. Compute dominant frequency as a function of the charge size

3. Plot the cube of the dominant frequency with respect to inverse charge size

4. Determine the slope of this plot

5. Use Equation 7.8 to determine the value of c
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Figure 7.6: Figure showing the geometry of the SHCM that we used to construct the the-
oretical frequency spectra for each sensor, which we combined to get the total spectra seen
in Figures 7.7 and 7.8.

6. Use this c-value in Equation 7.4 to determine cavity radii

7. Use these cavity radii to produce frequency spectra from the SHCM

7.3 Amplitude Response and the SHCM

Figures 7.9 and 7.10 shows the frequency spectra obtained from the Hussar 2011 and Priddis

2012 datasets respectively. Examination of these data sets shows an increase in the amplitude

of the waves emitted by the source for larger charge sizes, which is predicted by the SHCM.

Habberjam and Whetton conducted a survey whereby a large number of varying sized ex-

plosives were detonated, in an attempt to establish a relationship between the amount of

charge used and the amplitude response (Habberjam and Whetton, 1951). From this body
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Figure 7.7: Theoretical frequency spectra obtained from the SHCM, using the charge sizes
from the Hussar 2011 experiment,the calculated c value from Equation 7.8, and a wave speed
v of 2000 m/s.

Figure 7.8: Theoretical frequency spectra obtained from the SHCM, using the charge sizes
from the Priddis 2012 experiment, the calculated c value from Equation 7.8, and a wave
speed v of 2500 m/s.
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Figure 7.9: Frequency spectra obtained from the Hussar 2011 test shots. Note that the
overall amplitude increases with larger charge sizes, but the dominant frequency decreases
with bigger charges. This matches the predictions of the SHCM.

Figure 7.10: Frequency spectra obtained from the Priddis 2012 test shots. Note that the
overall amplitude increases with larger charge sizes, but the dominant frequency decreases
with bigger charges. This matches the predictions of the SHCM.
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of work, they were able to establish a relationship between charge size and amplitude, which

was of the form

C = QA1.242, (7.12)

where C is the amount of charge, Q is a factor ranging from 1 and 3, and A is the amplitude.

This study found that the charge size was proportional to the amplitude response of the

medium, which coincides with our observations from our study, which in turn suggests that

the SHCM can be used to predict the amplitude response of charges detonated in the field.

There are currently numerous bodies of work that have been conducted using dynamite

which attempt to explore the nature of the craters left behind after explosions. Sharpe is

very commonly referenced in these studies, as the SHCM was one of the first models to lay

some sort of theoretical groundwork for future studies of this nature. The most important

factor in the SHCM is the cavity size, however, it is not very well understood at this point

whether or not the size of the cavity is representative of the volume of subsurface that is

displaced by an explosion. Nicholls and Duvall explored the effect of charge diameter on the

power of explosives for the U.S Department of Interior (Nicholls and Duvall, 1965). Their

publication focuses mainly on the performance of three different types of explosive material:

Pentolite, Semigelatin dynamite, and AN-FO prills. A series of these test charges ranging

in size was detonated within the subsurface and their explosive power was measured, along

with several other subsurface parameters. They did find that larger charge sizes produced

higher amplitude responses for each type of explosive which coincides with our observations

as well, but of particular interest to the SHCM is the diameter of the cavities that were

left over after the explosions. They found that larger charge sizes produced bigger craters,

regardless of the type of charge that they used, which yields some very interesting results

about the nature of the cavities lefter after an explosion. These observations suggest that

the hollow cavity in the SHCM may also hold some physical significance in practice. It may

be worth investigating this phenomenon in future research projects.
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Figure 7.11: Closer view of the peaks of the frequency spectra obtained from the SHCM for
the Hussar 2011 data. Both the predicted amplitudes and dominant frequency are approx-
imately the same as that of the measured spectra, with the exception of the one kilogram
charge.

7.4 Frequency Content and the SHCM

Figures 7.11 and 7.12 shows a closer view of the peaks of the frequency spectra that was

obtained from the Hussar 2011 and Priddis 2012 data. These plots have been displayed along

with their corresponding theoretical spectra obtained from the SHCM. Additionally, Tables

7.1 and 7.2 contain a summary of the peak amplitude and dominant frequency of both the

theoretical and measured spectra, for both data sets. Note that in these tables “A” denotes

to the amplitude data, while “f” denotes the frequency data. Additionally, the subscript

“M” is used to denote the measured data, while the subscript “T” is used to denote the

theoretical predictions. The form of the frequency spectra that we have obtained in these

figures, suggest that the pressure pulse p3(t) that we have used in our theoretical calculations

produce a frequency spectra that follows the form of that obtained from real data. In both

scenarios, the SHCM appears to be able to make reasonably accurate predictions of the
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Figure 7.12: Closer view of the peaks of the frequency spectra obtained from the SHCM
for the Priddis 2012 data. Both the predicted amplitudes and dominant frequency are
approximately the same as that of the measured spectra, with the exception of the one
kilogram charge.

peak amplitude and dominant frequency of data obtained in the field. This confirms that

the SHCM could be used to predict the features of the frequency spectra for future data

sets, provided that some information about the subsurface, such as the wave speed and the

c-value are already known. If the value for c and v can be determined for a specific region,

this information could be used to more accurately determine survey parameters in that same

region for future studies. These parameters include the size of the charges that you need to

use to produce a specific amplitude and dominant frequency.

7.5 Limitations and Experimental Uncertainties

There are some uncertainties/inaccuracies that may cause some problems for future work

involving the SHCM. At best, we were only able to operate under the assumption that the

relationship between charge size and shot power (shown in Figures 7.2 and 7.3) is linear.
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Hussar 2011 Data Summary
m (kg) fM(Hz) fT (Hz) AM AT

1 25.4 16 -8 -11
2 12.3 13 -4 -7
3 11.9 11 -3 -3
4 11.7 10 0 0

Table 7.1: A summary of the peak amplitudes and dominant frequency the theoretical and
measured frequency spectra for the Hussar 2011 data. Note that in these tables “A” denotes
to the amplitude data, while “f” denotes the frequency data. Additionally, the subscript
“M” is used to denote the measured data, while the subscript “T” is used to denote the
theoretical predictions.

Priddis 2012 Data Summary
m (kg) fM(Hz) fT (Hz) AM AT

0.125 95.6 95 -20 -20
0.25 66.6 73 -17 -17
0.5 64.3 57 -10 -10
1 38.3 43 -8 -7
2 37.3 35 0 0

Table 7.2: A summary of the peak amplitudes and dominant frequency the theoretical and
measured frequency spectra for the Priddis 2012 data. Note that in these tables “A” denotes
to the amplitude data, while “f” denotes the frequency data. Additionally, the subscript “M”
is used to denote the measured data, while the subscript “T” is used to denote the theoretical
predictions.
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If this is not the case, we cannot use Equation 7.4 to establish a link between charge size

and cavity radii, which significantly limits the rest of our predictions. Given the linear

trend in Figures 7.2 and 7.3 , it is most likely the case that for the range of charges used

in this experiment, the relationship between charge size and shot power is linear. There is

also an issue with the determination of c, which is based on the idea that the relationship

between the cube of the measured dominant and the inverse charge size is linear. The data

from Priddis, seen in Figure 7.10, seems to follow a linear trend. However, the Hussar data

which is shown in Figure 7.9, does not seem to follow a linear pattern in any sort of reliable

fashion. In order to improve on both of these ideas, it would be advisable to collect a wider

range of charge size data in much smaller increments at a variety of different locations. This

would help us determine whether or not we approach a linear relationship between power

and charge size with a larger variety of charges sizes, and whether or not we approach a liner

relationship between the cube of the measured dominant frequency and the inverse of the

charge size.

Spectral notching is present in data from both the Hussar 2011 experiment, and the

Priddis 2012 experiment. The notching in the low frequencies, seen in Figures 7.11 and 7.12,

are of particular interest as they seem to produce the biggest limitation. There are two

distinct peaks in the Hussar data set for the one kilogram charge which appears to deviate

significantly from the data obtain from the other charges. By definition, the dominant

frequency is found where the amplitude is the largest, and thus the peak shown in the figure

was the one that is chosen. However, based on the data from the other charges, it would not

be unreasonable to assume that the dominant frequency actually lies within the same region

as the others. In this experiment, it is very likely that spectral notching has interfered with

our data, and thus there may be errors associated with that phenomenon. In the Priddis

2012 data set however, the notch pattern appears to be wider than that of Hussar. In this

data set, there is a set of peaks at the lower end of the spectrum, which is followed by a much

91



broader set of peaks. Again, the dominant frequency was chosen to be the point where the

amplitude is maximum, and in this case it is difficult to assess whether or not the notching

has caused a misrepresentation in the frequency content of the source. Given the notching

that is present, it is entirely possible that it presents an uncertainty in this experiment as

well.

7.6 Chapter Summary and Conclusions

• The SHCM predicts an increase in the overall amplitude response of the waves emitted by

a source with increasing charge size, which has been verified by experimental observations.

• The SHCM predicts a decrease in dominant frequency with larger charge sizes, which has

been verified by experimental observations.

• For both the Hussar 2011 and Priddis 2012 data sets the SHCM was able to make rea-

sonably accurate predictions regarding the amplitude and frequency content of the waves

emitted by varying charge sizes.

• The relationship between charge size and cavity radius appears to be cubic in nature,

which coincides with both our observation, and that of Ziolkowski in his charge scaling

experiment (Ziolkowski, 1993).

• Our method for determining the c-value, which links the charge size and the cavity radius,

appears to work for both the Hussar 2011 and Priddis 2012 data sets as the computed

values produce reasonably accurate dominant frequency and amplitude predictions.

• Overall, it appears that the SHCM is reasonably effective at making predictions of the

amplitude and frequency content of waves emitted by explosive sources, specifically dyna-

mite.
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• It would be worthwhile to collect data for a larger range of dynamite explosions to

strengthen the hypothesized link between charge size, power, and cavity radius in the

SHCM.
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Chapter 8

Application of the GBSM to Real Data

The analysis for the GBSM was very similar to that of the the SHCM in methodology, in

that we used experimental and subsurface parameters to compute a theoretical frequency

spectra of the data using the GBSM. In the SCHM we determined that the cavity radius

and the charge size are linked via a proportionality constant. In the GBSM we determined

a similar link between Gaussian ball width and charge size. We require a proportionality

constant to link the charge size and the Gaussian ball width in this particular model as

shown in Equation 3.11, and currently do not have a reliable means of determine it. For the

purposes of this study, we used a series of c-values to match the amplitude response of the

GBSM with that of the highest amplitude response in the data set, and assumed that was

the c-value for that particular data set. Recall that for the Hussar 2011 data we computed

a c-value of

CHussar = 1.0× 107 m−3, (8.1)

and for the Priddis 2012 data set we determined a c-value of

CPriddis = 2.0× 107 m−3. (8.2)

Using each of these c-values, and the same values for the subsurface parameters that we used

for the SHCM, we computed the frequency spectra of the GBSM for each medium.

The results of this part of the study can be found in Figures 8.1 and 8.2. Recall that

the measured data for Hussar 2011 and Priddis 2012 can be found in Figures 7.9 and 7.10.

Additionally, Tables 8.1 and 8.2 contain a summary of the results of our GBSM analysis for

both the Hussar 2011 and Priddis 2012 data sets. In both data sets were not able to model

the amplitude response of the measured data with that of the GBSM. We were also unable

to match the dominant frequency of the measured data (shown in Figures 7.11 and 7.12
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Hussar 2011 Data Summary
m (kg) fM(Hz) fT (Hz) AM AT

1 25.4 7 -8 -6.5
2 12.3 5 -4 -3.0
3 11.9 5 -3 -1.3
4 11.7 4 0 0

Table 8.1: A summary of the peak amplitudes and dominant frequency the theoretical and
measured frequency spectra for the Hussar 2011 data. Note that in these tables “A” denotes
to the amplitude data, while “f” denotes the frequency data. Additionally, the subscript
“M” is used to denote the measured data, while the subscript “T” is used to denote the
theoretical predictions.

with that of the GBSM (shown in Figure 8.3 and 8.4). Despite being unable to match the

amplitude response and the dominant frequency of the measured and theoretical data, the

overall form of the frequency spectra in the GBSM appears to match that of the measured

data. This suggests that there may be a scaling issue with this model when attempting

to use it for the charge sizes in these experiments, and thus we cannot produce significant

enough variation in the amplitude and frequency content of the GBSM to match measured

data. Aldridge suggests that this model may only be usable for larger explosions, and thus

we may not be able to use it for typical dynamite charges used in the field (Aldridge, 2011).

This phenomenon may also be a result of an incorrect assumption that a constant links

the Gaussian ball width and the charge size; a variable may be required to accurately link

Gaussian ball width and charge size. This is something that we would have to investigate

further before we can reliably use the GBSM to make predictions about the amplitude and

frequency content of waves in practice.

8.1 Chapter Summary and Conclusions

• The GBSM is able to accurately model the features of the frequency spectra obtained from

explosive sources used in practice.
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Pridids 2012 Data Summary
m (kg) fM(Hz) fT (Hz) AM AT

0.125 95.6 8 -20 -16.5
0.25 66.6 8 -17 -11.5
0.5 64.3 7 -10 -7.1
1 38.3 7 -8 -3.4
2 37.3 5 0 0

Table 8.2: A summary of the peak amplitudes and dominant frequency the theoretical and
measured frequency spectra for the Priddis 2012 data. Note that in these tables “A” denotes
to the amplitude data, while “f” denotes the frequency data. Additionally, the subscript “M”
is used to denote the measured data, while the subscript “T” is used to denote the theoretical
predictions.

• We were not able to match the amplitude response or the dominant frequency of the

GBSM with that of the data obtained in both the Hussar 2011 and Priddis 2012 data sets.

• In our calculations, the GBSM made predictions about the dominant frequency that were

consistently too low compared to that of the measured data.

• We require further investigation into this issue to determine whether or not this is an issue

with scaling within the model.

• It would be worthwhile for us to develop a method to determine the c-value linking Gaus-

sian ball width and charge size.

• We require further investigation to determine whether or not the link between charge size

and Gaussian ball width is in fact linked by a constant, rather than a variable.
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Figure 8.1: Theoretical frequency spectra obtained for the GBSM using the parameters from
the Hussar 2011 data set. The overall form of the frequency spectra matches that of the
data obtained in practice shown in Figure 7.9, however we could not match the dominant
frequency and amplitude response of the theoretical and measured data.
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Figure 8.2: Theoretical frequency spectra obtained for the GBSM using the parameters from
the Priddis 2012 data set. The overall form of the frequency spectra matches that of the
data obtained in practice shown in Figure 7.10, however we could not match the amplitude
response of the theoretical and measured data.
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Figure 8.3: A closer view of the peaks of the frequency spectra obtained from the GBSM
using the parameters of the Hussar 2011 data set. In this case we could not match the
dominant frequency of the theoretical model with that of the experimental data shown in
Figure 7.11.
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Figure 8.4: A closer view of the peaks of the frequency spectra obtained from the GBSM
using the parameters of the Priddis 2012 data set. In this case we could not match the
dominant frequency of the theoretical model with that of the experimental data shown in
Figure 7.12.
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Chapter 9

Application of the HCM to real data

One of the more significant features of the HCM is the variation of amplitude response with

cavity orientation. Figure 4.10 shows that the theoretical power that is predicted by the

HCM peaks at 90o, which corresponds to a line that is directly along the radial component

of the cylindrical cavity, which can be seen in Figure 4.1. Conversely, the power is at a

minimum at both 0o and 180o, which corresponds to a line that is directly along the axial

component of the cylindrical cavity. If we can observe this in a real data set, we may be able

to characterize the radiation patterns that are emitted by dynamite in a borehole.

9.1 Rotating the Sensors

The Priddis 2013 experiment, which contains the data that we used for this analysis, is

unique because we are using a series of sensors that are placed in a vertical observation well.

Also note that some of the boreholes used for the test charges were drilled at an angle. One

of the major strengths of the HCM, is the fact that it can predict the amplitude response

across both the radial, and the transverse component of particle displacement (Blair, 2007).

In order to observe the particle motion along each of these components, it would be useful to

be able to mathematically rotate each of the sensors in our observation well such that they

line up along either the radial or transverse component of particle motion.

Figure 9.1 shows the geometry of this experiment. The borehole is shown in blue, while

the receivers that were in the well are shown in green. The distance from the axis of the

borehole to the receiver line is given by d, and the distance from the center of the borehole to

each receiver in the well is given by R. The variables zs and xs represent the depth and the

x-position of the center of the borehole respectively, and zr and xr represent the depth and
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Figure 9.1: A graphical depiction of the HCM in the context of our field experiment. The
borehole containing the source is shown in blue, and the receivers in the well are shown in
green. The variables zs and xs are used to represent the depth and x-position of the center
of the borehole respectively, and zr and xr are used to represent the x-position and depth
of each receiver in the well respectively. The distance from the center of the source and the
receiver line is given by d, and the distance from the center of the source to each receiver
in the well is denoted by R. Note that in this particular figure the borehole is oriented
vertically, but there were boreholes that were drilled at an angle in this experiment. The
angle ε is the angle that the line connecting the center of the source to the receiver makes
with the axial component of the borehole. The variable ψ is used to represent the angle that
the axis of the borehole makes with the surface.
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x-position of each receiver in the well. Note that xr is assumed to be the same for all receivers

in the well, as the well was drilled vertically. In this figure the borehole is assumed to be

oriented vertically with respect to the source, but there were boreholes in this experiment

that were drilled at an angle. For each sensor in the well, the line connecting the center

of the source to sensor makes an angle ε with respect to the z-component passing through

the source. The use of ε was implemented in order to avoid any confusion that might result

when discussing borehole orientation measured in the field, and angles used in the HCM.

In other words, when reporting angles measured from the field data we are referring to this

angle ε (refer to Figure 9.1) to account for borehole orientation; when making references to

the HCM itself, we use the angle φ (refer to Figure 4.1) which assumes that the cylindrical

cavity is oriented vertically.

Figure 9.2 shows a top-down view of a columnar source (shown in red) emitting a series

of waves (shown in purple) along the radial component of the cylinder. For future reference,

the x-component will be referred to as the radial component, and the y-component will be

referred to as the transverse component. In this scenario, we are looking downwards onto

the top of a source. The axial component of the source aligns with the depth vector, and

the depth component points directly into the page. The terms xs and ys correspond to the

radial and transverse component of the sensor (shown in green) that is detecting the passage

of elastic waves. When a line of sensors is deployed in a well it is very likely that they will

rotate on the way down, such that the radial and transverse component of the sensor do not

line up with the radial and transverse component of the emitted waves. Note that the the

vector ~p in this figure represents the particle displacement that results from the emission of

the elastic waves from the source.

In order to fully investigate the effect of the source orientation on the measured amplitude

spectra, it would be beneficial to rotate the sensors such that either the radial or transverse

component of the geophone is aligned in the direction of maximum particle displacement.
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Figure 9.2: Top-down view of a columnar source emitting a series of waves, that are in turn
detected by a sensor. The source is shown in red, the emitted waves are shown in purple,
and the sensor is shown in green. The vector ~p corresponds to the particle displacement that
results from the propagation of the emitted waves.
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Figure 9.3: A graphical depiction of the ideal rotation to be performed in order to maximize
the energy along the radial component of the geophone.

This ideal rotation to produce the maximum energy along the radial component of the

geophone has been shown in Figure 9.3. The rotation matrix in two dimensions is given by

R =

 cos θ − sin θ

sin θ cos θ

 , (9.1)

where θ is the rotation angle, and R is the rotation matrix. By applying the rotation matrix

to the acquired radial and transverse data, we can rotate both components of the geophone

by an amount θ. If we let xs and ys represent the initial radial and transverse data obtained

in practice, the rotated radial and transverse components can be obtained via the following

equation:  xs
′

ys
′

 =

 cos θ − sin θ

sin θ cos θ


 xs

ys

 , (9.2)

where xs
′ and ys

′ are the rotated radial and transverse components of the sensors respectively.

In order to properly align the desired sensor component with the maximum particle

displacement, we need to determine the rotation angle θ that will produce the maximum
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Figure 9.4: An example plot of the rotated shot power as a function of the rotation angle
for both the radial and transverse component. The maximum amplitudes of the radial and
transverse component appear to be 90o out of phase.

energy along that component. The maximum energy from the source should occur along the

p-vector that is shown in Figure 9.2, so ideally we would like to rotate one of the components

along this vector. We started by selecting a single shot record and carrying out a series of

rotations on a single trace using Equation 9.2 for θ values between 0 and 360o. For each

individual rotation we computed the shot power for the obtained xs
′ and ys

′ rotated data,

and plotted it against the corresponding angle. The results of this operation can be seen

in Figure 9.4. This plot shows a distinct variation in the shot power for both the radial

and transverse component with rotation angle. Note that there appears to be a 90o phase

difference between the peaks of these plots, which should be expected as there is a 90o angle

between the transverse and radial component. Also note that these energy patterns are 2π

periodic, as they begin to repeat themselves after 180o.

Using the information that we obtained in our previous calculation, we computed the

rotation angles that would produce the maximum transverse and radial energy for the sensors.

Figure 9.5 shows a plot of the rotation angles that produce the maximum transverse and
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Figure 9.5: A plot of the maximum and minimal radial and transverse energy as a function
of the rotation angle. Note that in this case the maximum amplitudes of both the radial and
the transverse component are 90o out of phase, which matches our observation in Figure 9.4.

radial energy for each sensor in a selected shot record. The angles associated with both the

radial and transverse energy show some variance with each sensor, which should be expected

as each sensor will most likely rotate differently as they are placed in a well. Additionally,

the maximum and minimum radial and transverse energy patterns are 90o out of phase at

every angle, which matches our observation from Figure 9.4.

Upon obtaining the initial rotation angles shown in Figure 9.4, we rotated the data set by

applying Equation 9.2 to each individual sensor using the angles that produced the maximum

transverse and radial energy. Figures 9.10 and 9.11 shows the initial radial and transverse

energy of shot 619 before rotation. In this case the sesnors appear to be oriented in such a

way that the transverse energy is higher than that of the radial energy. Figures 9.12 and 9.13

shows the radial and transverse energy after the data was rotated to produce the maximum

radial energy. Note that for these two figures, we used the angles that lie along the blue line

in Figure 9.5 for the rotation angle θ. Conversely, Figures 9.14 and 9.15 shows the radial

and transverse energy after the data was rotated to produce the maximum transverse energy.
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For this set of figures, we used the angles that lie along the red line in Figure 9.5.

Observation of Figures 9.10 through 9.15 reveals a distinct change in the energy patterns

when a rotation is applied to each sensor. Note that all of these figures are from the same

gather of plots, and share the same clip level. Comparison of Figures 9.10 and 9.12 shows

a distinct increase in the radial energy when the sensors are rotated to produce maximum

radial energy. Using the same rotation angles produces minimal energy along the transverse

component, which can be seen in Figure 9.13. This is a significant decrease from the initial

transverse energy which is shown in Figure 9.11. These observations are consistent with our

predictions of the maximum amplitude variation with rotation angle shown in Figure 9.5.

Rotating the records to produce the maximum transverse energy produces the same effect

in the transverse energy, which can be seen in Figures 9.11 and 9.15.

9.2 Energy at the Top of the Well

Throughout the course of our analysis, we noted that at the top of the well there was a great

deal of energy that did not appear to be affected by the rotation of the sensors. Currently,

we do not understand what is causing this phenomenon, the only thing that we know for

certain is the fact that it does not seem to be affected by rotation of the sensors. Up until

this point, we have only considered the first thirty sensors in the well, as they do not seem

to be affected by this energy pattern. Figure 9.6 shows rotation angles that correspond to

maximum radial and transverse energy for all the sensors in the well for shot 619. Previously,

we had observed that the maximum radial and transverse energies should be 90o out of phase

(Figure 9.4) which does not appear to be occurring in this set of sensor rotations. Figures

9.16 and 9.17 shows the rotated data for shot 619 that was carried out using all the sensors,

and the angles shown in Figure 9.6. Observation of these figures shows that the energy at

the top of the well is never completely minimized regardless of rotation angle. This suggests

that some of the energy at the top of the well is different than that of the energy near the
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Figure 9.6: A plot of the maximum maximum shot power as a function of rotation angle
for shot 619. As we approach the top of the well, the radiation patterns do not appear to
resemble that of Figure 9.4, which predicts that the maximum radial and transverse energy
should be 90o out of phase. This observation may indicate that we cannot use the HCM to
model this energy.
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bottom, and thus we may not be able to use the HCM to characterize the nature of this

radiation. Therefore, we must be cautious about any conclusions that we draw regarding

the HCM until this energy pattern at the top of the well is better understood.

9.3 Extracting the Radiation Pattern

After rotating the shot records we examined the radiation pattern at each sensor, which is

dependent on the angle ε as shown in Figure 9.1. This was accomplished by computing the

shot power for each sensor, and then determining the angle ε of the corresponding sensor

from the geometry of the experiment. Note that for this calculation, we used all of the

sensors in the well, and we applied a gain correction to account for loss of amplitude due to

spherical divergence. For the first vertical borehole, which was shot 619 that we have been

using for all the figures at this point, the extracted radiation pattern can be seen in Figure

9.18. This figure also contains the two polar plots that predict amplitude variation with

angle φ in the HCM. For this shot the borehole was drilled vertically downwards, and so the

measured angle ε is equal to that of φ in the polar plots. The polar plots predict that the

maximum amplitude in this configuration should be at approximately 90o, which appears to

have occurred here.

9.4 Radiation Variation with Borehole Orientation

In addition to shot 619 in this study there were two other shots, 621 and 622, which were

both drilled at an angle of approximately 30o either towards or away from the well. Each of

these shots were the same size, and were drilled to approximately the same depth of 15 m.

Shot 621 was drilled away from the well at an angle of approximately 30o with respect to the

surface, such that the radial component of the cylinder shown in Figures 4.1 points towards

the surface. Conversely, shot 622 was drilled towards the well at an angle of approximately

30o with respect to the surface, such that the radial component of the cylindrical cavity
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Figure 9.7: Graphical depiction of the rotation of the cylindrical cavity. The rotation of the
cavity, and therefore the borehole, should redirect some of the energy from the shot if the
predictions of the HCM are to hold true for real data, as the HCM predicts that the largest
portion of the emitted energy should occur along the axial component of the cylinder.
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Figure 9.8: Graphical depiction of the geometry used to determine the angle ε. Similar to
the other figures, the source is shown in blue, while the receivers are shown in green. For
a given receiver, the angle η is first calculated using the variables d, zs, and zr. After η is
obtained, it is added to the value of ψ, which gives ε. Addition works because in the event
that a receiver is above the borehole (such as receiver 1 in this case), zs−zr1 will be positive,
and thus η is positive. In that scenario, ε is ψ plus η. Alternatively, if the receiver is below
the borehole (such as receiver 2 in this case), zs− zr2 will be negative. In that scenario, ε is
ψ minus η. Therefore, due to the geometry, the correct value for ε can always be found if ψ
is added to η.
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points towards the lower portion of the well. Rotation of the cylindrical cavity in the HCM

and the direction of the radial component has been depicted in Figure 9.7, where the dotted

blue arrow shows the direction of the radial component of the cavity. From the theory of the

HCM, we expect that a large portion of the shot energy should be directed along the radial

component of the cavity (Figure 4.10), and thus the orientation of the borehole should affect

the radiation patterns measured by the sensors in the well.

Calculation of the angle ε requires an understanding of the orientation of the sensors

with respect to the boreholes. Figure 9.8 shows the geometry involved with the boreholes

and the sensors in the well. To calculate ε for a particular sensor, the value of η must first

be calculated using the distance from the source to the receiver, and the depths of the source

and receiver. This is accomplished using the tangent relationship, such that

η = arctan

(
zs − zr
d

)
, (9.3)

where zs is the depth of the source, zr is the depth of the receiver, and d is the distance

from the source to receiver as seen in Figure 9.8. Upon obtaining η, ε can be calculated by

adding η to the ψ angle. Recall that ψ is the orientation of the borehole with respect to the

surface. Therefore, ε can be calculated using the equation

ε = ψ + η. (9.4)

Combining this equation with Equation 9.3 yields

ε = ψ + arctan

(
zs − zr
d

)
, (9.5)

which was used to calculate the reported ε values obtained in this experiment. Equation 9.5

should always be valid for calculating the value of ε regardless of the location of the receiver

with respect to the borehole. Referring once again to Figure 9.8, if the receiver is located

above the source like receiver 1 is in this figure, the value of zs − zr1 will be positive, and

thus η will be positive based on Equation 9.3. In that scenario, based on the geometry of
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the problem, ε is the sum of ψ and η. Alternatively, if the receiver is located below the

source like receiver 2 is in this figure, the value of zs − zr2 will be negative, and thus η will

be negative based on Equation 9.3. In that scenario, ε is the difference between ψ and η.

Figures 9.19 through 9.20 shows the individual radiation patterns that were extracted

from shots 619, 621, and 622 respectively. Figure 9.22 shows each of these figures plotted

together on the same scale, where each power spectra has been normalized to the total power

of each individual shot. Observation of this figure shows that the shot that was drilled away

from the observation well produced the largest amounts of energy, and the shot that was

drilled towards the borehole produced the smallest amount of energy. There are several key

features of this plot that are important to the HCM. The first and foremost is the fact that

the orientation of the borehole appears to affect the resulting radiation pattern, which is one

of the key aspects of the HCM. The second is the fact that when the radial component of

the borehole points towards the surface of the well, which is the case for the borehole that

was drilled away from the well, the radiation near the top of the well is much higher than

when the radial component is pointed towards the lower portion of the well, which is the

case for the borehole that has been drilled towards the well. The power from the shot that

has been drilled vertically appears to be less than that of the shot drilled away from the

well, but more than that of the shot that has been drilled towards the well. The HCM states

that the majority of the emitted energy occurs along the radial component of the cylindrical

cavity, and the variation radiation patterns with the borehole orientation that we observe

here coincides with that prediction.

A key feature of the HCM is the variation in amplitude with source orientation. We

observed significant variation in the amplitudes depending on the orientation of the source,

which suggests that this aspect of the HCM can be used in practice. Aldridge offers some

theoretical groundwork for describing the wave fields that are produced by a line source,

which may be of use when attempting to describe the waves that result from angled boreholes.
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Figure 9.9 shows the amplitude of the particle displacement that result for varying angles

of φ, that was taken directly from Aldridge’s publication (Aldridge, 1998). From this figure

we can see that the maximum amplitude displacement occurs along the φ = 90o line, and

when we change the orientation of the borehole we are effectively rotating this plot. In

the scenario where the borehole is drilled away from the well, we are shifting this plot in

a counter-clockwise direction, which points the higher amplitude components towards the

top of the well. When the borehole is drilled towards the well, we are rotating this plot

clockwise, and so the higher amplitude components are moved away from the top of the well

and moved closer to the bottom. This could potentially explain the amplitude variations

that we observed in our applications of the HCM.

9.5 Frequency Spectra and Borehole Orientation

To observe how the orientation of the borehole affected the frequency spectra in the HCM

we examined the data from three separate sensors from each shot record. We looked at one

sensor near the bottom of the observation well, one sensor in the middle of the well, and one

sensor at the top of the well for shots 619, 621, and 622. Figures 9.23 through 9.25 shows

the frequency spectra obtained from these sensors for all three shot records. There does

not appear to be a significant variation in the frequency spectra for each sensor. In order

to see if there is any sort of pattern to these variations, we compared the data from each

sensor location between all three shot records. Figure 9.26 shows the the frequency spectra

for the bottom sensor in the well for all three shot records, which are all plotted on the same

decibel scale. Figures 9.27 and 9.28 shows spectra for the middle and top sensors for the

three separate shot records as well. Note that each of these frequency plots is plotted on its

own individual decibel scale.

For all three sensors, the low frequency content of the spectra does not appear to have

any sort of discernible pattern, which makes it difficult to draw any sort of conclusions about

115



Figure 9.9: Figure of the Point Force Source taken directly from an Aldridge publication
(Aldridge, 1998). This figure shows the variation in amplitudes with φ for both the transverse
and radial energy.
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the effect of the borehole orientation on the frequency spectra. For the bottom sensor all

three spectra are similar across all frequencies, and there does not appear to be any sort

of significant variations in the frequency spectra. However, for the top and middle sensors,

there does appear to be a similar pattern in the higher frequencies of the spectra. The shot

that was drilled towards the well seems to have produced more high frequency content than

that of the other two orientations. In the theoretical modeling of the HCM, we did not

notice any sort of distinct variation in the frequency spectra as we varied the φ angle, so it

might not be possible to attribute this frequency pattern to anything we have observed in

the HCM.

Blair explored a numerical model for a line charge and compares it to that of the solutions

of the HCM (Blair, 2007). His work within this publication showed that the Heelan far-field

approximation is not in essence a “true” far-field approximation because it places restrictions

on the frequency content of the source. Blair also states that for very high source frequencies,

the Heelan approximation significantly overstates the the true solution regardless of the

distance from the source to receiver. Conversely, if the source frequencies are too low, the

Heelan solution produces large fluctuations about the true solution. Therefore, we may

not be able to rely on the HCM to make frequency predictions regarding shots in angled

boreholes.

9.6 Limitations and Experimental Uncertainties

One of the biggest issues that may be present in this study regarding the HCM is the energy

that is present near the top of the well in each of the shots we have investigated. The

computed angles that produced the maximum and minimum radial and transverse energy

patterns did not appear to follow the phase behavior that was present in the bottom portion

of the well. This energy may not be as dependent on the rotation of the geophones as the

energy in the bottom portion of the well. We must therefore be cautious about drawing any
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sort of conclusions about the amplitude variation with borehole orientation, as the energy

near the top of the well may not be something that we can account for with this particular

theory.

The frequency spectra that we observed do not display any sort of discernible patterns

besides the amplitude differences in the higher frequency content of the top and middle

sensors. We currently don’t have anyway of investigating this phenomenon, as the HCM as

we’ve used it does not seem to produce any sort of variation in the frequency spectra with

when the angle φ is altered. Additionally, the notching in this spectra is very severe, and it

is entirely possible that that dominant frequency in each case has been buried by one of the

notches, making it difficult for us to identity the dominant frequency of the waves in this

part of the experiment.

We are also dealing with a very limited data set, as we only had a few holes from this

experiment that were drilled in a direction that was not vertical. In order to investigate

the claims of the HCM in a more reliable manner, we may need to collect more data in the

future to see if our observations from this data set occur at other locations as well.

9.7 Chapter Summary and Conclusions

• Our method for rotating the sensors appears to be able to produce the maximum radial

and transverse energy patterns.

• The amplitude content of the waves emitted by an explosive source is affected by the

orientation of the borehole.

• We could not observe any significant frequency variation in the emitted waves with varying

borehole orientation.

• The HCM can potentially make predictions about the amplitude content of waves emitted

by the source.
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• Further research is required before we can draw any reliable conclusions regarding the

HCM’s ability to predict the frequency content of waves emitted by sources in an angled

borehole.

• There is energy present in the top of the well that does not share the same behavior of

amplitude variation with rotation angle as that of the other sensors. This suggests that

this energy may not be affected by the rotation of the sensors, and thus we may not be

able to reliable characterize it using the HCM.
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Figure 9.10: Plot of the initial radial energy for shot 619 from the Priddis 2013 data set.

Figure 9.11: Plot of the initial transverse energy for shot 619 from the Priddis 2013 data set.
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Figure 9.12: Plot of the maximized radial energy for shot 619 in the Priddis 2013 data set.

Figure 9.13: Plot of the minimized transverse energy for shot 619 in the Priddis 2013 data
set.
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Figure 9.14: Plot of the minimized radial energy for shot 619 in the Priddis 2013 data set.

Figure 9.15: Plot of the maximized transverse energy for shot 619 in the Priddis 2013 data
set.
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Figure 9.16: Rotated shot record for all sensors in shot 619. This sensors were rotated to
produce the minimum radial energy, which does occur for the lower sensors. However, the
energy at the top of the well do not seem to be affected by this rotation.

Figure 9.17: Rotated shot record for all sensors in shot 619. This sensors were rotated to
produce the maximum radial energy. The energy at the top of the well do not seem to be
affected by this rotation.
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Figure 9.18: Extracted radiation pattern for Shot 619 along with the Heelan polar plots
showing amplitude variation with angle φ in the HCM. In this particular figure the borehole
is drilled vertically, so the angle φ in the polar plot is equal to the measured angle ε in Figure
9.1. Note that the maximum energy seems to occur along φ = 90o.
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Figure 9.19: The extracted radiation pattern from shot 619 as a function of the angle ε. The
borehole for this shot was drilled vertically downwards.
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Figure 9.20: The extracted radiation pattern from shot 621 as a function of the angle ε. The
borehole for this shot was drilled away from the well at an angle of approximately 30o with
respect to the surface.

126



Figure 9.21: The extracted radiation pattern from shot 622 as a function of the angle ε. The
borehole for this shot was drilled towards the well at an angle of approximately 30o with
respect to the surface.
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Figure 9.22: A plot of the extracted radiation patterns for all three shot records, where each
spectra has been divided by the total power of their corresponding shot. The shot that was
drilled away from the well appears to produce the largest amplitude, and the shot that was
drilled towards the well appears to produce the smallest amplitude.
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Figure 9.23: Frequency spectra three sensors in shot 619. One sensor is at the bottom of the
well, one sensor is near the middle of the well, and one sensor is at the top of the well.
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Figure 9.24: Frequency spectra three sensors in shot 621. One sensor is at the bottom of the
well, one sensor is near the middle of the well, and one sensor is at the top of the well.
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Figure 9.25: Frequency spectra three sensors in shot 622. One sensor is at the bottom of the
well, one sensor is near the middle of the well, and one sensor is at the top of the well.
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Figure 9.26: Frequency spectra from the bottom sensor for all three shot records.
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Figure 9.27: Frequency spectra from the middle sensor for all three shot records.
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Figure 9.28: Frequency spectra from the top sensor for all three shot records.
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Chapter 10

Conclusions and Future Work

10.1 Thesis Conclusions

• When ascribing a pressure pulse to the SHCM, a pulse must be chosen that produces

a frequency spectra that shares the same form as that obtained from dynamite data in

practice.

• The SHCM predicts that overall amplitude response should increase with charge size, but

the dominant frequency should decrease with larger charge sizes. There must also be a

low-frequency roll-off present in the data. Each of these predictions made by the SHCM

was observed in both the Hussar 2011 and Priddis 2012 experiments.

• When utilizing the SHCM, our method for determining the c-value for a medium appears

to produce reasonable accurate predictions about the amplitude and frequency content of

dynamite data used in practice, which suggests that it is a viable method for determining

the c-value of a medium.

• Based on our results of the SHCM, we can conclude that it is able to make accurate

predictions regarding the amplitude and frequency content of waves emitted by explosive

pressure sources.

• The GPSM produced a frequency spectra that was of the same form as that obtained from

real data.

• We were not able to use the GPSM to predict the amplitude response and frequency

spectra of the Hussar 2011 and Priddis 2012 data sets. This was largely due to the fact
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that we could not produce significant enough variations in Gaussian ball widths in the

GPSM to match it with our observed data.

• Currently, we cannot use the GPSM to make reliable predictions about dynamite data

obtained in practice.

• The HCM predicts amplitude variation along the axial and radial components of the

borehole.

• The HCM predicts maximum amplitude along the radial component of the cylindrical

cavity.

• A variation in amplitude with both measurement angle and borehole orientation was

observed in the Priddis 2013 data set.

• The orientation of the borehole may affect the radiation pattern that results from a charge

within a borehole. The borehole that was drilled away from the well produced the most

energy, and the borehole that was drilled towards the well produced the smallest amount

of energy.

• Drilling the boreholes at an angle in seismic surveys may be an effective way to direct

energy to regions in which a larger amount of power is desired.

• There was no significant variation in frequency with borehole orientation.

• Further research is required before we can draw any reliable conclusions regarding the

ability of the HCM to predict features of dynamite data obtained in practice.

10.2 Suggestions for Future Work

• It would be worthwhile to collect more dynamite data for a wider range of charge sizes,

in order to examine whether or not the relationship between shot power and charge size

136



is linear for very large charge sizes as well. If the relationship between charge size and

power is not linear for charge sizes larger than those contained in this study, we may only

be able to reliably use the SHCM for the charge sizes that were used in this experiment.

• Utilizing the SHCM over a wider variety of geological areas can test the versatility and

robustness of the model, and help us to determine whether or not there are settings in

which it cannot be used.

• In order to improve upon the utilization of the GPSM, it may be worthwhile to investigate

a more robust means of determining a c-value for the medium. Accomplishing this may

help us determine whether or not our inability to match the GPSM with measured data is

a result of a scaling issue, or an incorrect link between charge size and the Gaussian ball

width.

• To further investigate the HCM we require a much wider range of borehole orientations

as we were very limited in this study.

• In the Priddis 2013 experiment, the charges were placed very close to the surface, which

greatly limited the range of ε values in our data. By burying the charges deeper into the

subsurface, we may be able to observe energy patterns that occur above the source.

• The energy at the top of the well during the Priddis 2013 experiment is not very well

understood at this point, other than the fact that it does not appear to be affected by

rotations of the sensors. By bettering our understanding of this energy, we may be able

to determine if its behavior can be modeled by the HCM.
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