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Abstract

This thesis is on the mathematics of seismic data acquisition and processing, with a particular
focus on distributed acoustic sensing. Distributed acoustic sensing (DAS) is a relatively new
means of seismic acquisition. It utilizes strain on a bre-optic cable to deduce information
about nearby events. DAS systems possess the potential for a wide variety of applications
beyond seismic acquisition including security and monitoring. In order to pursue these
applications, developing techniques for detecting and identifying events in DAS-acquired
data is essential.

In this thesis, we explore various methods for locating and classifying events in data
acquired using a distributed acoustic sensor. We begin with an investigation of re ection
and transmission coe cients as they de ne where events and anomalies occur in data. We

nd exact solutions for these coe cients and use them to provide insight into the success
of numerical methods in modelling seismic data. Then, we consider seismic processing tech-
niques such as wavelets and time-frequency analysis. We also develop a wavelet transform:
the inverted wavelet transform.

An explanation of distributed acoustic sensing and how it works is provided. Afterwards,
we produce models of DAS-acquired data and use these models to o er insight into the
amplitude response of a DAS system. It also enables the employment of a homotopy to
compare di erent formations of bre.

Applications to distributed acoustic sensors |l the nal chapters of the work. The rst
example involves the use of DAS for acquiring vertical seismic pro les at the Containment
and Monitoring Institute’s Field Research Station in Newell County, AB. We then employ
Gaussian mixture models and independent component analysis to detect a vehicle signal in
data acquired using a DAS system. To address classi cation of events, we utilize a convolu-
tional neural network to identify events in microseismic data as well as in data monitoring
someone walking and digging next to a distributed acoustic sensor. This investigation leads

to a discussion of feature-based image registration with regards to distributed acoustic sens-



ing acquired data. Finally, we establish the Hyperbola Method to determine the distance

between an event and the DAS system from the data.
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Chapter 1

Introduction

When introducing the paleontologists Alan Grant and Elli Sattler in the 1993 Im Jurassic
Park, Steven Spielberg provides an excellent example of the method for acquiring seismic
data. In the scene, the team at the dig site shoot a shotgun blast into the ground to create
sound waves. These sound waves collide with the velociraptor’s bones which, in turn, re ect
a portion of the wave back. Sensors pick up the re ections and the computer uses the data
collected by the sensors to create an image of the dinosaur’s skeleton. Seismic imaging
utilizes sound waves similarly. When collecting seismic data, explosives, a vibrator truck, or
even a blunt object hitting a circular metallic disk on the ground creates sound waves which
travel deep into the Earth’s surface and ricochet o anomalies, such as dinosaur bones or
fossil fuel reservoirs. Sensors on the Earth’s surface, often geophones, read these re ections
and create a data set which can be used to determine what lies in the ground.

While a good outline of the general process behind seismic imaging, the Im is not
completely correct. One of the paleontologists is able to deduce how the dinosaur died using
the seismic image they generated. Although the Im was released over a quarter of a century
ago, today’s technology can only resolve large geological features that are tens to hundreds
of meters in size, lying hundreds to thousands of meters below the Earth’s surface after some

processing has occurred. The scientists acquired and generated the image of the skeleton



in a matter of seconds using a single shotgun blast into the ground. Even today, typical
seismic acquisition requires a couple of days for a complete study of the area. For example,
a seismic study in Australia recently lasted 36 days (APPEA, 2019). Another issue is that
multiple sources are necessary for acquisition instead of the single shotgun blast used in
the Im in order to obtain any reasonable degree of accuracy. Complex seismic acquisitions
necessitate more time and more sources. After acquisition, the data must be processed which
often involves correcting the geometry based on the placement of the sources and receivers
(Aminzadeh et al., 2003). Several weeks or even months can pass between acquisition and
the completion of data processing. A good deal of movie magic occurs in Jurassic Park’s
example of seismic imaging; however, it still provides a basic idea of the fundamentals of
seismic acquisition.

Given the Im’s release in 1993, the paleontologists in Jurassic Park likely utilized geo-
phones as the receiver when they acquired the seismic data of the dinosaur’s skeleton. While
image quality has not progressed to the point of the Im, there exist many new ways to
collect seismic data. One novel method of interest is called Distributed Acoustic Sensing
(DAS). It utilizes a laser interferometer and a bre-optic cable as the receiver. Imperfec-
tions in the bre re ect the laser when strain is placed on the cable by sound waves in the
ground. The laser is inside a box called an interrogator which collects the information from
the re ections caused by the strain on the bre to create a seismic data set. One bene t to
DAS is that it is sensitive; it can even detect footsteps near a bre-optic cable. Thus, this
form of acquisition may bring us a step closer to the Im’s results.

Distributed acoustic sensing in seismic acquisition is the main focus of this dissertation.
This paper compiles various studies conducted over the last few years focusing on aspects of
and applications to distributed acoustic sensing acquired data; however, it begins with an
exploration of seismic processing techniques in general seismic data and culminates with an
emphasis on applications to distributed acoustic sensing.

We break this thesis into three parts. The rst part, consisting of Chapters 2 to 4,



explores seismic experiments. In Chapter 2, we discuss the re ection problem in seismic
imaging. Solving for re ection coe cients are a recurring problem in geophysical exper-
iments, especially seismic modeling. Knowledge of these coe cients helps create a more
accurate model. Thomson rst described the re ectivity method in Thomson (1950) for

nding these re ections. Kind computed re ection coe cients for layered media in Kind
(1976). Mueller provides a tutorial of the method in Mueller (1985). A great deal of work
has been done into solving for re ection coe cients. More work on calculating re ection co-
e cients in a variety of di erent ways can be found in Ursenbach and Hasse (2004), Ma et al.
(2004), Sharma and Ferguson (2010), Daley et al. (2010), Lira et al. (2011), Lamoureux et al.
(2012), Lamoureux et al. (2013), and Jabbari and Innanen (2015). Chapter 2 presents an
extension of the work done in Lamoureux et al. (2012) and Lamoureux et al. (2013). Using
plane waves, we solve for re ection and transmission coe cients when a velocity jump and
a velocity ramp is present in di erent dimensions. \We then compare the results of the exact
solution of the wave equation in multiple dimensions using the analytic equations to the
re ection and transmission coe cients to numerical solutions of the wave equation produced
using nite di erence methods.

Chapter 3 provides a description of wavelets and wavelet transforms. Wavelets have been
around since 1910 when Haar developed what is known as the Haar wavelet transform today
(Mallat, 2009). Their use in geophysical applications began in the 1980s with the work of
Morlet et al. (1982a), Morlet et al. (1982b), Grossmann and Morlet (1984), and Goupillaud
et al. (1984). Within the eld of geophysics, wavelets were of particular interest given their
nature as local transforms, unlike the Fourier transform which a ects the entire data set
(Fleet, 2008). From 1989 to 1995, the works of Mallat, Daubechies, Meyer, Chui, Wornell,
and Holschneider provided further insight into wavelets; cf. Mallat (1989b), Mallat (1989a),
Daubechies (1988), Daubechies (1992), Meyer (1992), Chui (1992a), Wornell (1995), and
Holschneider (1995), respectively. More information about wavelets can be found in Meyer

(1993), Benedetto and Frazier (1993), Chui (1992b), Ruskai et al. (1992), Farge et al. (1993),



Beylkin et al. (1991), and Meyer and Roques (1993). For a textbook on wavelets, see Mallat
(2009). The author provides an overview of discrete wavelet transforms in Fleet (2008). The
authors describe the geophysical applications of wavelets in Kumar and Foufoula-Georgiou
(1997). One particular development in wavelet analysis of interest to us is the tree-structured
wavelet transform (Chang and Kuo, 1993). In Chapter 3, we explain how the tree-structured
wavelet transform is employed to analyze data. The wavelets in a tree-structure wavelet
transform correspond to a speci ¢ frequency band and scale the original data to smaller
sizes. With this in mind, we then introduce the inverted wavelet tree which allows for scale
invariance in image-recognition techniques, especially in Chapter 10.

The nal chapter of this part, Chapter 4, contains an exploration of time-frequency anal-
ysis methods. Many of the techniques in this chapter relay on wavelet transforms such as the
Continuous Wavelet Transform and Synchrosqueezing Transform. The Continuous Wavelet
Transform was developed by Morlet and Grossman (Grossmann and Morlet, 1984). Thakur
and Wu employed the works of Daubechies, Lu, and Wu on Synchrosqueezing theory to
develop the Synchrosqueezing Transform which retrieves the instantaneous frequency infor-
mation from a signal (Thakur and Wu, 2011). Basis Pursuit is a inverse problem which uses
a wavelet dictionary to decompose a signal based on a true global optimization (Chen et al.,
1998). Time-frequency analysis was rst developed in the late 1990s (Chopra and Marfurt,
2006). Its introduction enables the consideration of a variety of seismic attributes such as
the amplitude attribute and phase attribute. Seismic attributes provide more information
about seismic data. In Han et al. (2015), the authors consider the amplitude and phase
attributes produced once a time-frequency analysis method is applied to seismic data. They
also developed a new seismic attribute: the derivative of corrected phase attribute which
highlights the edges of anomalies in seismic data. The authors of Han et al. (2015) focus
on the application of their new attribute to one seismic data set processed using Basis Pur-
suit. In Chapter 4, we expand the application of their new seismic attribute to di erent

time-frequency analysis methods as well as more seismic data.



We include Chapters 2 and 4 for a complete record of the work done over the course of
the author’s doctoral program. While these two chapters focus on data that is not collected
using a DAS system, they both deal with one of the overarching themes of this thesis: event
detection. Anomalies in data tell the investigator where re ections occur in the physical
process. Using time-frequency analysis, we consider a method which detects the edges of
anomalies in seismic data, thus providing an estimate of the event’s location. The following
two parts of the thesis, encompassing Chapters 5 to 11, focus on event detection using
distributed acoustic sensors.

The second part of the thesis comprises Chapters 5 to 7 and focuses on Distributed
Acoustic Sensing (DAS) and bre-optic cables. In Chapter 5, we introduce the acquisi-
tion technique called Distributed Acoustic Sensing. Fibre-optic sensing was invented over
40 years ago (Culshaw and Kersey, 2008). Curtis D. Kissinger patented the technology in
1967 (Kimbell, 2013). The invention of single mode optical bre a decade later led to ideas
of combing the bre with interferometers. While originally employed for communication
technologies, the use of bre-optic cables and interferometry nds applications in a vari-
ety of areas including monitoring and acquisition. The authors provide more information
about bre optic sensing in Grattan and Meggitt (2000). In 2017, Hartog published a work
explaining various bre optic sensing methods including Distributed Vibration Sensing, or
Distributed Acoustic Sensing, as well as various experiments of these sensing techniques
(Hartog, 2017). Chapter 5 contains and a detailed explanation how the distributed acoustic
sensor uses interferometry and strain on a bre-optic cable to collect information.

Creating numerical models of seismic data is often the rst step in any seismic experi-
ment. Since the rise of distributed acoustic sensing, modeling such data has become neces-
sary. Innanen introduces a geometrical model of a DAS bre response in Innanen (2016).
In Eaid et al. (2017), the authors create a 3D elastic nite di erence wave model to model
the response of arbitrarily shaped bres. Innanen and Eaid went on to develop a model

for a variety of bre formations following the CREWES bre geometry and sensing model



(Eaid and Innanen, 2018). Martins et al. addressed the question of modeling DAS systems
attached to bre-optic cables used in telecommunications and provide a tutorial for its de-
velopment (Martins et al., 2017). In Masoudi and Newson (2017), the authors provided a
numerical model the building blocks of the distributed acoustic sensor which allowed for an
investigation of each of these parts on their own. Combining these modeled building blocks
produce a model of the sensor’s response. The authors of Sherman et al. (2019) developed
numerical models of the DAS response and employed them to identify methods for nding
event locations and geometry. They then build on this model by accounting for di erent
physical aspects such as rock physics, uid ow, and elastic wave propagation. In Chapter 6,
we utilize analytic methods to produce models of DAS data with an elementary comparison
of the e ect di erent parameters cause in the data. WWe model the amount of stretching at a
point s along the bre-optic cable of a DAS sensor by using the strain tensor and the path
of the bDre.

Chapter 7 investigates questions regarding the structure of the bre-optic cable in DAS
acquisition projects and provides bounds for the amplitude response of the bre; see Theo-
rems 7.6 and 7.7. We nd that the bounds depended on the eigenvalues of the strain tensor.
The amplitude response thus depends on the least and greatest fractional change that occurs
along the entire bre in the DAS system. The structure of the bre-optic cable plays an
important part in the response of the DAS sensor to a source. Two formations of particu-
lar interest are straight laid bre and helically wound bre; see Kuvshinov (2015), Hartog
(2017), and Boer et al. (2013). Figure 1.1 provides an example of what we mean by straight

bre (top) versus helically wound bre (bottom). One issue with straight bre is that it
is less sensitivity to waves that hit the bre perpendicularly (Wuestefeld and Wilks, 2019).
Development of the helically wound bre for DAS systems occurred to increase broadside
sensitivity; cf. Wuestefeld and Wilks (2019), Hornman et al. (2013), Boer et al. (2013),
Mateeva et al. (2014), Yavuz et al. (2016), and Hornman (2016). The introduction of he-

lically wound bre brought the question of the bre’s sensitivity in a DAS system to the
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Figure 1.1: (Top) An example of a straight bre optic cable in a DAS sensor. (Bottom) An

example of a helically wound bre-optic cable in a DAS sensor.



forefront. Gabai et al. developed a new parameter for de ning DAS sensitivity; see Gabai
and Eyal (2016). This new parameter allows the comparison of di erent distributed acoustic
sensors. In Gabai and Eyal (2017), the authors generalized the parameter to de ne DAS
sensitivity in a more intuitive manner. They also show how the static backscatter pro le
and DAS sensitivity are related. In Eaid and Innanen (2018), the authors provide models
of the sensitivity of DAS-acquired data given di erent geometric formations of the bre. In
Chapter 7, we provide further insight into the investigation of DAS sensitivity. Using the
classical homotopy theory of topological spaces, we also produce a homotopy which deforms
the helically wound bre to the straight bre; cf. Theorems 7.13 and 7.14. The deformation
allows us to o er comparisons of the two di erent formations of bre-optic cable in a DAS
sensor by studying the data over the homotopy as well as the strain matrices at each point
in the data over the homotopy.

The nal part consists of Chapters 8 { 11, and provides several studies on applications
to DAS acquired data. In Chapter 8, we use DAS and bre-optic cables to acquire vertical
seismic pro les (VSP) of the two observation wells at the Containment and Monitoring
Institute’s Field Research Station in Newell County, AB. Mestayer et al. introduced the use
of DAS to acquire walk-away vertical seismic pro les (Mestayer et al., 2011). They concluded
that installing bre permanently in wells would allow for low-cost nonintrusive geophysical
monitoring due to the DAS results for the walk-away VSP providing nearly equivalent images
to conventional borehole geophone methods. Mateeva et al. shows the results of similar eld
trails (Mateeva et al., 2012). They also investigated its employment in VSP applications
such as checkshots, imaging, and time-lapse monitoring, and concluded the the use of DAS
would make VSP a viable experiment in a variety of wells including ones which were not
accessible to geophones. Nizkous et al. considered the con guration of the bre which
provided similar results to a 3D VSP survey with conventional geophones (Nizkous et al.,
2015). At the CaMI FRS, Gordon investigates two VSP surveys focused on the use of DAS

(Ferrebus, 2019). One survey tests the use of DAS to acquire zero o set VSPs and another



survey compares the results of helically wound and straight bre optic cables from a walk
away VSP acquisition. Chapter 8 contains the results of two di erent data collections at
the site collected using an interrogator from Fotech Solutions. We show the results of the
straight laid bre in both wells and use standard VSP processing techniques to identify the
caprock which will be employed to contain the CO? in future experiments. The caprock is
identi able in both studies which veri es the use of DAS as a viable option for monitoring
and the acquisition of vertical seismic pro les.

Chapters 9 and 10 contain event detection experiments involving machine learning. Given
a distributed acoustic sensor can generate terabytes worth of data over the course of an
acquisition, machine learning is an natural step towards locating points of interest in large
data. The authors of Aktas et al. (2017) apply a deep convolutional neural network to data
collected using a phase-optical time domain re ectometry (OTDR) sensing system to identify
events in the data. Prior to application of their CNN, they propose a new preprocessing
denoising method which they apply to the data before having the CNN identify six types
of events. The authors found that their proposed denoising method increased the accuracy
of their CNN in classifying events. Huot and Biondi used unsupervised learning to identify
recurring events which might interfere with locating the signals of useful events; see Huot
and Biondi (2018). They taught a CNN to denoise the data and combined a CNN with a
Markov decision process to map the acquired data to its geometry. An general adversarial
neural network (GAN) is utilized in Shiloh et al. (2018) to transform synthetic data of
a DAS response to mimic real data in order to build a training set. Using these GAN
generated images for the training set, they trained a neural network to identify between
walking and noise in a DAS-acquired data set. The authors continue to develop this work in
Shiloh et al. (2019). Bublin compares the results of using classical deep learning techniques
and an approaching combing image processing and deep learning to detect events in DAS
data (Bublin, 2019). Their work shows that the combination of image processing and deep

learning holds the most promise for event detection. In Shi et al. (2019), the authors use



only the time-space data froma -OTDR as the CNN’s input in order to classify ve types
of events in the data.

Many of the current practices for event detection using machine learning involve neural
networks for image recognition. In Chapter 9, we utilize a cluster analysis technique in
Chapter 9 called Gaussian Mixture Models (GMM) to cluster the signal of a vehicle near the

bre in a DAS system. Shamsa and Paydayesh employed independent component analysis
and Gaussian mixture models to detect a microseismic signal (Shamsa and Paydayesh, 2019).
Their goal was to separate the fracture signal from the background noise in the data. Inspired
by Shamsa and Paydayesh (2019), we use a GMM for foreground detection of the vehicle
signal with independent component analysis to highlight the vehicle’s signal. We apply this
method in an attempt to make it easier to detect events in DAS data. While increasing the
precision of the detection, the independent component analysis does not produce a better
detection when there is only one event to consider. Future investigations for this technique
should application to data containing more than one type of signal to o er a better judgment
of how independent component analysis would improve results. With only the vehicle’s
signal, the GMM often provided the best detection of the signal though less precise than
when independent component analysis was employed.

Chapter 10 provides an exploration of employing convolutional neural networks for image-
recognition purposes in DAS data. We use the UFLDL Deep Learning tutorial to build a
convolutional neural network that nds and identi es events in DAS-acquired data (Ng et al.,
2013). In the rst example, we train a convolutional neural network to identify footsteps
near the bre-optic cable. The convolutional neural network is then utilized to identify
microseismic events in microseismic data. In the second example, a convolutional neural
network learns to identify walking events, digging events, and noise events near the bre.
We test the convolutional neural network on two types of data acquired using a DAS sensor.
Our results suggest that there are several degrees of freedom to investigate with regards to

image registration when using image-recognition techniques to locate events in DAS-acquired
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data. Not only should the velocity, shift, and scale of an event be considered, but also the
di erent variables used when acquiring data with a DAS sensor such as the pulse-repetition-
frequency and the gauge length.

Chapter 11 deals with the concept of nding the exact location of events in the real world
based on how they appear in the data. Matt McDonald proposed a similar problem with
respect to events in microseismic data acquired using a DAS system at the 2015 PIMS Indus-
trial Problem Solving Workshop (McDonald, 2015). He suggested minimizing the residual
between the arrival times of the wavefronts in the data to those computed using the Eikonal
equations for the model. In Webster et al. (2016), the authors discuss how a deviated well, or
a well which is not entirely straight, provides the equivalent of a second and third component
sensor when using a distributed acoustic sensor. The deviation allows for the direction of
the event in the data to be determined. Using this technique, they compared the results of
locating microseismic events with a DAS system to pinpointing the location of events using
three component geophones. The authors found that the DAS method was often within 1
to 2m from the event unlike the geophone method which was between 20 and 50m from
the event. The authors of Williams et al. (2017) also investigated this question of locating
microseismic events in DAS-acquired data. They began by modeling the one-component
DAS data and experimenting with choosing P-wave arrivals as well as P-wave and S-wave
arrivals given di erent geometries of the DAS system. As with Webster et al. (2016), they
found that deviating the bre in the sensor improved locating the events. In Chapter 11, we
introduce the Hyperbola Method which uses the hyperbolic nature of signals in DAS data to
calculate the distance between the signal and the bre-optic cable. We assume that the bre
used to create the data is not deviated. The Hyperbola Method provides more knowledge
about where events are with respect to the bre by using the distance between the P-wave
and S-wave responses. This method allows for the potential to locate bre-optic cables which
are used in DAS acquisition projects.

Finally, we conclude in Chapter 12 with a discussion of future work which can be explored
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from the work presented in these chapters and draw our nal conclusions about the work
contained in this dissertation. For now, we begin this study by discussing a fundamental

concept of seismic imaging: the re ection coe cient.
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Chapter 2

Exact Solutions of Re ection
Coe cilents for the Acoustic Wave

Equation

Re ection coe cients are fundamental to detecting geological structures below the Earth’s
surface. These coe cients describe the portion of the seismic wave which is re ected by
the anomaly in the subsurface. Given the complicated nature of the Earth’s subsurface, an
exact solution of the wave equation which accurately describes its structure cannot always
be found. As such, re ection coe cients are computed numerically so that we can use this
information to discover where these objects reside underground. Unfortunately, numerical
results do not o er the same amount of precision in detection as an exact solution.

In order to judge how successful numerical methods estimate re ections in seismic models,
we solve for exact solutions of re ection coe cients in this chapter for plane waves giving
varying velocities. We examine the case when plane waves are present, as it is possible to
solve the wave equation exactly in this case. Therefore, the exact solution of the re ection
coe cient for these equations is obtainable.

We focus on two speci ¢ velocity wave elds for our models: a velocity jump and a velocity
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ramp. The velocity jump models a quick jJump from a low velocity to a higher velocity while
the velocity ramp provides a model of the speed of a seismic wave through a transition
zone. For the velocity ramp, we nd that the re ection coe cients are dependent on the
frequency in each dimension. For the second and third dimension, the frequency depends
on the angle at which the wave hits the velocity ramp. We show the re ection coe cient
results for di erent angles in two-dimensions for one solution to the acoustic wave equation
and see that the re ection coe cient decreases as the frequency increases at each of the ve
angles we choose.

We consider a one-dimensional numerical model and a two-dimensional numerical model
at the end of this chapter. While some error is expected, given that we are using numerical
methods, the size of that error should be relatively small if we are to consider it an adequate
model of the wave equation for those cases. We used nite di erence methods to create both
models. Between the two models, the error of the numerical solution to the wave equation
increases by a factor of 7. The one-dimensional model di ers from the exact solution to the
wave equation produced using the re ection and transmission coe cients by about 0.03. The
approximated two-dimensional solution varies from the exact solution by approximately 0.2.
The error is less than 1% for the one-dimensional case when considering the di erence of the
norms of the exact and approximated solutions divided by the norm of the exact solution
and 1.64% for the two dimensional case.

In the following section, we introduce the re ection problem for various velocity elds. In
the rst section, we outline the re ection problem. Then, we 0 er a summary of work done
in Lamoureux et al. (2012) and Lamoureux et al. (2013) for the one-dimensional case and
extend the results for general velocity jumps and ramps in one dimension. In the following
two sections, we extend the velocity elds to two and three dimensions before solving for
their respective re ection coe cients. In the nal section, we compare the exact solution
using the re ection coe cient equations and the approximated solution produced using nite

di erence methods.
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2.1 The re ection problem

With regards to the velocity eld, we focus on a velocity eld with two speci ¢ traits. We
are interested in velocities varying only in the z-direction. We restrict the velocity to one
dimension, the z-direction, as that is the traditional downward direction in geophysics, in
order to limit the complexity of the problem. As the dimension of the model increases, the
more complicated the problem becomes; limiting to one dimension makes the problem more
manageable for computational purposes. In the geophysics literature, such a restriction is
called the 1.5D or 2.5D version of the problem.

The second trait of interest is when a velocity eld has a transition zone. As discussed
previously, a velocity c(z) has a transition zone if a portion of c(z) is non-constant. For

instance, in Hardeman and Lamoureux (2016), we considered a velocity eld

C2)=_Ff@) 20 z zo+L; (2.1)

8
§C1 Z < 2,

C, Zp+L <z

where ¢y, Cp, Zo are constants, f(z) is an arbitrary continuous function of z, and L is the
length of the transition zone. The velocity varies for some function f(z) forzo z zy+L.
We denote this region as our transition zone. For z < z,, we denote this as the top region as
it is above the transition zone; for zo + L < z, we have the bottom region because it is below
the transition zone. As an illustration, we will consider a velocity jump in each dimension.
Consider what occurs in a general re ection problem (Mueller, 1985). We model this
problem using regional solutions. In the top region, there is a plane wave and re ection from

the start of the transition region that we write as

Utop = Uinc * Uref: (2.2)
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The incident wave, de ned as Ujnc = U(X;z;t), for some solution u of the acoustic wave

equation
@%u

(Z)W =r(K() ru) (2.3)

where (z) = ¢ ?(z) and K(z) = c¢ (z), for some parameter 2 N. The function u
represents the displacement eld. The term x depends on the dimension we are discussing.
For instance, if we are focusing on the one-dimensional case, then u(X;z;t) = u(z;t). In
two dimensions, u(x;z;t) = u(x;z;t), etc. Generally, u(x;z;t) = u(Xs;Xz; 3 Xm 1;Z;t).
The incident wave ujn is positive in the z-direction, as that is conventionally chosen as the

downward direction in geophysical problems. The re ection is de ned as

Uref = RU(X;  Z;1); (2.4)

where R is the re ection coe cient. As opposed to Ujnc, the re ected portion of the wave

Uref Will be negative in the z-direction. Hence,

utop(x;z;t) = u(x;z;t) + Ru(x; z;t): (2.5)

We designate what occurs in the transition region by

Utrans(X; Z; 1) = u(x; z; t): (2.6)

We employ Separation of Variables to solve the acoustic wave equation which separates the
PDE into ODEs for each variable. Typically, the solutions to the z-ODE would be of the
form Z(z) = AZ,(z) + BZ,(z) for arbitrary A, B and functions Z;(z) and Z,(z). In the
bottom region, we have the portion of the wave which is transmitted through the transition

z0ne

Upottom (% Z: 1) = Tu(x; z; 1) 2.7
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where T is the transmission coe cient. The solution u in each of these regional solutions
is the portion of the exact solution u of the acoustic wave equation corresponding to that
particular region.

Given that we are considering piecewise functions, we must enforce some continuity

conditions. We wish to have displacement continuity:

Utop = Utrans at z = zgp; (28)
Utrans = Upottom 2atZ =720 +L; (2.9)
and continuity of force:
Ktop =K ¢ = 2p; 2.10
topg; Ytop = Ktransg; (Utrans) atz = zo; (2.10)
@ @ _
Ktrans@—Z (Utrans) = Kbottom@_z Upottom &t z =Zzo +L: (2.11)

After applying these continuity conditions to the regional solutions, we get a system of
equations which we use to solve for the re ection coe cient R.

For simpli cation, we write

@ ¢ .

@—le - in’ (212)
0> _ ¢ .
B = P (2.13)

for variables x; and functions f.

2.2 One-Dimensional Re ection Coe cients

In one dimension, we denote the solutions to the one-dimensional acoustic wave equation,

(Duw = (K(2)uz), ; (2.14)
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as u(z; v).
In Lamoureux et al. (2012), the authors found re ection coe cients of solutions to the

one-dimensional acoustic wave equation

(XU = (K(X)ux), ; (2.15)

where they established a relationship between the density (x) and the bulk modulus K(x)
using some parameter 2 N. They de ned this relationas (x) =c¢ 2(x) and K(x) =c¢ (X),

where c(x) is the velocity. The relation preserves the ratio

K(x)

— ~2(y)
x) c(X): (2.16)

The authors examined two di erent cases: varying density and varying modulus. Re-
spectively, these are the cases when = 0and = 2. They studied these cases for two
di erent velocity ramps in the one-dimensional case and found the re ection coe cients for
each case. In particular, they were interested in the velocity with a jump discontinuity

8
E1 X<O0;

00 = (2.17)

-2 0<x;

and the velocity ramp

%1 X<l
=

C(X) =X 1<x<2 (218)
-2 2<x:
After studying the case when = 0;2 for the velocity ramp in Equation (2.18), the

authors solved for an exact solution for the re ection coe cient with regards to the one-
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dimensional velocity ramp for general

2i! N1 N2 +
R(=—————po & 2Dt o (219)
22(2iV +2° 1=4 12)+2m( 2i1 +2° 1=4 12)

where ny, = (1 ) Io(1 )?=4 12 for frequency !.

The following year, the authors extended their work to nd exact solutions for re ection
coe cients given more general velocities in Lamoureux et al. (2013). In particular, they

considered a velocity jump s

c(x) = (2.20)

and a velocity ramp

c)=_c;+mx 0 x L (2.21)

8
§c1 X<0;

where m = (c; c¢;)=L.
For the velocity ramp in Equation (2.21) when only the modulus varies (= 0), they

found the re ection coe cient

R(1) = (r;  r)(n+ny) .

B 2(ry  rR)(i'=m) + 2(ry + 1) 'Jm’ (2.22)

where r; = (c,=c;)™, r, = (c=c1)"2. The parameters n; and n, are de ned as before but
with =0,ie. ny= 1=4+ Io1:4 (T=m)?2 and n, = 1=4 Io1:4 (T=m)? where ! is

frequency.
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2.2.1 One-dimensional velocity jump

In Lamoureux et al. (2013), the authors found the re ection coe cients when there is a

velocity jump

8

ECl Z < 2o,
C =

(2) >

-C

2 Z>1Zp,

(2.23)

where zo = 0. In this section, we explore the case for any z, 2 R. Solving the one-dimensional

acoustic wave equation with this velocity jump gives the solution

8

sel!( Z=C1 t) Z < ZO;
u(z;t) =

_ei!( z=cp t) Z > 2o

Since there is no transition zone, we de ne the regional solutions to be

Utop(z; t) = ei!(Z=C1 1) + Rei!( z=c1 t)’

ubOttom(Z; t) = Tel'@=c2 b).

The continuity conditions for this problem are

Utop = ubottom at z = zg;

Ktop Utop | = Kpottom Ubottom , atZ=Zo;
thus the system of equations reduces to

ei!20:C1 + Re ivzpo=C1 — Tei!ZOZCZ;

C]_ 1 ei!Zo:Cj_ Re ivzpo=C1 :C2 1Tei!20202:

20

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)



Using these equations, we solve to nd

R( -1 ) — eiZZo!ch (Clcz Cl CZ) . (2 31)
. (0102 + Cy CZ)’ .
1= 1= c,C
T( ;1) =2etrg itz 12 2.32
;1) 62, + 6.0z (2.32)

We will compare this to the results we get in higher dimensions.

Impedance at =1

Given the relation de ned for the modulus K(z) and the density (z), Equation (2.31)
provides the opportunity to compare the e ect of varying the modulus and density on the
re ection which occurs when the wave crosses a jump discontinuity. As described earlier in
Lamoureux et al. (2012), the authors took particular interest in the cases when =0 and

= 2. They noted that a consequence in the di erent choice of shows a ip in polarity
once the wave is re ected.

Consider the case when = 1. Using Equation (2.31), we nd

i220!=c1(C1C% CiC2) _ ..

R(1;1) = A
(1) ¢ (c1¢3 +cicy)

(2.33)
The fact that impedance remains constant in the case when = 1 provides a good
explanation for why the re ection coe cient R(1;1) = 0. Recall that the impedance is

given by 1 = (z)c(z). For =1, we get

I = (2)c(2) =ct 2(2)c(2) = %c(z) =1 (2.34)

Re ections are dependent on a change in the impedance between layers in the Earth. If the

impedance is constant, then there should not be a re ection. The case = 1 shows this fact.
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2.2.2 One-dimensional velocity piecewise ramp

In Lamoureux et al. (2013), the authors also found the re ection coe cient for the one-
dimensional acoustic wave equation when a velocity ramp is present. We will consider

general one-dimensional velocity ramps:

gcl Z < Zy,

c(z) = gctrans(z) o z zo+L; (2.35)

Zpt+L <z

where L is the length of the transition zone. In the 1D case, there is only the normal

incidence case. We nd that solutions to the 1D acoustic wave equation are of the form:

el'( z=c; t) Z < 2o

/W\MN

ux;t) = _z(@z)e "tz z  zo+L; (2.36)

éel'( z=cy t)

where Z(z) = AZ,(z) + BZ,(z) for constants A, B. Given the presence of a transition zone,

o+ L <z

the regional solutions are

Utop(z;t) = €'t U+ Rel!( 2 O; (2.37)
Utrans(z; 1) = AZ1(2)e "'+ BZ,(2)e (2.38)
Upottom(z: 1) = Te't = ©; (2.39)
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which gives the following system of equations when we apply the continuity conditions from

Equations (2.8) to (2.10)

pi'@=c1 O 4 Rei!( z0=c1 1) — [AZ1(20) + BZ2(20)]e i!t;
i? it +L)=
1 - 0 1
[AZ1(zo + L) + BZy(zo + L)]e it — 7ei!((zo+L)=c2 1).

L i1 . -
::_'el!(Zozcl t) ::_'Rell( z0=C1 t) — [AZE_(Z()) + Bzg(zo)]e I!t;
1 1

. il .
[AZi(z0 + L) + BZY(zo + L)Je "t = L& Dyt o,

C2

We reduce this system of equations to give

elt?0¥1 4 Re 120501 = AZ,(z0) + BZ(2o);
AZi(z0 + L) + BZy(zo + L) = Te'* Cor=e2;
LTSN | I
C—e'-ZO‘cl o Re W20zt = AZ!(z0) + BZ)(20); and
1 1

i eeL-
AZi(zo+ L) +BZ)(zo+L) = C_Tel-(Zo+L)—CZ:
2

We turn this into the matrix problem

2 32 3 2
Z1(20) Z5(20) e fzo7c 0 A eitz0=c1
Z1(zo+ L) Zy(zo+L) 0 ail (@o+L)=co BZ 0
Zi)  Zi(z) e M 0 RZ  Biteitom
Zj(zo+ L) Zj(zo+L) 0 igitGortye T 0

Solving this equation, we get

R( ;1) = el?0ta 12Ny c1CoN, +i1(ciN3 +coNy)) .
. 12N; +¢1CoN, + i!(C2N4 ClN3) '
12¢; N5

12 + C1CoN, + i!(C2N4 C1N3),

T( : !) = ei!(ZO+L)=Czei!Zo=c1

23

(2.40)
(2.41)

(2.42)

(2.43)

(2.44)
(2.45)

(2.46)

(2.47)

(2.48)

(2.49)

(2.50)



where

Ny = Z31(zo + L)Z2(20) Z2(zo + L)Z1(20); (2.51)
N = Z(z0 + L)Z3(20)  Z3(20 + L)Z}(20); (2.52)
N3 = Z1(z0 + L)Z3(20)  Z2(20 + L)Z1(20); (2.53)
Na = Z(z0 + L)Za(20)  Z3(20 + L)Z1(20); (2.54)
Ns = Z1(z0 + L)ZY(zo + L)  Za(z0 + L)Z (20 + L): (2.55)

2.3 Two-dimensional re ection coe cients

For the two-dimensional case, we denote the solutions to the two-dimensional acoustic wave
equation by

(Dux = r(K@)ru) = K2)uy, + K'(2)u,; (2.56)

where r = (@y; @;) as u(x; z; t). In the following sections, we study a velocity jump rst and

the general case of a piecewise velocity with a transition zone in two dimensions.

2.3.1 Two-dimensional velocity jump

First, we consider a 2D velocity jump

c(z) =

8

SC1 Z < Zp,
2.57

3 (2.57)

2 Z =12,

where ¢; and ¢, are constant. We discuss this velocity here in order to compare the re ection
provided when a ramp is present versus when one is not present.

For this case, a plane wave moves downward across a velocity jump. We represent the
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wave in the top half by
Utop(X;Z; 1) = glt@=e1 O 4 Relt( z=c1 0. (2.58)
and the wave which is transmitted across the velocity jump as
Upottom (X Z; 1) = Te't =2 9, (2.59)

where R is the re ection coe cient and T is the transmission coe cient.
Again, we want to enforce displacement continuity across the jump as well as continuity

of force. We write the continuity conditions as

Utop = Upottom @t Z = Zo; (2.60)
Ktop F (Utop) = Kpottom M (Upottom) &t Z = Zo; (2.61)
this results in
gl @1 B 4 Reit( 2071 B — Tgit(2o=c2 1). (2.62)
K i_!ei!(Z():Cl t) i_!Rei!( Zp=Cc1 t) =K Ti_!ei!(ZO:CZ t . (2 63)
top c1 c bottom C, ’ .

which in turn implies

elt?0™1 4 Re 20701 = Tltz0%cz; (2.64)
ei!Zo:C1 e iv'zp=C1 ei!ZQZCZ

K =K —T 2.65
top —¢ o bottom ¢ (2.65)
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Recall that K(z) =c¢ (z). Then, we nd that

ei!ZO:Cl + Re i1zp=c1 — Tei!ZO:CZ (266)

C]_ 1 ei!Z():Cl Re ivzp=Cy :CZ 1 Tei!20=02 . (267)

This becomes the matrix problem

2 32 3 2 3
e ivzp=C1 ei!20202 R ei!Z():Cl
q £87°6=9 5 (2.68)
C]_ 1e iv'zp=C1 C2 1ei!Zo=Cz T C 1ei!Zo=C1
which we solve to get the following solutions
R( . !) — eiZZo!ch (ClCZ Cl C2) . (269)
’ (C1Cy +C4Cp)
T( . !) — eizo!=cle izo1=co 2C1C2 . (270)
' C1C, +C;Cp

Given that we are considering the plane wave case in two dimensions where the wave is
orthogonal to the velocity jump, it follows that the exact solutions for re ection and trans-
mission coe cients would mimic the one-dimensional case. In fact, the two-dimensional
re ection and transmission coe cient solutions given in Equations (2.69)) are identical to

the one-dimensional re ection coe cient solution (cf. (2.31)) for this case.

2.3.2 Two-dimensional piecewise velocity ramp

We now examine what occurs for general two-dimensional piecewise velocity ramps

()= _ctrans@ 20 z zo+L; (2.71)

8
gcl Z < Zp;

C Zpt+L<z:
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Unlike in the one-dimensional case, we now have to observe what occurs in two directions:
the x-direction and the z-direction. The plane wave can hit the ramp at normal incidence
or non-normal incidence.

In the normal incidence case, the plane wave is orthogonal to the transition zone of the
velocity eld. This means that the incident angle ; =0 . For the two-dimensional problem
of normal incidence, the plane wave is constant in the x-direction. The solution to Equation

(2.56) is then, for x 2 R,

eif( = O 7 < 7.

ux;z;t) = _z@e "tz z zo+L; (2.72)

W AR 00

_ei!( z=cy t) ZO+L<Z,

for Z(z) = AZ,(z) + BZ,(z) for arbitrary A, B 2 C, where the real parameters ky; k;; !

satisfy the dispersion relation

k2 +k2 = ::—22 (2.73)
1
The regional solutions for this case are
Utop(X;Z; 1) = el!@e U 4 Relt( 251 0. (2.74)
Utrans(X: Z;t) = AZy(2)e "'+ BZx(2)e 'Y (2.75)
Upottom (X Z; 1) = Te'' = (2.76)
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Applying the two-dimensional continuity conditions, we get the following system of equations

elt?0¥1 4 Re 120500 = AZ,(z0) + BZ(20); (2.77)

AZ,(zo + L) + BZy(zo + L) = Te'' @)=z, (2.78)

Cy ic—ie”ZO:Cl ic—iRe % = ¢, [AZ](z0) + BZ)(20)]; (2.79)
C, [AZ])(zo + L) + BZ)(zo + L) =¢,T L—ie“WLFCZ; (2.80)

which gives us the matrix problem

2 32 3 2 3
Z1(20) Z5(20) g 11z0=c1 A pi'zo=c1
Z Zo + L Z Zo + I_ 0 ||(Zo+L) =C2 B 0
1(Zo+L) Zy(zo+L) N _ | o
Z}(20) Z5(20) %e'”o:cl R lcleI'ZO c1
Zi(zo+L) Zy(zo+L) 0 " e"(Zo+L) 2 T 0

Evaluating the matrix equation, we obtain

12Ny cCoNp + i1 (ciN3 + coNy)
!2N1+C1C2N2+ i!(C2N4 C1N3)’

R( ;1) = ¢!z (2.82)

1¢c,N5g ]
!2N4+C102N2+ i!(C2N4 ClN3).

T( ;1) = ie?!Corb=eagiztzome (] 4 giztzomr) (2.83)
These are the same N; as de ned in Equations 2.51.

For the non-normal incidence case, the plane wave hits the transition zone at an angle

1 0. In normal incidence case, the wave was constant in the x-direction; however, that is

not true for this case. The solution to Equation (2.56) is of the form

% |(kxx kzz 1t) Z < 2o
u(x;z;t) = _7(@2)eitx ' 720z zg+L; X2R; (2.84)

% |(kxx kiz 1t)

Zp+L <z
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where Z(z) = AZ,(z) + BZ,(z) with arbitrary A, B 2 C. The regional solutions are given

by
Utop(xy Z: t) — ei(kxX+kzZ 1t) + Rei(kxx kzz !t); (285)
Utrans(X; Z; 1) = [AZ1(2) + BZa(2)Je"* 'Y, (2.86)
Upottom(X; Z; ) = Tl 10 (2.87)

Applying the two-dimensional continuity conditions and reducing, we obtain the system of

equations

elkz20 + Re k220 = AZ,(z0) + BZ,(20): (2.88)

AZ1(2o + L) + BZ,(zo + L) = Telke+L); (2.89)
ik, %0 jRke =% = AZ!(z0) + BZ'(20); (2.90)
AZ)(zo + L) + BZ)(zo + L) = ik Telkeo+L): (2.91)

which gives the matrix problem

2 32 3 2
Z1(20) Z5(2o) e Tkezo 0 A elkzzo
Z1(zog+L) Zy(zo+L 0 ekl (zo+L) B
1(Zo+L) Zx(zo+ L) | | oo
ZQ(ZO) Zg_(ZO) ik,e tkzzo R ik, pikzzo
Zi(zo+ L) ZYzo+L) 0 ikgeikg(zo+L) T

Solving this problem, we nd the re ection and transmission coe cients have the form

N, + kK N; + i(kIN3 + k;Ny)
Ny + kKON; + i(k,N;s  KIN3)’

12Kk, N5 .
Ny + k,KIN; + i(k;Ns  KIN3)'

R( ;1) = g% (2.93)

T( l) =e ik? (Zo+L)e|kzZO (294)

These N; are the same as the ones de ned in Equations 2.51
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2.4 Three-dimensional re ection coe cients

For the three-dimensional case, we denote the solutions to the three-dimensional acoustic
wave equation

(2)uy = r(K(2)ru); (2.95)

where ¥ = (@x; @y;@,) as u = u(x;y;z;t). We continue to use plane waves and consider a
1D Earth as with the previous cases. In the next few sections, we focus on nding re ection
coe cients when given a three-dimensional velocity jump and a general three-dimensional

velocity ramp.

2.4.1 Three-dimensional velocity jump

We begin with a three-dimensional velocity jump

8

ECl Z < Zp;
c(z) = (2.96)

-C Z =21

where ¢; and ¢, are constant. For this case, a plane wave moves downward across a velocity

jump. We represent the wave in the top half by
Ugop(X;y; z; 1) = @7 U + Re*C 250 0 (2.97)
and the wave which is transmitted across the velocity jump as
Upottom (i Yi Z;t) = Tel' =2 0 (2.98)

where R is the re ection coe cient and T is the transmission coe cient.
These are the same regional solutions as the two-dimensional velocity jump; see Equations

(2.58) and (2.59). The re ection and transmission coe cients will be the same for the three-
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dimensional as in two-dimensional case; see Equation (2.69). Let us compare the three-

dimensional velocity ramp with the two-dimensional case as well.

2.4.2 Three-dimensional piecewise velocity ramp

In this section, we discuss the re ection coe cient given a general 3D piecewise velocity

ramp
8
Ecl Z < Zp;
()= _ctrans@ 20 z zo+L; (2.99)
g02 Zp+L <z

where Ctrans(2) is the velocity ramp and L is the length of the ramp.
In the normal incidence case, we get the solution, for X;y 2 R,
8
%ei!(zzq v z<z;

U y;z;) = _7(@2)e Mt zo z  zo+L; (2.100)

gei I(z=c2 1)

where Z(z) = AZ,(z) + BZ,(z) for arbitrary A, B 2 C. The regional solutions for this case

Zpt+tL<z

are

Utop(X;y; Z;t) = et D+ Re M@ (2.101)
Utrans(X: Y Z; 1) = [AZ1(2) + BZa(2)]e ', (2.102)
Upottom(:y; Z:t) = Te!t ez 9; (2.103)
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and when we apply the three-dimensional continuity conditions, we get

el!@™1 U 4 Re M@0 U = [AZ,(z0) + BZ,(z0)]e " (2.104)
[AZ1(zo + L) + BZy(zo + L)Je 't = Te!'(@+L)%c2 »). (2.105)
il . il . .
I;:foel!(Z(]:Cl t) |;:fo Re il(zo=c2 t) — (AZR(Zo) + BZ%(ZO))e I!t; (2106)
: i! + .
[AZ)(zo+ L)+ BZ)(zo + L)]e "' = TI-(Z(():—L)el!((ZO"'L):CZ OF (2.107)
2
We reduce this to
e''?0™ + Re 707 = AZ,(20) + BZ,(20); (2.108)
AZ.(zo + L) + BZy(zo + L) = Te'*@o*b)=cz, (2.109)
ivzy oy, _ i1z o
?"e'!zo-ﬂ T"Re 202 = AZ!(z0) + BZY(20); (2.110)
il(zo+ L) . _
AZl(zo+ L)+ BZY(zo+L)=T I(ZE’:—)e'NZO*U-CZ; (2.111)
2
which becomes the matrix problem
2 32 3 2 3
Zl(Zo) Zz(ZQ) e i1z0=Cy 0 A ei!ZOzcl
Z1(zo+ L) Zy(zo+L 0 gi!Go+l)=ce £ BB 0

1(zo+ L) Zo(z0 )_ | -8 C (2112)

Z!(z0) Zy(z0) e Mz 0 R Leltzoma

Zi(zo+L) Z(zo+L) 0 Ueltorb= T 0

This is the same matrix problem as the one for the two-dimensional case (cf. Equation
(2.81)). Therefore, the exact solution for the re ection coe cient will be the same.

In the non-normal incidence case, the three-dimensional solutions to the acoustic wave
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equation are of the form, for x;y 2 R,

8

%ei(kxx+kyy kzz 1t) zZ <2
ux;y;z;t) = §[A21(Z) + BZy(2)]e*oy 10 7oz 7o+ L

= pilkaxtkyy Koz 1) Zy+L<z:

The regional solutions for this case are

Utop(X Y Z: 1) = gilooxrkyyrkzz 1) 4 paillocrkyy kez 11).
Utrans(X; Y; Z; ) = [AZ1(2) + BZ,(2)]e' 0oy 10,

Upottom(X:Y: Z;t) = T ei(kax+kyy+kiz 11).

Applying the continuity conditions, we get the system

ei(kxx+kyy !t)[eikzzo + Re ikzzo] — [Azl(Zo)"' BZZ(ZO)]ei(kXX+kyy !t);

[Azl(ZO + L) + BZz(Zo + L)]ei(kxx+kyy ") — Tei(kxx+kyy+kg(zo+L) !t);

¢, elloxrkyy M0fj efkez0 Kk, Re ™2%0] = ¢, [AZ!(z0) + BZ)(z0)]e' vy V)

C,IAZS (20 + L) + BZh(zo + L)Je Xk 10 = ¢, ji Teitoxrhyyriezorb) 10,

which reduces to

e'=? + Re "% = AZ,(z) + BZ2(20);
AZ1(zo + L) + BZ(zo + L) = Telke@+L);
ik, %0 jk,Re =% = AZ!(z0) + BZ5(20);

AZ%(ZO +L)+ Bzg(zo +L) = ikgTeikOZ(20+L):
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We transform these equations into the matrix problem

2 32 3 2 3
Z,(20) Z5(20) g TkeZo 0 A eikz20
Zi(zo+L) Zy(zo+L 0 @ikl (zo+L) B 0
1(Zo+L) Zy(zo+L) | _ - | 0126
Z3(z0) Z3(z0) ik,e tke2o 0 R ik, eikizo
Zi(zo+L) ZYzo+L) 0 iklei@r) T 0

Recall this is the same matrix as for the two-dimensional case; see Equation (2.92). Therefore,

the equation for the re ection and transmission coe cients will be the same.

2.5 Example of re ection coe cients for a two-dimensional
velocity ramp

In the previous sections, we found the exact equation for re ection and transmission coef-

cients for multiple dimensions. We saw that the two-dimensional and three-dimensional
exact solutions for the re ection coe cients mirrored their one-dimensional counterparts
when considering the normal incidence case. In this section, we study the results of a non-

normal incidence case for the velocity ramp

8
%1000 z<0;

c(x;z) = _1000+100z 0 =z 10; X2R (2.126)
- 2000 10 < z;
when = 0. We will nd an equation for the re ection and transmission coe cients for

arbitrary incidence angle ; and then consider speci c cases of ;.
We start with a simple wave equation in two dimensions where the velocity depends on

depth z:
1 @%u _ @%u N @%u

e "o o (2.127)
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As we noted in the previous paragraph, we can set = 0 in Equation (2.56) to get Equation
(2.127). Moreover, we employ the geophysical convention that z is the vertical dimension
and increases as you go down.

Recall that the velocity eld in this case is constant ¢; = 1000 m=s in the upper region
z <0, constant ¢, = 2000 m=s in the lower region z > 10 deeper than L = 10 m, and linear
in the transition region 0 < z < 10 with c¢(z) = 1000 + mz where m = (¢, ¢;)=L = 100 is
the slope for the change in velocity with depth.

Using separation of variables, a basic solution in the upper region will have the form
u(x; z; t) = ellkexrkez+in (2.128)

where the real parameters ky; k,; ! satisfy the dispersion relation; see Equation (2.73).

The solution in the lower region z > 10 will be similar except the dispersion relation will
use velocity 2000m=s instead.

The transition region is only slightly harder. Again, using separation of variables u(x; z; t) =
X(X)Z(z)T (t), we obtain the usual exponential solutions for X and T, X(X) = exp(ikyX),
T(t) = exp(ilt). Thus we are left with a single ODE for Z(z) in the form

0 2
ZAN I

= kZ:
V4 +c(z)2 x

(2.129)

To avoid any confusion, let us write out the velocity function explicitly, to see the ODE

as
ZOO 1 2
— +
Z (1000 + 100z)2

= k2 (2.130)

This equation can be solved explicitly using computational tools such as Wolfram Alpha,

and the general solution is a linear combination of two Whittaker functions,

Z(z) = AMg. (2c(z)kx=m) + BW,. (2¢c(z)kyx=m); (2.131)
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where M and W are the Whittaker functions and = I01002 412=200: We see that is a

function of the ratio !=s which is how the frequency dependence of our re ection coe cients
will enter in the problem. This makes physical sense; the frequency I, compared to the slope
m of the transition zone, is what matters to the re ection.

The case kyx = 0 is special, corresponding to the normal incident case (plane waves that

that have no x-dependence). In this case, the solutions are of the form

Z(z) = A(1000 + 100z)*** + B(1000 + 100z)*** ; (2.132)

using the same parameter as above.

Now, we are ready to compute the plane wave re ection coe cients. The idea is similar
to the previous case: Start with a plane wave in the upper region, add in its re ection
in the upper region, then match coe cients at the line z = 0 to nd equations to specify
parameters A; B in the solution (cf. Equation (2.132)). You also need equations at the line
z = 10 to connect the solution in the transition zone to the plane wave transmitted into the
lower region z > 10.

We begin by xing parameters ky; k;; I, all positive and satisfying the relation given by

Equation (2.73). We set the incident plane wave to be

Uine = ei(kxx+kzz !t): (2133)

Remembering our convention that z points down and that the parameters are positive, this
is a wave traveling downwards in the direction of the vector k = (ky; k;):

From physical intuition, we expect the re ected wave to be going up, a mirror re ection
of the plane wave:

Urer = Rellox kez 1D, (2.134)

where we ipped the sign in front of the z term to get an up-going wave. We include the
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re ection coe cient R here, and note it may depend on the parameters ky; k;; 1.

First, in the upper region z < 0 we write the wave eld as
Utop — uinC + Uref — ei(kxX+kzZ 1t) + Rei(kxx kzz !t): (2135)

Assume that the ky and the ! parameters stay the same across all regions. Then, in the

transition region we expect
Utrans = € 'Y (AMo, (20(2)kx=s) + BWo, (26(2)k,=S)) (2.136)
and in the lower region z > 10 we expect
Upottom = Te'®o+kez 19, (2.137)

where notice we have a new parameter k! to nd; this accounts for the fact that the direction
of the plane wave will change when we get into the lower region.

Before we continue, we should discuss how to solve for k!. In fact, all that is required is
to use Snell’s Law. De ne ; as the angle of incidence and , as the angle of refraction. We

can then write

I 1
ke = —sin q; k, = —cos i; (2.138)
1 C1
1
k! = Zsin ,; k! = =cos ;: (2.139)
2 C2
Equating the two ky’s here gives us
i i 2.140
—sin ;= —sin y; :
o S = s ( )
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or in other words

= 4. (2.141)

which is Snell’s Law.
Using Equation (2.93), we nd the following re ection and transmission coe cients given

the velocity ramp in Equation (2.126)

N, + k,kINg + i(KIN3 + k, Ny

RO =, FI0KING + i(koNs  KiNg)' (2.142)
Sy ik i2k,Ns .
TCih=e klO|\|2+kzng1+i(kZ|\|4 K!N3)’ (2.143)
where
N; = Z;(10)Z,(0)  Z,(10)Z1(0); (2.144)
N2 = Z1(10)Z;(0)  Z5(10)Z3(0); (2.145)
N3 = Z1(10)Z3(0)  Z5(10)Z1(0); (2.146)
Ns = Z}(10)Z2(0)  Z5(10)Z4(0); (2.147)
Ns = Z1(10)Z5(10)  Z,(10)Z}(10): (2.148)

We can now apply Equation (2.142) to the solution of Equation (2.127) for the two-
dimensional velocity ramp in Equation (2.126) and examine the re ection coe cient for
di erent ;. Choosing a range of ! and speci ¢ 3, we nd the remaining parameters Ky, k;,
and k! using Equation (2.138).

In Figure 2.1, we compare the results of six di erent values of the incident angle ; for
the re ection coe cient. We examine ; =5 ;10 ;15 ;20 ;25 , and 30 . Using Snell’s Law
(cf. Equation(2.141)), we nd ,. In Figure (2.2), we compare the results of six di erent

values of the incident angle for the transmission coe cient.
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Reflection coefficients for 2D velocity ramp.
Angle of incidence from 5 to 25 degrees.

Frequency (Hz)

Figure 2.1: Re ection coe cients for non-normal incident case for the 2D velocity ramp.

Transmission coefficients for 2D velocity ramp.
Angle of incidence from 5 to 25 degrees.
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Figure 2.2: Transmission coe cients for non-normal incident case for the 2D velocity ramp.
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2.6 Comparison of exact solutions to numerical results

In the geosciences, it is common to model solutions to the acoustic wave equation using
numerical methods. In this section, we compare the exact solutions of the acoustic wave
equation given a velocity ramp and some parameter to numerical solutions modeled using

nite di erence methods. We employ the equations we found in the previous sections for
the re ection and transmission coe cients in our nite di erence scheme. We begin with
the one-dimensional case. Then, we compare the exact and numerical solutions in the two-

dimensional normal incidence case given a velocity ramp and some parameter

2.6.1 One-dimensional numerical results

Consider a velocity ramp

1 z<1;

c@=_z1 z 2 (2.149)

W AR 00

-2 2<z:

For the one-dimensional model, we create a 1001 6001 grid for z 2 ¥ 1;::;5g and t 2
T0; :::; 49. We use the explicit forward di erence method. The time stepisdt = (4 0)=6000 =
1=1500 and the spacial step is dx = (5 ( 1))=1000 = 3=500. We set the parameter
= 2. For the initial and boundary conditions, we employed the boundary of the observed
data generated by the re ection and transmission coe cients. Using the information from
previous sections, we calculate the approximated solution given the re ection coe cient for
the one-dimensional velocity ramp (cf. Equation (2.149)). Figure 2.3 shows the real part
of the the exact and approximated solutions. Figure 2.4 depicts the imaginary part of the
exact and approximated solutions. In both solutions, there is a distortion between z = 1

and z = 2. This distortion represents the velocity ramp described in Equation (2.149).
In Figure 2.5, we see the residuals for the real and imaginary parts. The di erence

between the exact and approximated solutions in both the real and imaginary parts is a
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The Exact Solution of Re(u(x,t)) The Approximated Solution of Re(u(x,t))

-1 1 -1 1
0.8 0.8
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- 0. | 06
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0.2 0.2
N 2 0 N 2 0
-0.2 -0.2
3 5 3
-0.4 -0.4
-0.6 -0.6
4 4
-0.8 -0.8
5 | - 5 . d
0 1 2 3 4 0 1 2 3 4
t t

o
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Figure 2.3: The time t is in units of seconds and the spacial term X is in units of meters.
(Left) The real part of the exact solution in one dimension.
(Right) The real part of the approximated solution in one dimension.

The Exact Solution of Im(u(x,t)) The Approximated Solution of Im(u(x,t))

-1 4 -1 ;
, N , .
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Figure 2.4: The time t is in units of seconds and the spacial term x is in units of meters.
(Left) The imaginary part of the exact solution in one dimension.
(Right) The imaginary part of the approximated solution in one dimension.

41



The Residuals of Re(u(x,t)) The Residuals of Im(u(x,t))
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Figure 2.5: The time t is in units of seconds and the spacial term X is in units of meters.
(Left) The residuals from the real part of the exact and approximated solutions.
(Right) The residuals from the imaginary part of the exact and approximated solutions.

little greater than 0:03.

2.6.2 Two-dimensional numerical results

For the two-dimensional case, we extend the linear velocity ramp described in Equation

(2.149) to s

%1 z<1;

c@2)=_z 1 z 22 xX2R (2.150)

=

-2 2<z;

Given the two-dimensional velocity in Equation (2.150), we observe what occurs when the
wave is normal to the velocity ramp described in Equation (2.150) in the two-dimensional
case. We create a three-dimensional grid which is 101 101 601 where z 2 f 1;:::; 50,
x2f 1;::5¢g, and t 2 10; ::;; 4. The spacial steps are dx = 3=50 and dz = 3=50. The time
step is dt1=150. Once again, we employed the explicite forward di erence method. We set
the parameter equal to 2.

In Figures 2.6 and 2.7, we see the real part of the exact and approximated solutions to

the two-dimensional acoustic wave equation at time t = 0; 1; 2; 3; and 4 respectively. Figures
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2.8 and 2.9 show the imaginary part of the exact and approximated solutions to the two-
dimensional acoustic wave equation at t = 0; 1; 2; 3; and 4, respectively. In both the real and
imaginary parts, we see the waves move further apart after passing through the transition
zone z = 1 to z = 2 similar to the distortion that occurs in the transition zone in the
one-dimensional case.

Figures 2.10 and 2.11 depict the di erence between the real and imaginary parts of the
exact and approximated solutions at t = 0;1;2;3; and 4. In both cases, we see that the
di erence between the exact and approximated solutions is less than 0:2. As such, between

one and two dimensions, the error increases by a factor of approximately 7.

43



The Exact Solution of Re(u(x,z,t)) at 0.00 The Exact Solution of Re(u(x,z,t)) at 1.00
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3 3
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5 -1 5
-1 0 1 2 3 4 5 -1 0 1 2 3 4 5
X X

, The Exact Solution of Re(u(x,z,t)) at 2.00

The Exact Solution of Re(u(x,z,t)) at 3.00
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, The Exact Solution of Re(u(x,z,t)) at 4.00

Figure 2.6: The real part of the exact solutions at (top left) t = 0, (top right) t = 1, (middle
left) t = 2, (middle right) t = 3, and (bottom) t = 4.
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The Approximated Solution of Re(u(x,z,t)) at 0. 00 The Approximated Solution of Re(u(x,z,t)) at 1. 00
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TI'1|e Approximated Solution of Re(u(x,z,t)) at 2.001
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The Approximated Solution of Re(u(x,z,t)) at 3. 00
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Figure 2.7: The real part of the approximated solutions at (top left) t = 0, (top right) t =1,
(middle left) t =2, (middle right) t = 3, and (bottom) t =4
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, The Exact Solution of Im(u(x,z,t)) at 0.00

The Exact Solution of Im(u(x,z,t)) at 1.00
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, The Exact Solution of Im(u(x,z,t)) at 2.00 The Exact Solution of Im(u(x,z,t)) at 3.00
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The Exact Solution of Im(u(x,z,t)) at 4.00
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Figure 2.8: The time t is in units of seconds and the spacial terms x and z are in units of
meters. The imaginary part of the exact solutions at (top left) t = 0, (top right) t = 1,
(middle left) t =2, (middle right) t = 3, and (bottom) t = 4.
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Tr1|e Approximated Solution of Im(u(x,z,t)) at 0.001

The Approximated Solution of Im(u(x,z,t)) at 1 00
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The Approximated Solution of Im(u(x,z,t)) at 4. 00
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Figure 2.9: The time t is in units of seconds and the spacial terms x and z are in units of
meters. The imaginary part of the exact and approximated solutions at (top left) t = 0, (top
right) t =1, (middle left) t = 2, (middle right) t = 3, and (bottom) t =4
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The Residuals of Re(u(x,z,t)) at 0.00 The Residuals of Im(u(x,z,t)) at 0.00
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The Residuals of Re(u(x,z,t)) at 2.00 The Residuals of Im(u(x,z,t)) at 2.00
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Figure 2.10: The time t is in units of seconds and the spacial terms x and z are in units of
meters. The residuals from the real part of the exact and approximated solutions at (top
left), (middle left), and (bottom left). The residuals from the imaginary part of the exact
and approximated solutions (top right), (middle right), and (bottom right).

o

=)

z
IN)
=)

w

48



The Residuals of Re(u(x,z,t)) at 3.00 The Residuals of Im(u(x,z,t)) at 3.00
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Figure 2.11: The time t is in units of seconds and the spacial terms x and z are in units of
meters. The residuals from the real part of the exact and approximated solutions (top left),
and (bottom left). The residuals from the imaginary part of the exact and approximated
solutions (top right), and (bottom right).
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Chapter 3

Introduction to wavelets

As we saw in the previous chapter, re ections are fundamental in seismic data. They provide
information about what is under the earth’s surface, how far down anomalies lie, and other
related properties. In order to understand what re ections in seismic data mean, processing
is required. One method of analyzing seismic data is through the use of wavelets; however,
they are useful for more than simply processing seismic data (Fleet, 2008). We consider
various applications of wavelets throughout the rest of this thesis; some applications involve
seismic data sets, and others do not.

Our interest in wavelets arises from their ability to be windowed through large data and
emphasize speci ¢ frequency bandwidths. Given the rise in data acquisition methods in the
last decade, the amount of data in need of processing and interpretation has increased as well.
Wavelets provide one answer to this problem; however, they also aid in other methods of
data processing. We developed the inverted wavelet tree in order to apply machine learning
techniques to large data. The inverted wavelet tree helps decrease the computation costs of
detecting and identifying events in large data.

We begin the chapter by de ning wavelets. We then examine the tree-structured wavelet
transform and discuss how it motivates the inverted wavelet tree. Afterwards, we describe

the inverted wavelet tree and how it will allow the application of neural networks for image
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recognition in large data with less computational costs.

3.1 Wavelets

In general terms, we can consider a wavelet as a small wave. In fact, the small nature of the
wavelet is part of its appeal when it comes to analyzing data as the wavelet performs on a
local level compared to Fourier transforms. For a more mathematical perspective, we de ne

a wavelet as it is found in Mallat (2009).

De nition 3.1. A wavelet is a function 2 L?(R) with a zero average:

Z 1
(t)dt = 0: (3.1)

1
Furthermore, wavelets are centered at t = 0 and satisfy the condition: k (t)k = 1.

The condition k (t)k = 1 means that wavelets are normal. A wavelet (t) satis es the

following properties (Fleet, 2008):
1. The function (t) is zero outside a nite interval,

2. The function (t) and its integer translates (t k) for k 2 Z form an orthonormal

basis to L2(R).

3. The function (t) can be used to approximate smooth data, i.e. if f 2 L?(R) is a

smooth function, then there exists ( ) of wavelets such that , ¥ f 2 L%(R).

4. For the function (t) and for any k 2 Z n fOg,

z
) (t k)dt=0: (3.2)

R

5. The function (t) is a combination of dilations and translations of itself.
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The rst property of wavelets gives us the fact that a wavelet family contains a nite
number of wavelets. This proves useful for maintaining a nite number of nodes containing
data in the tree-structured wavelet transform. When considering discrete wavelet transforms,
the integral in the fourth property establishes that the wavelet transform is orthogonal. We
are most interested in the last property of wavelets. Given that a wavelet is a combination
of dilations and translations of itself, then a wavelet transform can be built in such a way
that it enables us to focus on speci ¢ segments of data. This bene cial aspect of wavelets is
employed in the inverted wavelet tree.

With this in mind, the remainder of the chapter focuses on applications of wavelets to
machine learning. It looks at using wavelet transforms to compress data to the size of a
training image for neural networks. We will see further application of the following sections

with regards to convolutional neural networks in Chapter 10.

3.2 Speci c wavelets

In this thesis, we employ wavelets in spectral decomposition methods as well as machine
learning. For the time-frequency analysis methods we will see in the next chapter, we utilize

the Morlet wavelet (Ashmead, 2012).

De nition 3.2. The general form of the Morlet wavelet is given as:
P it s lf2 % s
() Jsj 2z e e 2 e (3.3

where the scale s 2 R and the displacement “ 2 R are constants.

In Cohen (2019), the author explains that the Morlet wavelet preserves the temporal
resolution of the original signal. In the frequency domain, it is shaped like a Gaussian curve.
When convolved with the data, the smooth Gaussian minimizes ripple e ects. This proves

useful when we consider the new seismic attribute: the derivative of corrected phase as the
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diminished ripple a ect means less misinterpretations as oscillations.
For wavelet analysis involving image recognition, we use the Haar wavelet as found in

Mallat (2009).

De nition 3.3. The general form of the Haar wavelet is de ned as:

1 t 2n
jin — 19=J 2] (3'4)
for (j; n) 2 Z?, where s
%1 if0 t 1=2;
M=_ 1 if1=2 t 1 (3.5)

=

-0 otherwise.

The Haar wavelet family contains two wavelets: the approximation coe cients and the
detailed coe cients. The approximation coe cients relate to the scaling function (Chan and
Chen, 2017). It works similar to applying a low-pass Iter to the data. The detail coe cients
relate to the wavelet function which works similar to a high-pass Iter which emphasizes
the high-frequency information. In Chapter 10, we identify footsteps and digging which
typically have low frequencies; therefore, we choose to use approximation coe cients of the

Haar wavelet when considering the inverted wavelet tree in Section 3.4.

3.3 Tree-structured wavelet transforms

In neural networks used for image recognition, necessity requires training images to be small.
If the images in a training set are too big, then the computational cost increases drastically.
The small nature of the training images poses a potential issue, given that most data sets are
much larger than a training image. Events in large data are often larger than the training
images as well. It thus becomes necessary to window the data set in some way where the

windows are the size of the training images, and also scales the events in the data to the
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size of the training image. One answer to this windowing issue is through tree-structured
wavelet transforms.

Tree-structured wavelet transforms are introduced in Chang and Kuo (1993) for applica-
tion in texture analysis. Tree-structured wavelet transforms are tree-structured algorithms
which implement a wavelet transform. The top level of the tree is the data, and the tree
then branches into several nodes depending on the number of wavelets in the wavelet family.
Each subsequent level applies the wavelet transform to each node and then produces new

nodes on the next level of the tree. Figure 3.1 is an example of a tree-structured wavelet

N
VANVAN

Figure 3.1: An example of a wavelet tree using the Haar transform. The data x resides at
the top of the tree, the second row has a node Hx for the approximation coe cients, and a
node Gx for the detailed coe cients. This process continues for subsequent levels.

transform, or a wavelet tree.

The results at each node are the convolution of speci ¢ wavelets, chosen from within
a family of wavelets, with the data. Each wavelet relates to a speci c frequency band of
the data (Bruns, 2004). In the case of the Haar transform, there is only the approximation
coe cients and detail coe cients. Figure 3.2 presents an application of a tree-structured
wavelet transform using the Haar transform to a chirp signal. We characterize a chirp signal
by a sweeping frequency where the instantaneous frequency varies in time; see Mann and
Haykin (1991) for more information. The data resides in the top row of the image, denoted

as Level 0. Applying the rst level of the tree-structured wavelet transform produces two
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Figure 3.2: A tree-structured wavelet transform applied to a chirp signal using the Haar
transform for three levels (McDonald, 2016a).

nodes as the Haar wavelet family contains two wavelets which we observe in Level 1, or
the second row of Figure 3.2. The bottom row of Figure 3.2 depicts the last application of
tree-structured wavelet transform for this example. Each of the nodes of Level 1 has both
wavelets in the wavelet family convolved with it, thus producing four nodes in Level 2.

The size of the data is reduced by a power of two in the x-domain when the transform is
applied. The results are two scaled processed versions of the original data set to which we
assign to a node in the subsequent level of the wavelet tree. Scaling the data in this manner

provides us with an answer to dealing with scale-invariance in image recognition techniques.

3.4 Inverted wavelet trees

Depending on the size of the data set, which generally can be quite large, the wavelet tree
will need several levels in order to approach the size of a training image for the convolutional

neural network. If a training image is a 128 128 matrix and the original data X has
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214 = 16384 bins in the x-domain, then the wavelet tree needs 7 levels in order to reduce the
size of the data to 128 bins in the x-domain. The number of nodes N in a level is determined
by the equation

N=Qm"* (3.6)

where Q is the number of wavelets in the wavelet family and m is the level of the tree the
node resides. The seventh level of a wavelet tree using the Haar transform will have 2° = 64
nodes. There are 6 other levels with 2™ 1 nodes to take into account when considering the
computational costs of this method. This approach can become computationally expensive
very quickly.

An inverted tree-structured wavelet transform has the same basic principle as the tree-
structured wavelet transform. The top level contains the original data and successive levels
contain the results of applying a speci ¢ wavelet from the wavelet family to the data in the
node. The main di erence is that our top level has 2M ! nodes, where M is the maximum
number of levels in the tree. Each of the nodes in the top level holds a N D strip of data,
where N is some power of two that divides the x-domain of the data at least twice and D is
the size of the data in the t-domain. The next level of the data is produced by pairing the

rst node with the second and then pairing each subsequent node to its successor if it is not
already paired with the node that directly precedes it and applying the wavelet transform.
The new node is the result of the wavelet transform applied to the concatenation of the
data in the two nodes in the previous level. The next level of the tree contains 2M ™ nodes,
where m is the level of the tree the node resides. If we have an inverted wavelet tree with a
maximum of three levels, then the top level has 2> = 4 nodes, the second level has 2' = 2
nodes and the last level has 2° = 1 nodes.

Mathematically, let X be a P D matrix which represents the data set. The inverted
tree-structured wavelet transform consists of creating a tree T with M levels and 2M ™ nodes

in each level, where m is the current level of the tree T. For each node a; in level 1 with
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k 2 f1;::;2M 1g, set

apx =Ffx:1+(k 1L i1 kL;1 j Dg; 3.7)

where L=2"<P=2for “2N. Inlevels1<m M, we de ne the nodes

Amk = W am 1:k Am 1;k+l]; (3.8)

where a, 1k and am 1.x+1 are parent nodes from the previous level m 1. The term W indi-
cates the wavelet used when applying the wavelet transform to the matrix [am 1.k @m 1:k+1]-

Figure 3.3 provides an example of a 3-level inverted wavelet tree.

ai1 a2 ai;3 a4

dz:1 az:

a3;l

Figure 3.3: An example of a 3-level inverted wavelet tree.

Applying the inverted tree-structured wavelet transform to convolutional neural networks
implies that L is equal to the dimension of the training images. Training images for convo-
lutional neural networks are by necessity quite small in comparison to data sets. To limit
the computational cost of applying inverted wavelet trees to the data in order to achieve
scale invariance, we need to window the tree through the data. This idea entails rede ning
the nodes in the top level. The data in the rst two nodes is thrown out and replaced with
the data from their succeeding two nodes. After moving forward the nal two nodes in the

top level, the next portions of the original data set are then placed in the last two nodes.
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a1 az;2 _— az;2 a3

ds: as:»

Figure 3.4: The left inverted wavelet tree shows the position of each node before windowing
occurs. The right inverted wavelet tree shows the position of each node after windowing
occurs. After windowing, the information in nodes a;.; and a;., is thrown out along with
their children nodes and the grandchild node. The information is then replaced with the
data from nodes a;.3 and a;.4. The node a,., follows its parents to replace node a,;. The
nodes a;.5 and a;.¢ represent the new data, which replaces the original information in these
nodes. After applying a wavelet transform to the appropriate nodes, children nodes a,.; and
as.p are created.

The children nodes for each pair of nodes in the top level follow their parents over in their
respective level. When we apply the wavelet transform, it need only be applied to the -
nal two nodes of level 1 and the subsequent branch. Thus, a windowing of the data set is
accomplished. Figure 3.4 depicts this windowing process for a 3-level inverted wavelet tree.
Mathematically speaking, suppose we have a tree T with n levels. Therefore, Level 1 of
T has N = 2" ! nodes. The windowing for the tree T in the rst level occurs by setting
nodes a;.x = apk 2 and a;x+1 = ark 1, where nis the leveland k 2 N. Ifk 2 0, then

the data from nodes a;.x and a;.x+1 IS thrown away. We de ne the nal nodes in the level as

arn 1 =TfXj:1+NL 1 (N+1)L;1 j Dg; 3.9

and

agn =T 1+(N+D)L 1 (N+2)L;1 j Dag: (3.10)

The children of nodes a;.x for 2 <k N follow their parents in their respective level. The
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only computation necessary for updating the tree is the branch from the newly de ned nodes
a;:n 1 and ag.n. Applying the wavelet transform through this new branch produces the new

inverted wavelet tree where the nodes take the form

N2 = Wlagn 15ain]; (3.11)

and

a3;N1:4 = W[aZ;N1=2 1; az;lez]: (312)

The windowing of the data set through the inverted tree-structured wavelet transform
limits the size of the wavelet trees and thus reduces the computational cost it requires to
process the data and also allows for translation-invariance. Nodes in subsequent levels are
the results of applying any wavelet from a wavelet family to the node as long as the same
wavelet is applied throughout the tree. We chose to use the approximation coe cients from

the Haar transform in the experiments in Chapter 10.

3.5 Conclusions

In this chapter, we introduced wavelets. We began with a study of the tree-structured
wavelet transform and saw how it motivates the inverted wavelet tree. Next, we developed
the inverted wavelet tree and considered its application to convolutional neural networks
for image recognition purposes. We investigate these ideas further in Chapter 10 where the
inverted wavelet tree allows us to recognize events in large data sets, where these events are

often larger than the training images we use to teach the convolution neural network.
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Chapter 4

Using corrected phase to localize

geological features in seismic data

Time-frequency analysis, or spectral decomposition, characterizes seismic signals with re-
spect to frequency and time. From this information, we can derive seismic attributes for the
purposes of localizing geological features in seismic data. In particular, we are interested
in deducing rock properties about the seismic data using spectral decomposition methods.
Popular time-frequency analysis methods include the Continuous Wavelet Transform (CWT)
and the Short-Time Fourier Transform (STFT), while other spectral decomposition methods
include the Synchrosqueezing Transform (SST) and Basis Pursuit (BP).

In Han et al. (2015), the authors apply all four of these methods to seismic data and com-
pare the results experimentally. They found that basis pursuit provided the most promising
results. Speci cally, they discussed the amplitude and phase attributes. When examining
these attributes, interpretation is necessary. We see later that sometimes an anomaly is
di cult to decipher in data unless we know where it is ahead of time. To answer this, the
authors of Han et al. (2015) proposed a derivative of corrected phase attribute which should
outlines anomalies in the phase attribute of seismic data.

In this chapter, we apply the methods in Han et al. (2015) to new data and apply the
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derivative of corrected phase attribute to more spectral decomposition methods in order to
extend the work of the authors. We focus on the time-frequency analysis methods, basis
pursuit, continuous wavelet transform, and the synchrosqueezing transform. As the writers
found in Han et al. (2015) when comparing the time-frequency methods on one data set, basis
pursuit produced the best results for locating the geological structure in the new data set with
regards to the phase attribute and the derivative of corrected phase attribute. The continuous
wavelet transform performed adequately for highlighting the anomaly in both data sets
at lower frequencies than those in basis pursuit. The synchrosqueezing transform proved
impossible to locate the geological structure in both data sets when using the derivative of
corrected phase attribute. In fact, the data appeared to become noisier after using the SST.

In the next section, we describe the time-frequency analysis methods: basis pursuit,
continuous wavelet transform, and the synchrosqueezing transform. In the following section,
we provide the data sets on which we test these time frequency analysis methods and the
corrected phase method. Next, we examine the data sets and focus on the phase attribute
and the corrected phase attribute. In the nal section, we analyze the results of the derivative

of the corrected phase method on other time-frequency analysis methods.

4.1 Spectral decomposition methods

We provide a summary of each method, based on the presentation and exposition in Han

et al. (2015).

4.1.1 Basis Pursuit

The spectral decomposition method basis pursuit decomposes the signal from seismic data
into individual atoms of a prede ned dictionary. In time-frequency analysis, atoms are
elementary waveforms which are discrete and populate a given dictionary (Tary et al., 2014).

Speci cally, the signal can be represented in series or matrix notation.
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For a series representation, the signal is a convolution of the prede ned wavelet family

(t;n) and the coe cient series a(t; n) of these wavelets:

X
s(t) = (t;n) a(t;n) 4.1)

n=1

where N represents the number of atoms, t is time, and n is an index to the dilation of the
atom (t; n) which determines its frequency. For the matrix representation of the signal, we

have 2 3
a1
a
s=Da+ =[ 1 2 n@ (4.2)

an

where D is the wavelet dictionary, is the noise, and |, is the convolution matrix of (t;n)
with the dilation index n. Basis pursuit relates the time-frequency distribution to the set of
weights a associated with the set of atoms (t;n) in the dictionary D.

Basis pursuit involves the following two steps:

1. A minimization term used to reduce the number of retrieved atoms as well as their

magnitude, and
2. Simultaneously identifying all the atoms by applying a single inversion problem.

The method used in this chapter involves basis pursuit denoising. The object is to minimize
the cost function:

=%ks Dak3 + kak; (4.3)

where the rst term is the least-squares di erence between the observed data s and the
predicted data Da, and the second term is the regularization term where controls the
relative strength between the data mis t and the number of non-zero coe cients of a.

Many optimization methods exists which can be used to solve this optimization problem.
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Whatever method is employed, the optimization problem is guaranteed to converge even-
tually to a local minimum. The success of basis pursuit depends heavily on the prede ned
dictionary; however, while a larger wavelet dictionary provides better results, it also causes

a longer computation time of the algorithm.

4.1.2 Continuous Wavelet Transform

Like basis pursuit, the continuous wavelet transform uses wavelets as the name suggests.
While BP decomposes the signal from elements of a prede ned wavelet dictionary, the CWT

is the inner product of a wavelet family with the signal f(t). We write this as

Fw(; ) =hf); (i (4.4)
Za 1 t
= fp= —— dt (4.5)
a1
where . are the wavelets, represents the complex conjugate of , and Fw( ; ) is the

time-scale map. The scale is a frequency band and extra work is necessary to build a time-
frequency map. In order to achieve this mapping, several routes can be taken. In Sinha
et al. (2005), the authors used the Morlet wavelet to compute a frequency spectrum of the

signal f(t). in particular, they described the time frequency map of the CWT as follows

(1 )y=hFw(; ) O (4.6)
where
- N 1 it
=8 @)

is the scaled and modulated window and A_!( ) is the complex conjugate of A!( ).
The continuous wavelet transform di ers from the short-time Fourier transform (STFT)
in that its window has a variable length whereas the window length used in the STFT is

xed. The wavelets’ ability to dilate in the CWT allows di erent frequencies to have di erent
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time support. In comparison to BP, the CWT does not depend on the convergence of a
minimization problem. As a time-frequency mapping, the CWT improves the time-frequency

resolution of a nonstationary signal which is advantageous when considering seismic data.

4.1.3 Synchrosqueezing Transform

Another wavelet-based spectral decomposition method of interest in this chapter is the syn-
chrosqueezing transform (SST). Interestingly, it can be derived from the continuous wavelet
transform (Herrera et al., 2014). Some issues arise when using the CWT with regards to
smearing of the resolution. This occurs because the time resolution and the frequency res-
olution are inversely proportional. As the resolution for one increases, the other resolution
decreases. The SST is meant to resolve this issue.

Recall that the CWT maps rst to the time-scale domain and then the time-frequency
domain. It is during this rst mapping that the smearing often occurs. The synchrosqueez-
ing transform attempts to improve the resolution of signal by mapping the time-frequency
coe cients into instantaneous frequencies. The authors of Daubechies and Maes (1996)
found that neglecting the smearing along the time axis enables the instantaneous frequency
Is( ; ) to be computed as the derivative of the CWT at any point ( ; ) with respect to
forall Fw( ; ) &O:

1(; )= J @Fw( ;)

S Fw(:) b (48)

Mapping every point (b;a) to (b; ¥s(a;b)) moves the points from the time-scale domain to
the time-frequency domain. This conversion of points is called synchrosqueezing, and it is

from this that the transform gets its name.

4.2 Data

We apply the methods in this chapter to the following two seismic data sets. Both data sets

are post-stacked.
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In Figure 4.1, the geological structure circled is a valley. This particular data set is from
the CREWES Blackfoot data (CREWES, 2008); however, we refer it as the valley data set

based on the geological feature we are interested in locating.

offset
0 10 20 30 40 50 60

TR

Figure 4.1: The valley lies between o sets 30 40 and time 1:05s. Time is measured in
seconds.

In Figure 4.2, the goal is to identify the hydrocarbon reservoir circled in red. We call

this data set the reservoir data set.

4.3 Phase attribute results from basis pursuit

We begin by applying basis pursuit to the geological data sets mentioned in the previous
section and consulting the phase attribute. First, we consider the valley data set.

Figure 4.3 shows the phase attribute of the valley data set at speci ¢ frequency slices.
Recall that the valley is located between o sets 30 and 40 and time 1:05s. Referring to
Figure 4.3 (upper left), it is evident that at lower frequencies basis pursuit does not provide
a clear image of the valley. At about 26 Hz, distinguishing the valley becomes much easier
as seen in Figure 4.3 (upper right). As the frequency increases to 32 Hz, the valley is still

relatively clear to locate; however, as the frequency continues to increase, it becomes more
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Figure 4.2: The hydrocarbon reservoir lies at around o sets 60 85 and time 0:34s. Time
is measured in seconds.
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di cult to localize the valley once again. Given the ability to locate the valley over a range
of frequencies, we see that basis pursuit performs well on this data set.

Now, consider how well basis pursuit performs on the reservoir data set with regards to
the phase attribute.

In contrast to the valley data set, basis pursuit provides better localization of the hydro-
carbon reservoir at higher frequencies. These frequencies range from approximately 40 Hz
to 60 Hz, as seen in the bottom row of Figure 4.4. At the lower frequencies, locating the
reservoir proves more di cult as seen in the top row of Figure 4.4. Despite being able to

nd the reservoir at approximately 40 Hz and 60 Hz, it is not as visible as the BP results

for the valley data set.

4.4 Derivative of the corrected phase method

Some of the di culty in localizing the valley and hydrocarbon reservoir using the phase
attribute from basis pursuit arises from the arbitrary coherent lines in the image which do

not provide any information. These arbitrary lines result from the fact that the phase curve
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Figure 4.3: Phase attribute for valley post-stack data: Constant frequency slices obtained
by applying BP to the valley data set at frequencies approximately 5 Hz, 26 Hz, 32 Hz, and
60 Hz, respectively. Time is measured in seconds.

of each 0 set is increasing. Figure 4.5 provides an example of a phase curve of an o set from
the reservoir post-stack data set.

We can see that the curve increases quadratically and thus crosses a range of angles.
Speci cally, it goes through the cycle of 2 multiple times causing the ridges we see in the
phase attribute since the colour bar is for angles between and . In Han et al. (2015),
an attempt was made to remove these lines in a process called the corrected phase method.

This method involves unwrapping the time-dependent curve in the phase attribute and

tting it to a quadratic equation. Then, the quadratic is subtracted from the original curve.
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Figure 4.4: Phase attribute for reservoir post-stack data: Constant frequency slices obtained
by applying BP to the reservoir data set at frequencies approximately 5 Hz, 20 Hz, 40 Hz,
and 60 Hz, respectively. Time is measured in seconds.

The resulting curves are plotted in Figure 4.6.

In Figure 4.6, the top row shows the phase attribute on left and the corrected phase
on the right for the valley data sets at approximately 26 Hz. The bottom row shows the
phase attribute on the left and the corrected phase on the right for the reservoir data set
at approximately 40 Hz. While this method removes the coherent lines from the phase
attribute, it provides little extra information. In fact, this method provides less information
than the original phase attribute. As such, another approach is necessary.

The authors in Han et al. (2015) take the process a step further by taking the derivative of
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Phase Curve for Reservoir Data
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Figure 4.5: Phase curve of an o0 set from the reservoir data set.

the residuals and plotting these results. The derivative of the residual phase curves highlights
the change in phase, which implies the boundary of the geological structure will be evident.
These results are being produced from the information provided by running basis pursuit on
the seismic data sets.

A study of Figure 4.7 shows the exact result achieved with regards to the valley data set.
At the location of the valley, the boundary of the valley is evident at approximately 26 Hz
and 32 Hz. This outline of the boundary enhances the ability to localize the valley.

In Figure 4.8, the results for the reservoir data set are promising; however, it is not as
easy to locate the boundary of the reservoir as it was to localize the valley in Figure 4.7.
We examine the derivative of the corrected phase attribute at approximately 40 Hz and 60
Hz since the reservoir was the most evident at the frequencies when considering the phase
attribute. Notice in left column of Figure 4.8 that we can locate the reservoir; however,
the shadowing at its location is not as dark as it was for the valley data set. This lack
of shadowing potentially explains the absence of a clear boundary in the derivative of the
corrected phase images in the right column of Figure 4.8 for the reservoir set. Despite this

fact, the derivative of the corrected phase plots still produce a better localization of the
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Figure 4.6: Comparison of (Top row) the phase attribute for the valley on the left to the
corrected phase method on the right, and (Bottom row) the phase attribute for the reservoir
on the left to the corrected phase method on the right. Time is measured in seconds.

hydrocarbon reservoir than the phase attribute. As seen in the right column of Figure 4.8,
there is a distinct line located in the position of the reservoir outlining the bottom of it at
both frequency slices: 40 Hz and 60 Hz.

The derivative of the corrected phase attribute holds promising results for localizing
geological features in seismic data. In both seismic data sets, the geological structure was
evident when this method was applied to it. While the derivative of the corrected phase
method provided a better localization of the valley than the reservoir, it provided better

results than the phase attribute in both cases.
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Figure 4.7: (Left column) Phase attribute of the valley data set at about 26 Hz and 32 Hz.
(Right column): Derivative of the corrected phase method of the valley data set at about 26
Hz and 32 Hz. Time is measured in seconds.

4.5 Application of other time-frequency analysis meth-
ods

In this section, we consider the phase attribute produced by applying other time-frequency
analysis methods to the valley and reservoir data sets. We also apply the derivative of the
corrected phase method to these attributes and compare the results to those of basis pursuit.

We discuss the results of two spectral decomposition methods: Continuous Wavelet

Transform (CWT) and Synchrosqueezing Transform (SST). For both methods, we choose
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Figure 4.8: (Left column) Phase attribute of the reservoir data set at about 40 Hz and 60
Hz. (Right column) Derivative of the corrected phase method of the reservoir data set at
about 40 Hz and 60 Hz. Tjme is measured in seconds.

the Morlet wavelet to be the mother wavelet. We start by examining the continuous wavelet
transform.

In Han et al. (2015), the authors experimentally found that basis pursuit worked the
best of the time-frequency methods they considered; however, CWT also showed promise.
In Figure 4.9, the image on the left is the phase attribute produced by running CWT on the
valley data set. The valley in this case can be localized with relative ease between 30 and 55
0 set and at 1.01 secs. In fact, the image looks very similar to the results of BP; however,

the frequency slice is much lower at about 6 Hz than that of basis pursuit. The image on the
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Figure 4.9: (Left) Phase attribute of the valley data set at about 6 Hz using CWT. (Right)
Derivative of the corrected phase method of the valley data set at about 6 Hz using CWT.
Time is measured in seconds.

right in Figure 4.9 are the results of the derivative of the corrected phase method applied

to the phase attribute pictured on the left. As with BP, the boundary of the valley can be
identi ed.
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Figure 4.10: (Left) Phase attribute of the valley data set at about 3 Hz using CWT. (Right)
Derivative of the corrected phase method of the valley data set at about 3 Hz using CWT.
Time is measured in seconds.

Figure 4.10 shows similar results for the reservoir data set. While the reservoir can be

localized in the phase attribute pictured on the left, it is not as easily located as the valley.
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This is similar to the results of basis pursuit. Considering the derivative of the corrected
phase method, there is an outline of where the reservoir, similar to the BP case; however,
the outline is not as clear as it was when applying BP to the data set. While basis pursuit
with the derivative of corrected phase method performed better on the reservoir data set,
CWT is still a viable option as the derivative of the corrected phase method still provides
better results than simply considering the phase attribute.

In Han et al. (2015), the authors found that the synchrosqueezing transform was the least
helpful in located geological features in seismic data. As such, SST provides a study of how
well the derivative of the corrected phase method works in identifying geological structures

when produced from phase attributes where localizing the feature is di cult.
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Figure 4.11: (Left) Phase attribute of the valley data set at about 18 Hz using SST. (Right)
Derivative of the corrected phase method of the valley data set at about 18 Hz using SST.
Time is measured in seconds.

Figure 4.11 shows the phase attribute and derivative of the corrected phase results for
the valley data set. On the left, the valley can be localized to some extent; there is a shadow
between 30 and 55 o set and at 1.02 seconds. The valley is not as clear as the results of
BP and CWT. From the derivative of the corrected phase method pictured on the right
in Fig. 4.11, the valley remains relatively di cult to locate. In fact, the corrected phase

method does not remove the coherent lines as adequately for the phase attribute produced
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from SST as it does for BP and CWT. As a result, locating the reservoir in the derivative
of the corrected phase proves di cult. This suggests that the success of the derivative of
the corrected phase method depends to a degree on the success of localizing the geological

feature in the phase attribute.
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Figure 4.12: (Left) Phase attribute of the reservoir data set at about 33 Hz using SST.
(Right) Derivative of the corrected phase method of the reservoir data set at about 33 Hz
using SST. Time is measured in seconds.

As with BP and CWT, it proves more di cult for SST to localize the reservoir with
regards to the phase attribute. Moreover, the corrected phase method does not remove the
arbitrary lines from the phase attribute with respect to this data set as e ectively as it did
for BP and CWT. Consulting Figure 4.12, the image on the left shows the phase attribute
produced from the results of SST at about 33 Hz. It is possible to locate the reservoir in
this image; however, in the derivative of the corrected phase method pictured on the right,
it is di cult to localize the reservoir. The method fails to highlight the change in boundary
of the reservoir when using SST. As with the valley data set, there is a shadow present in
the derivative of corrected phase image; however, identifying the hydrocarbon valley relies
heavily on the reader’s knowledge of its presence. The time-frequency analysis method
SST with the derivative of the corrected phase method is not a promising combination for

localizing geological features in seismic data.
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4.6 Conclusions

We demonstrated the e ectiveness of basis pursuit in localizing geological features when con-
sulting the phase attribute. We also exhibited the extended capabilities of locating geological
structures in seismic data once the phase is corrected and we considered the derivative of
the corrected phase. We observed that to some degree the success of the derivative of the
corrected phase method is dependent on how clearly the phase attribute localizes the geolog-
ical feature. This result is evident with all time-frequency analysis methods we considered
in the paper. As in Han et al. (2015), basis pursuit performed the best with respect to the
phase attribute as well as the derivative of the corrected phase method. The continuous
wavelet transform performed adequately for both data sets and both methods whereas the

synchrosqueezing transform struggled to identify the valley and hydrocarbon reservoir.
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Chapter 5

Distributed Acoustic Sensing

Distributed Acoustic Sensing (DAS) is a relatively new method for acquiring seismic data
(Hartog, 2017); it uses bre optic cables and laser interferometry for data acquisition. It
has already shown promise for use in projects related to seismic acquisition, CO, monitoring,
and smart cities (Cova et al., 2018). When comparing DAS to other seismic data acquisition
methods such as geophones, bre is inexpensive and provides a continuous receiver which
can be oriented in many di erent con gurations. Given its low cost, bre optic cables can
be installed permanently in seismic acquisition projects. Fibre-optic cables and DAS can
be employed for more than seismic acquisition. It is often installed in construction projects
in cities, and such installations provide the ability to monitor roads and city transportation
using a DAS system.

For the remainder of this thesis, we focus on data acquired using distributed acoustic
sensors. In this chapter, we explain how distributed acoustic sensing works and why it is
a promising method for data acquisition and monitoring in seismic exploration. We also
explore some open questions with regards to distributed acoustic sensing acquired data,
some of which we examine in later chapters. For the explanation of how DAS works, we
mainly follow Hardeman et al. (2017) and discussions with industry expert Matt McDonald

from Fotech Solutions (McDonald, 2016b). More information about DAS and other similar
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acquisition methods can be found in Grattan and Meggitt (2000) and Hartog (2017).

5.1 Distributed acoustic sensing and bre-optic cables

A distributed acoustic sensing system uses an interrogator and bre-optic cable as a receiver
to sense events. Inside the interrogator is a laser. When we connect the bre-optic cable
to the interrogator, a laser pulse is sent down the length of the cable. Strain on the bre
from nearby events, such as someone walking near the bre-optic cable, induces re ections
of the laser inside the cable, and these re ections cause the laser pulse to interfere with
itself inside the bre-optic cable. The interrogator retrieves these interferences to infer the
location of the strain on the bre. This process is called interferometry and it is the basis
of how distributed acoustic sensing works. Interferometry uses the combination of waves to
infer information about their state. We measure the intensity of this backscattered light as
a function of time to determine the location of events at points along the bre. Figure 5.1
gives a visual display of how interference occurs in the bre-optic cable of a DAS sensor.

Let us consider a mathematical explanation of how interference occurs inside the bre-
cable. We assume that light inside the bre-optic cable satis es the wave equation

@@Z—tl; = cz%; (5.1)

where u is the amplitude of the light inside the bre and c is its speed. For the mathematical
analysis, it is convenient to express the general solution of the wave equation in complex form
as

u(x; t) = eltx+to. (5.2)

for angular wavelength k and angular frequency 1. The parameter k = 1=c so we rewrite
Equation 5.2 as
uix;t) = e'' (5.3)
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Figure 5.1: A visual representation of how distributed acoustic sensing works: A laser pulse
is sent down the bre and re ected back at points X, and x; along the length of the bre. The
red parallelogram represents the laser pulse. The green parallelogram represents the re ected
portion of the laser at xo and the blue parallelogram represents the re ected portion of the
laser pulse at x;. The purple parallelogram represents the portion of the re ected laser pulse
from x; which interferes with the portion of the re ected laser pulse from x,. We use the
purple parallelogram to extract information about events detected by the bre (McDonald,
2016b).

Assume there are only two points x; and Xq along the bre which re ect the laser pulse
back to the interrogator and let X =X; Xo. To solve for X, we employ the intensity of

the backscattered light I which is de ned as

I'= ur (DU (1); (5.4)

where u, is the returning waveform from re ectors along the bre and Uy is its complex
conjugate. The phase delay at the rst point X, Is 2Xp=C seconds. Since we assumed X =
X1 Xo, then we can write the phase delay for the second point X; in terms of Xq: 2x;=C =

2(Xo + X)=c seconds. Using Equation 5.3, we solve for the returning waveform u,. The
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returning waveform of the rst scatter point Xq, Ug, IS
Uo(t) = roe™* 227t ; (5.5)

where rq is the re ection coe cient at the point X and the returning waveform of the second
scatter point Xy, U, is

uy(t) = re' 2007 4t ; (5.6)

where ry is the re ection coe cient at X;. Summing the two returning waveforms from each

scatter point gives us the entire returning waveform

ur(t) = ur(t) + uz(1); (5.7
= rpe’" 2%0.+¢ +re 20t 29 4¢ (5.8)
= ry+re'?e e 270+t (5.9)
M1 iyo x
= 1+r—;e'!2T Uo(X; t): (5.10)

The re ection coe cient ry 6 0 since we assume a re ection occurs at Xq. The intensity of

the returning waveform is then

I'=ur()ur(t) (5.11)
— M inpx : M irpx :
= 1+ —=e"“c up(x;t) 1+ —e ¢ Uo(x;t) (5.12)

lo lo

= rp+ne'?c rp+re 2% (5.13)
=r2+r2+2rr, e''?2% +e 27 (5.14)
=r2+ri+2rorycos 2! TX (5.15)
=r5+ri+2rgrycos 2k X ; (5.16)

where k = T=c. Equation 5.16 tells us that the measure of x depends on the stability of
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the wavelength k.

The method for which the parameter x is solved from here is proprietary to a given
DAS company. Before we conclude this section, we discuss two aspects of distributed acoustic
sensing that will appear in later chapters. One feature involves how long it takes for the
laser pulse to reach the end of the bre and return to the interrogator. The fastest rate at
which this can be accomplished is known as the pulse repetition frequency, or the PRF. In
Chapter 10, we consider data acquired with a DAS system at two di erent PRFs: 4kHz and
6kHz. Another aspect of a DAS system is the gauge length. The gauge length is a distance
(length along the ber in meters) speci ed by the manufacturer, which indicates the range
over which point-wise strain measurements are averaged. It is limited by the physical design
of the laser interferometer and DAS system. Typically, the gauge length is in the range of
1 to 25 meters. The gauge length is a property of the DAS system related to the pulse
width of the laser interferometer. The gauge length is applied to the response of the bre by
integrating the gauge length along the length of the bre. In other words, it acts as a moving
integral Iter in the spatial dimension of the bre’s response; cf. Hartog (2017). We study
some visual e ects of the gauge length on DAS data in Chapter 6. For more information on

the e ect of the gauge length, see Hartog (2017).

5.2 Applications

Distributed acoustic sensors began seeing commercial applications around 2005; cf. Hartog
(2017). Such applications have since expanded to seismic acquisition, smart cities, security,
and pipeline monitoring.

In the eld of geophysics, distributed acoustic sensors have shown promise with regards
to vertical seismic pro les; see Hardeman et al. (2017) and Hardeman et al. (2018). In
vertical seismic pro ling, sensors are placed along the inside of a well-borehole which can be

several hundreds of meters in depth. These sensors detect re ections from anomalies near
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the well when a source is started within some proximity of the well-borehole. Geophones
are discrete sensors which are slowly lowered into the well in a group. The length of this
group is often much shorter than the well (Stewart, 2001). Acquisition of vertical sesimic
pro les using geophones thus requires several sweeps with a source to acquire information
about the entire well. When using a DAS system, bre-optic cables can be installed into
the well permanently, given their relative low cost, and tted to the entire length of the
well-borehole. The bre provides a continuous receiver for the acquisition of vertical seismic
pro les. The vertical seismic pro les are achieved quickly as the bre does not need to be
adjusted between sweeps of the source. While the amplitude response of a DAS system has
not achieved the same strength as geophones, it is still possible to isolate events near the
well; see Hardeman et al. (2017) and Hardeman et al. (2018).

In Chapter 8, we show the results of acquiring vertical seismic pro les at the Containment
and Monitoring Institute’s Field Research Station located in Newell County, AB. In both
acquisitions discussed in the chapter, we locate the caprock which will store carbon-dioxide
in future experiments at the site. The amount of time a DAS system saves in acquisition
shows its promise, especially since work can be done to improve the response of DAS systems
over time. For a comparison of a distributed acoustic sensor and geophones with regards to
vertical seismic pro les, see Gordon and Lawton (2018).

Further application of DAS systems nds itself in smart cities, and especially with regards
to transportation monitoring. In Cova et al. (2018), the authors use data acquired using
distributed acoustic sensing to determine the speed of vehicles detected by the sensor. In
Chapter 9, we employ Gaussian mixture models to detect a vehicle driving along a bre-optic
cable in data acquired using DAS. Distributed acoustic sensors have also been utilized to
monitor trains (Hartog, 2017).

A distributed acoustic sensor can also sense footsteps and digging. Chapter 10 presents
an example of someone walking parallel to a bre-optic cable. In the chapter, we train a

convolutional neural network to detect these footsteps in the data. In another example, we
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display data acquired using a distributed acoustic sensor which shows someone walking and
digging next to the bre. Its e ectiveness in detecting these di erent types of events proves
especially useful in security and monitoring, and its ability to detect digging is particularly

important when monitoring pipelines.

5.3 Open questions

One bene t of distributed acoustic sensors is the employment of bre-optic cables. They
are inexpensive, durable, and exible. This exibility allows them to be placed in di erent
formations in order to better t a monitoring project but also to increase the sensitivity of
the sensor. When the bre lies straight along a surface, it does not recover information about
waves which hit the bre perpendicularly; cf. Hartog (2017). The authors of Hornman (2016)
and Hornman et al. (2013) solve this issue by winding the bre helically; the direction of the
helical wind also has an e ect on what the sensor detects (Martin et al., 2014). Figure 5.2
shows an example of helically wound bre and straight bre. What events the bre detects
largely depends on the shape of the bre. The helically wound bre, by design, should be
more sensitive than the straight bre; however, in practice, we nd that the response of the
helically wound bre is often not as strong as the straight bre. In Chapter 7, we 0 er a
means to compare straight and helically wound bre using the model we create in Chapter 6
and using classical homotopy theory from algebraic topology.

While DAS systems detect events which occur near the bre-optic cable, it is possible to
observe where they happen along the bre distance; however, there are not clear methods for
discerning how far away these events lie from the bre at a speci ¢ bre distance. Knowing
the exact location, or even an estimate of how far away an event is from the bre, would
be highly bene cial to monitoring projects. In Chapter 11, we produce a method for ap-
proximating the distance between the bre and a detected event. The approach employs the

hyperbolic shape of events in DAS-acquired data as well as the P-wave and S-wave responses
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Figure 5.2: (Top) An example of a straight bre optic cable in a DAS sensor. (Bottom) An

example of a helically wound bre-optic cable in a DAS sensor.



of the event to con gure the distance between the source of the event and the bre.

In the remaining chapters, we plan to supply insight some of these unanswered questions
involving distributed acoustic sensors. We also provide results of various machine learning
methods for detecting events in data acquired using DAS. In these investigations, we produce
some conclusions for image registration of events in distributed acoustic sensing acquired
data. We also consider means of detecting events over multiple windows of DAS data as well
as emphasizing events in the data for better results. Before we address any of the issues, we
begin in the next chapter by creating a means of modeling data from a distributed acoustic

sensor.
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Chapter 6

Modeling Distributed Acoustic

Sensing Data

Given the myriad applications of distributed acoustic sensors we saw in Chapter 5, it is
worthwhile to conduct a careful study of DAS acquired data. In many studies, the rst
step often deals with creating a model of the data. We model DAS data analytically, using
the true seismic wave eld for constant velocity in three dimensions, with an arbitrary path
for the placement of the DAS bre in this chapter. The advantage of this approach is that
we can rapidly simulate the true bre response in three dimensions, in a variety of bre
trials, since we only need to compute data at points on the bre. This is much faster than
calculating a three dimensions nite di erence simulation of a seismic wave eld or running
a physical experiment with real bre in the ground. It also provides a useful comparison to
other simulation methods, such as the work of Eaid et al. (2017). The analytic method also
allows an explicit separation of the P- and S-wave responses for the bre.

In the following section, we describe the problem of acquiring seismic data using dis-
tributed acoustic sensing. We look at examples of the model used for the P-wave in two
di erent media, and then move on to compare the results of the S-wave response of straight

and helical bre. Then, we show the full response of the straight and helically wound bre
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given di erent gauge lengths.

For the P-wave example, we nd that the slope of the hyperbolic response was much
steeper for the saturated shale case than for the limestone case, since the P-wave moved
slower through saturated shale versus limestone. In the S-wave comparison of helically
wound bre and straight bre, we see that the straight bre had a stronger response than
the helical bre for the S-wave; however, the helically wound bre recovers more information
for di erent source orientation vectors A unlike the straight bre. When we consider how
the gauge length a ects the full waveform response of the bre, we see that the hyperbolic
response appears to atten in both cases of the straight and helical bre as the gauge
length increased. Furthermore, some evidence of the helix is present in the helical bre’s full

waveform response; however, it disappears as the gauge length is applied to the data.

6.1 Acquisition using distributed acoustic sensing and
bre-optic cables

In seismic acquisition, a bre optic cable is installed in a speci ¢ con guration. In the
examples in this chapter, we consider a bre optic cable buried horizontally 10 meters beneath
the Earth’s surface over a distance of 200 m. Figure 6.1 is an example of full-waveform
response of the bre acquired from this formation. The gure shows the signal for the bre
sensor of a source detonated near the middle of the bre.

To form the data set in Figure 6.1, a source is positioned in the centre of the bre at
the Earth’s surface. Once the source detonates, it sends waves into the ground. When these
waves hit the bre, they stretch and strain the bre optic cable. The strain on the bre is
recovered by an interrogator attached to the cable using a laser pulse that interacts with
imperfections in the cable.

Figure 6.2 depicts the description of DAS acquistion. A source is represented by a red

‘X.” The blue line represents the bre 10m deep. The green half-sphere describes the wave
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Figure 6.1: Full-waveform response of the straight bre in saturated shale when the gauge
length is set to 10m.

moving away from the source. The receiver is the point where the wave hits the bre. We

see that the wave hits two points on the bre for this portion of the wave. As the wave made

by the source moves further from the origin, the wave hits more of the bre until either the
bre ends or the wave dissipates.

In the case of constant velocity, seismic waves move through the Earth’s subsurface in

a spherical shape. In fact, an exercise in calculus shows that the Laplace operator can be

expressed in terms of radial derivatives:

=0; +-0r (6.1)
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Figure 6.2: A physical model of the data acquisition using distributed acoustic sensing.

where = (r) depends only on radial distance. We utilize the solution u of the elastic wave

equation written in terms of the P-wave and S-wave components
u=r +r (6.2)

which we derive from the wave equation using the Helmholtz Decomposition Theorem; cf.
Aki and Richards (2002) for details. Since derivatives are additive, the P-wave and S-wave
components satisfy the wave equation and thus can be written using radial solutions. We
will use this fact later when we begin creating our model.

An interrogator collects information from the bre-optic cable when strain is placed on
the bre. This strain occurs when the seismic wave moves past the bre and a portion of
the laser pulse is returned to the interrogator. The strain of the bre is the measure of how

much the wave moves the bre. The equation for strain is de ned as follows:
— 1 .
ij = E(@iuj + @ju;); (6.3)

where the strain is a symmetric 3 3 matrix with three eigenvectors and three eigenvalues
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which describe how much the material moves in each of three orthogonal directions.

In order to recover the response of the bre, we consider the fact that the wave hits the
bre at any given point p(sg) where p = (X;y;z) is a parameterization of the path of the
bre with real parameter s. At some point in space, the bre-optic cable has a tangent

vector Tp(s), normalized to unit length. The amount of stretching at this point is given by
the product of the strain matrix with the tangent vector. Thus, we can determine the strain

at this point on p by the following equation:

A(s;) =Tp(s) p(s);t Tp(s); (6.4)

where the matrix (p(s);t) is the strain at the point s on the path p of the bre at time t.
To model the problem described above, we need to solve for the strain tensor. Using

Equation 6.2, we solve for the strain produced by the full-waveform. Recall that

(@iu; + 0;u;) (6.5)

ij

N -

is the ij-th element of the strain tensor. Then, we have that

5= S (@ + 8 ui) (66)
GG RGO PN (LSS (67)
=@y HBr LG G ) (69)
S C G R G R G R MU (69)
= it i (6.10)

which implies that the full-waveform strain tensor is the sum of the P-wave strain tensor
and the S-wave strain tensor

Solving for both tensors separately, we start with the P-wave strain tensor . For the
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purposes of this chapter, we work with a radial scalar potential

x;y;z;t) = %F t r (6.11)

. . : : . P
where F is a minimum phase function, is the velocity of the wave, and r = x2 +y2 + z2,

Taking the gradient of , we nd that

01 r 01 r @1 r .

We solve for one component and the rest follow similarly. For the rst component, we have

01 r 1 1 1_, @r
~ZFt — = —F + R — 6.13
Oxr r2 r @x (6.13)
1 11 X
= ZF ZZF' = 6.14
r2 r r (6.14)
x 1 1
= = ZF+=-F" 1
r2 r (6.15)
Hence, the gradient of is
1 1 1
= (X;y; =  ZF+=-F 1
r (x;y;2) = ; (6.16)
— . . l .
= (X;Y;2) = H (r;t) (6.17)
where
H(rt) = %F e Toalpg Do (6.18)
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Then, we nd the strain of r by for each component separately. Thus

1= 5@ )+ B )

_e(r )
@x
— 1 .
= —X = H (r;t)
1 2 @r 1@eH
= —H ' H -
r2 r3@x rz @x
1 1@H 2 2
= — H - —H
r2 r or I2 X
Similarly,
_ 1@H 2 5
22 - H + rar EH ye o
_ 1eH 2 )
N
For the o -diagonal terms, we compute
1
1225(@10" )2 + @(r )1)
1 0 1 @ 1
_+ ¢ < Ny O < .
> @Xy = H (r;t) @yx = H (r;t)
1 2 Or 16H +XZ@r X1@H
2 yr3@x Yz @x r3 @y r2 @y
_1X2 xl@H+x2H X1@H
—2 Vi Vi ar Vi r3 @y
xy 1gH 2
r2 r Q@r r2
By symmetry, we get
xy 1@H 2
L= Y L2,
r r Q@r r
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(6.19)
(6.20)

(6.21)

(6.22)

(6.23)

(6.24)

(6.25)

(6.26)

(6.27)
(6.28)
(6.29)

(6.30)

(6.31)



Similarly, we nd

Xz 1@H 2
A
_ _yz 1@H 2
2= 2 7 g g
Therefore, the strain tensor is
— l .
= 5 HI+G (YR
where
10H 2
Grt)=-——— —H :
(ro) r @r r2

where | is the 3 3 identity matrix, and
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(6.33)

(6.34)

(6.35)

(6.36)

(6.37)

(6.38)



where r = [X;V; z]”. Using standard calculus and arithmetic techniques, we nd that

oH 1 r 11_, r 1 _y r
- “Ft _— 2Ft - 4+ —F0 ¢ 6.39
ST o r ; (6:39)
= Tk Dalpy 0 Lpe T (6.40)
rr
1 1
= H@EY —F"t - (6.41)
(6.42)
and hence
1@H 2
Grt)==="—  ZH (rt 6.43
(ny=_""- SH @Y (6.43)
1 1 1 r 2
= ZH(rt =F't -— —H (r;t 44
- H®Y SH (Y (6.44)
1 1 r 2
= EH (r;t) WFOO t — EH (r;t) (6.45)
3 1 r
= SHEY SFt — o (6.46)
With this in mind, it is convenient to normalize R to obtain
1 1
Q =—R ="yr A7
r r2rr (6.47)
as a rank one symmetric matrix with norm one. Then Equation 6.34 is written as
1 r r
= S HEYI+ 3H @Y SF't - R : (6.48)

We take a moment to consider the physical signi cance of this expression. It indicates that
the eigenvalue in the r direction is opposite in sign to the other two eigenvalues. This suggests
that a reversal in polarity occurs in the direction of the bre, relative to the source-receiver

direction.

94



For the S-wave strain tensor, , we de ne the vector potential as

(x;y;z;t)=%F t < [Ax; Ay; Al

(6.49)

. : P———— :
where s the velocity of the S-wave, r = x2 +y2 + 72, and A = (Ax; Ay; A;) is the source

orientation vector for arbitrary Ay, Ay, A, 2 R. The function F is the same as the function

F for the P-wave; see Equation 6.11. We compute the curl

2 3
B b R

r =§ﬂ o @g
Ox @y @z
1 2 3

@ s @ .0 1 @ 3@, @1
@y @z ' @z @x ' @x @y

Computing the partial derivatives of each (r )n for n =1;2;3, we have

0 5 @ 2
r ==°> =<
0 1 r @ r
_@FFt = A g FUSA
-ty 1yl 1z, 1z1.,
r2rF r2r A r2 F r2r A
= ;H DAy Ay2);
0 3
(r )2 = . ax
= SHEDAZ AX)
e » @ ;1
r == = =
1
= FH (OAX  Ay):
Hence, the curl is
1
r = ;H (DX Y; Z]
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(6.50)

(6.51)

(6.52)
(6.53)
(6.54)

(6.55)
(6.56)
(6.57)

(6.58)

(6.59)

(6.60)



where

X=Ay Ayz,
Y =Axz A)X

Z=AX Ayy:

To solve for each component of the S-wave strain , we have

w= o
:@@—X %H () X
since
=LAy AD=
Let
Gry=10- 2

By a similar argument,

1
22 = EG (ryY;

1
33 = EG (r;t)zZ:
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H@><

@x

(6.61)
(6.62)

(6.63)

(6.64)

(6.65)
(6.66)

(6.67)

(6.68)

(6.69)

(6.70)

(6.71)



For the o -diagonal cases, it su cesto nd i, 13, and ,3. By symmetry, we then have

H
N
Il

Il
NI NI= N

I Il
+ N +

NIk, N~

Rle =

@
r + —(r
( )2 @y( )1
1 _ @ 1 _
EH ()Y +@ EH (X
i EKH Y+§@iY+H @_Y
r2 rr r @r @x
1
gXH X Z_@H X + H @_X
rr r @r oy
1 2 10H
= FH XY+FWXY+H ( A)
1
2 10H

— + = +

r2HyX r@ryX H A,
1

1 10H 2

1
= G (r;t) XY +yX):

Using a similar method, we get that

Symmetry gives 1, 31, and 3, respectively. Therefore, the complete strain equation

— G (rt) xZ2+2zX);

H
w
Il

Nl = N -
N

— G (nr;t) zY +yZ2):

1 1
zz ﬁ G (r,t)R X
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(6.72)

(6.73)

(6.74)

(6.75)

(6.76)

(6.77)

(6.78)

(6.79)

(6.80)

(6.81)

as

(6.82)



where

2 3
2xX XY +yX xZ+zX
gyx +xY 2yY  yZ+ zY% (6.83)
X +XxZ zY + yZ 2xX
23 3
X
- gﬁé XY z + §Y§ Xy z (6.84)
z Z
=r(r A+ AR (6.85)

where r = (X;y;z) is the position vector and A = (Ay; Ay; A;) is the source orientation

vector. We can also normalize the matrix R as

1
R =R (6.86)
= % rr A~ +(r A ; (6.87)

and so the strain matrix becomes

26 (R (6.88)
%r_lz Hry+—F"t L R (6.89)

Before we continue, it is useful to consider the physical implications. The factor H is the

dominant part. The symmetric matrix R has two non-zero eigenvalues of opposite sign,

so the direction of the bre could interpolate between these two, depending on its direction.

With helical

bres, we expect to see oscillations in the recorded signal.
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We compute the strain tensor for the full-waveform to be

= + (6.90)
= L H@Enl+e YR +: = G (NYR (6.91)
r2 ' ' 2 r2 ’ .
= % H (rt)l+G ()R +%G (YR (6.92)
= % H(r)l+  3H (r;t) LZF00 t L R (6.93)
+% SH(nty+—F*t © R (6.94)

These equations include both near eld and far eld terms.

Now that we have calculated the strain tensor results for the P-wave, S-wave, and
full-waveform, we consider examples for P-wave and S-wave separately as well as the full-
waveform. During these examples, we also compare responses given di erent minerals, ob-
serve di erences between straight and helical bre, and examine the e ect of varying the

gauge length.

6.2 Examples

In this section, we consider three examples. The rst example looks at the P-wave response

of a straight bre for two di erent velocities. We will see the e ect that di erent minerals

have on the response of the bre. The second example compares the S-wave response of the

straight and helical bre. We examine the di erences between the two cases from the bre

in one mineral. In the nal example, we analyze the results of the full-wave response of the
bre in one mineral given di erent gauge lengths.

For the models in this chapter, we used the source function

8
Ete tsin( ,t) t O

F(t) = (6.95)
?0 t<O0;
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where ; =80Hz and , = 50Hz. We chose this function in order to mimic a minimum-phase

system for our models.

6.2.1 P-wave example

We begin with a quick study of the bre’s response given di erent media. Using the P-wave

as an example, we examine two di erent media: saturated shale and limestone.

P-Wave Response of the Fibre P-Wave Response of the Fibre
Shale, Origin 10 m depth Limestone, Origin 10 m depth
o Radius 0 cm, 0 Rotations ><110'7 o Radius 0 cm, 0 Rotations ><110'7
0.8 0.8
0.05 0.6 0.05 0.6
0.4 0.4
z z
2 o1 02 2 o1 02
Q Q
] ]
& 0 & 0
[0} [0}
£ 015 -0.2 £ 015 -0.2
[ [
-0.4 -0.4
0.2 0.6 0.2 06
-0.8 -0.8
0.25 -1 0.25 -1

40 60 80 100 120 140 160 180 40 60 80 100 120 140 160 180
Path of Fibre (meters) Path of Fibre (meters)

Figure 6.3: The P-wave response of the straight bre in (left) saturated shale at 2500 m/s
and (right) limestone at 6000 m/s

Figure 6.3 gives the results of the straight bre’s response for the P-wave in saturated
shales (left) and limestone (right). Both responses are hyperbolic in shape; however, the
hyperbola has a steeper slope in saturated shales as opposed to the more shallow slope of
the limestone. This follows physically since the wave moves faster in limestone than it does

in shale.

6.2.2 S-wave example

For the S-wave response, we examine the di erences between straight bre and helical bre.
For the helical bre, the setup remains the same as the straight bre, i.e., laid horizontally

10 meters deep; however, the bre forms a helix of with radius 1cm and has 10 rotations
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