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Abstract

This thesis develops, examines and re nes the basic waveform inversion procedures of re-

ection seismic data under an alternative perspective that makes an e ort to assign to each
element of full-waveform inversion (FWI) work ow an element of standard seismic process-
ing. The basic procedures can be summarized as an iterative cycle of modelling, migration
and inversion. The modelling part was carried out with a fourth order nite-di erence scalar
acoustic algorithm, assuming a 2D medium governed by the constant density acoustic wave
equation. The two-way wave operators (analogous to reverse-time migration), used as stan-
dard engine in FWI to produce the gradient, is replaced with one-way wave operators. The
role of the pseudo-Hessian as a gradient preconditioner is substituted with a deconvolution
imaging condition. A key element of this methodology is the incorporation of log information
to calibrate the update direction (i.e., a well-log validation approach), rather than determin-
ing a scalar step-length with a line search (i.e., a data-validation approach). This inversion
perspective leads to remarkably accurate results and signi cant computational savings. Once
a well-log validated waveform procedure was set up, | evaluated the scope of well-log vali-
dation under several factors (such as geological complexity, well location, log interval, and
well-data uncertainty) that may in uence the performance of this technique due to the well-
log limitation of providing punctual information. | also analyzed the repercussions that the
seismic acquisition parameters, the random noise and a de cient initial model would have
on the inversion. Having established pros and cons of well-log validated waveform inversion
with one-way wave equation migration, | addressed the unknown-wavelet issue. A process
of updating both the amplitude and phase of an initial wavelet estimate is set up to pro-
duce stable inversions in both synthetic and eld environments. In the latter case, pro les
extracted from a log-validated waveform inversion of the Hussar land data set, when com-
pared to two blind validation wells, are observed to accurately reproduce structures in zones

producing signi cant re ection energy.
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Chapter 1

Introduction

1.1 Background

Geophysics is de ned by Sheri (2002) as the study of the Earth by quantitative physical
methods, especially by seismic re ection and refraction, gravity, magnetic, electrical and
radiation methods. Its purpose is to map the distribution of physical property variations
that characterize the geology, geological structure, groundwater, and certain artifacts of
interest in the Earth’s subsurface. The physical properties are remotely sensed using, most
of the time, non-invasive technologies. Exploration geophysics is a sub-discipline that aims
for resource exploration, i.e., prospecting petroleum and mineral accumulations. Nowadays,
seismic exploration plays a relevant role in this matter and the re ection technique is the most
widely used geophysical method in the oil and gas industry (Finkl, 1988). The capability
of detecting large-to-small scale subsurface features contributes to the popularity of this
method. The re ection seismic method provides an image of the subsurface in two or three
dimensions. The basic principle to produce this image is generating, recording and analyzing
seismic waves that travel through the Earth (Mondol, 2010). Common seismic sources are
air-guns in marine surveys and vibrators or dynamite in land acquisition. The seismic pulse

travels through the Earth, where the velocity and density changes re ect the waves back



to the surface. Receiver stations, spread through the surface, record the seismic signal that
contains information about those velocity and density variations. The data acquired in this
manner will be referred to as \observed shot records". The next step consists in processing
the seismic shot records in order to enhance the signal, build the subsurface image, and
extract as much information as possible about the property variations that give rise to the
recorded data (Yilmaz, 2001). It is in the latter point where processing and interpretation
merge and seismic inversion methods play an important role in this purpose.

Seismic inversion aims to nd a model of the Earth using seismic measurements as input
(Russell, 1988). This model should explain the features in the seismic data. Apprehending
the physical process that originates the data is the rst step to understand the inversion
process. Forward modelling takes the Earth model as input and, through an algorithm that
incorporates the physics of the phenomenon, predicts the seismic response. The inverse
problem takes the seismic response as input and applies an algorithm that also involves the
physics of the problem to generate the Earth model as output. The early seismic inversion
techniques transformed the seismic data into P-impedance, i.e., the product of density and
P-wave velocity. Lindseth (1979) showed that the impedance model can be obtained from
the normal-incidence re ectivity by applying a recursive technique. He recognized that
the band-limited wavelet, which removes the low and high frequency components of the
re ectivity, limits resolution and the e cient recovery of the P-impedance model. This is a
common problem in any type of seismic inversion. Starting from an accurate initial model
that incorporates the missing low frequencies in the seismic data is essential for achieving
satisfactory results. Another example of seismic inversion incorporates amplitude versus
0 set analysis, i.e., AVO (Ostrander, 1984; Castagna and Backus, 1993). AVO inversion is
based on the linearized version of Zoeppritz equations (Aki and Richards, 2002; Fatti et al.,
1994; Shuey, 1985), which describe the mode conversion of an incident P-wave at an angle
into re ected and transmitted P-and-S waves. This inversion technique can produce density,

P-wave and S-wave velocity models.



A di erent seismic inversion approach is referred to as full waveform inversion (FWI).
The purpose of FWI is to infer the distribution of Earth properties in the subsurface by
iteratively reducing data residuals, i.e., the di erences between observed and synthetic seis-
mic shot records (Virieux and Operto, 2009). Lailly (1983) proposed an inversion procedure
constituted by a sequence of pre-stack migrations of the data residuals. Tarantola (1984)
showed that the FWI gradient is produced from correlating the forward propagation of the
actual sources and the backward propagation of the data residuals. The model update can be
obtained by multiplying the gradient by a simple scalar. Virieux and Operto (2009) pointed
out that the perturbation model looks like a migrated image obtained by reverse-time mi-
gration (RTM). The di erence is that the data residual is back propagated in waveform
inversion, whereas the recorded wave eld is back propagated in reverse time migration.

FWI has become an attractive topic in academia and industry because of its potential
use in velocity model building and reservoir imaging, with some interesting applications
especially in o shore environments (Minko and Symes, 1997; Shipp and Singh, 2002; Lee
and Shin, 2015; Ray et al., 2016; Huang and Schuster, 2018). However, it faces some key
remaining technical challenges, including the computational cost of applying it to large
datasets, the tting of model response to noise in data (inaccuracy of data recording not
related to geology), as well as convergence issues originating in the incomplete nature of
seismic data (Jackson, 1972). Furthermore, in onshore applications, additional challenges
based on complex near-surface environments and irregular acquisitions, exist. One of the
features of FWI that confers onto it both its power and its exposure to convergence issues, is
that it is driven primarily by \data validation™. | use this term because the two ingredients
of a standard FWI update, namely (1) the gradient, which measures the direction of steepest
descent towards the minimum of the norm of the di erence between modelled and measured
data, and (2) the step-length, which is usually computed by a further analysis of the error
norm, are both derived from data mis t.

The alternative waveform inversion approach developed and implemented in this thesis is



based on the FWI work ow. The process has been reformulated following the iterative mod-
elling migration and inversion (IMMI) concept of Margrave et al. (2012a). The philosophy
of IMMI consists in recognizing mathematical aspects of FWI that correspond to standard
seismic methodology, and replace them if possible with robust examples of standard algo-
rithms. For instance, the gradient calculation is recognizable as the reverse-time migration of
the data residuals with a cross-correlation imaging condition; Margrave et al. (2010, 2011b,
2012a) made the case that the two-way wave operators could be replaced by one-way migra-
tion operators, e.q., phase-shift plus interpolation migration, or PSPI (Gazdag, 1978; Gazdag
and Sguazzero, 1984). A major strength of using PSPI is the natural accommodation of fre-
guency selection strategies in a multiscale approach, e.g., Pratt (1999); Guarido de Andrade
(2017). This is because, unlike RTM, PSPI migrates each frequency independently and its
cost is directly proportional to how many frequencies are migrated. FWI preconditioning
with the diagonal pseudo-Hessian (Shin et al., 2001b), for another example, produces up-
dates similar to those generated by migration with a deconvolution-type imaging condition,
and the latter could be used in place of the former. Well-log information is another element
that can be incorporated in the waveform inversion process. The existence of well-log data
allows including an additional stabilizing component in FWI, which can be referred to as
\model-validation™. Well logs can be used to support FWI in a number of ways, for instance,
by assisting in the creation of accurate starting models (Chen et al., 2016). However, log
information can also be more deeply incorporated in FWI, such that it becomes part of the
process of iteration and helps to determine step-lengths, at which point I will refer to it as
\well-log validation™ or \log calibration". Various synthetic analyses of the basic idea have
subsequently been carried out (Pan et al., 2014b; Romahn and Innanen, 2017b,a; Romahn
et al., 2018), and most recently an altered version of the approach -which included wavelet
phase and amplitude updates- has been shown to produce encouraging results on eld data
acquired at Hussar Canada in 2011 (Romahn et al., 2019). The waveform inversion formu-

lated in this thesis, which incorporates a PSPI update direction and well-log validation, is



referred to as well-log validated waveform inversion (LVWI).

1.2 Structure of the thesis

The starting point of the research is presented in Chapter 2, where the fundamental theory
of FWI is described and a synthetic environment is used in order to test the basic work ow.
Aspects such as construction and conditioning of the gradient, the multiscale approach and
scaling methods based on data validation, are analyzed.

Chapter 3 covers the rst modi cation to the conventional FWI work ow, which plays
an important role in shaping the LVWI. It consists in generating the update direction from
a combination of PSPI migration and impedance inversion in substitution of the two-way
wave operators (RTM). A two-layer model is employed to compare and calibrate the RTM
and PSPI migration of the data residual.

In Chapter 4 well-log information is incorporated in the waveform work ow in exchange of
data-validation techniques to scale the update direction. A combination of well-log and data
validation (calibration+scaling) to produce the velocity perturbation is also investigated.
The comparison of conventional FWI and LVWI is provided through numerical examples
and the computational burden is analyzed.

From Chapter 5 to 7 a systematic evaluation of the sensitivity of LVWI is carried out
by considering aspects such as well location and aperture, geological complexity, well data
uncertainty, survey acquisition parameters, random noise and initial model.

In Chapter 8 the most promising results of the research are presented with a new waveform
inversion work ow based on LVWI. The methodology incorporates a scheme to iteratively
update the amplitude and phase of the wavelet allowing the process to go forward and
converge in the true model even with an incorrectly estimated starting wavelet. Synthetic
examples and validation on real data are provided.

The objective of this research is to establish a well-log validated waveform inversion



work ow, applicable to real seismic data, that addresses common problems in FWI such as
the computational burden, the lack of convergence due to the data validation process, as

well as the unknown wavelet.



Chapter 2

Full waveform inversion review

2.1 Introduction

Full waveform inversion is an optimization method whose ultimate goal is to nd the model
parameters that best reproduce the observed shot records. Lailly (1983) and Tarantola (1984)
provided the theoretical framework and described the method as a sequence of pre-stack
migrations of the data residuals, which are the di erence between observed and modelled shot
records. The solution of the inverse problem involves an iterative methodology that consists
of a forward propagation of the actual sources and the propagation of the data residuals back
in the current model. The correlation of the two wave elds yields to an update of the model
parameters. The method was originally developed in the time domain, but it has also been
implemented in frequency domain (lkelle et al., 1986; Pratt et al., 1998). Examples of early
applications on synthetic and real data are given by Gauthier (1986), Kolb et al. (1986),
Ikelle et al. (1986), Mora (1987, 1988), Crase et al. (1990), Pica et al. (1990), Pratt (1999),
etc. Problems such as computational burden, lack of low-frequency information producing
cycle skipping, as well as poor convergence, are commonly mentioned through the literature.
This section presents the fundamental theory behind FWI as described by Tarantola (1984)
and the well-documented papers Pratt et al. (1998) and Virieux and Operto (2009). A



synthetic example, implemented in the time domain to invert for P-wave velocity, was used

in order to illustrate the main steps of the FWI work ow.

2.2 An optimization method

FWI is an optimization procedure whose goal is to determine a model of the distribution
of Earth properties at depth. The process starts with an initial model m, (in this thesis,
velocity), which is updated by a model perturbation m so that the new model m is a

better representation of the true subsurface model,
m=m,+ m: (2.1)

in the sense of being able to produce synthetic data in closer agreement with the observed
data.

Let p(X,; Xs; t) be the value of the pressure eld measured at observation point x,, time
t, due to a source at position Xs. Suppose the measurement is made at a large number of
Xr; Xs; t values, and arrange these in a column vector:

2 3
1.v2 -uw3 -vl -v2 -u3 .
p(Xr1’ X1 X1 Xs11 X517 X1 tl)

1 .y2 3 -1 -2 -3 -
p(xr1’ Xr1s X1y X515 X515 Xs15 t2)

POGH XErs Xias Xa1; XEp5 X3y 1)
p= rl» 2Arls Arls Msly sl sl : (2.2)

Next, consider that we have observed versions of the eld, pos(Xr;Xs;t), and computed
versions peai(Xr; Xs; t), meaning we have two vectors of the type in equation 2.2, which can
be compared with the di erence

pcal(m) Pobs- (23)

8



The computed eld pq is based on a distribution of velocities v(x), which are the unknowns

in this version of FWI. The velocities are also organized into a vector m,

2 3 2 3
\%1 V(Xy1)
Vo V(X2)
m= g% gVt (2.4)

The vector p¢y is a function of m. We wish to vary m in order to make some measure of

the size of pea(M)  Pobs b€ Minimum. Let this measure be

E(M) = (e Pa)’ (Pt Pove) 25)

Consider the variation of E when the model goes from some mgy to mg+ m:

@E(mo)

E(mg+ m) E(mg)+ em

m; (2.6)

where the function has been approximated as a truncated Taylor series. If m is a step

from mg to a minimum, then

@E(mo+ m) _
am =0 (2.7)
and we have
@E(mg+ m) @E(mg) . B°E(mo) _ A
am am + am? m = 0; (2.8)
which are the conditions for a Newton update:
m= H Ig; (2.9)



where

2
H = £E(Mo) @Er(nTO) (2.10)
is the Hessian matrix, and
_ @E@(r:\o) 2.11)
is the gradient. The gradient of equation 2.5 is therefore important:
1@ -
g = E@_mq)cal(mo) pobs) (pcal(mo) pobs)
10
= z (pcalpcal pgal Pobs pgbspcal + pgbspobs)
1. @ @
= Z[2(=Pga)Pcai  2(5—Pea1)Pobs]
2" "@m om (2.12)
@ cal @pcal
@m pcal @m pobs
T
= @@prﬁl (pcal pobs)

= ‘]EJI- (Pcal Pobs):

where J is the sensitivity or the Frechet derivative matrix.
The Hessian matrix is given by the derivative of the gradient (equation 2.12) with respect
to the model parameter (Pratt et al., 1998; Virieux and Operto, 2009):

@T
@T

@*E(mo)

H=
@m2

:J-(I)—JO ~——(Pcal(Mo) Pobs Pcat(Mo) Pobs ' Peat(Mo)  Povs) : (2.13)
Pratt et al. (1998) explain that the second term in the Hessian is zero for linear problems,
and most of the time it is neglected for nonlinear problems, leading to the approximate
Hessian:

Ha = 3§ Jo: (2.14)

A further simpli cation of the Hessian matrix is the pseudo-Hessian, which is constituted by
the diagonal elements of the approximate Hessian (Shin et al., 2001a).

The appropriate derivation of the gradient and the Hessian provides a Newton step

10



minimization of E(m). If we approximate the inverse of the Hessian by the identity matrix

multiplied by a scalar , equation 2.9 ends up as a gradient-based step of the form
m= g (2.15)

The gradient and the sensitivity matrix

Equation 2.12 describes the gradient as the multiplication between the sensitivity matrix and
the data residual vector. It is convenient at this point to switch from a vector expression to
one including explicit sums over experimental variables. The gradient is in the same space
as m, so each element of g and each element of m refer to the velocity at some point in
space X. Meanwhile, the vectors p.a and pops contain all combinations of x,, Xs and t values
in the experiment, so the inner product in equation 2.12 is the overall sum of X, X, and t.

Altogether, equation 2.12 can be written explicitly as:

4
X XX & tmax .-
g(x) — dt@pcal (Xr; t, Xs)

0 T am(x) Pl X tX) Pas(Xri tiXs) (2.16)

Xs Xr

The next task is to nd a form for the sensitivities

@pcal (Xr; t XS) :

B (2.17)

The following derivation of the sensitivities is based on Tarantola (1984) and Yang et al.
(2015).

A constant-density acoustic medium is assumed in the wave equation

1 @chal (X t; Xs)

m2(x) at2 rzpcal(X; t; Xs) = fs(X; t; Xs); (2.18)

where m is velocity, fs(X;t;xs) = f(t tY) (x Xs) is the source term, and is the Dirac

delta function. An important instance of the wave equation is for an impulsive source

11



(ft )= (t o)

1 0°G(x;t;xs; 1)

m2(x) o r’oxtxst)= (x x5 (t t); (2.19)

which de nes G, Green’s function. An integral representation of the solution for pea (Xr; t; Xs)

is (Tarantola, 1984)

Z Z
Poat(Xr; G Xs) = dx  dUG(xe; & X V)F (X t; Xs)
AR (2.20)
= dx d'G(x.t thx;0)F(x;t;Xs):
\Y
or Z

Peat(Xr; t; Xs) = dXG(Xy; t;%;0) F(X;t; Xs); (2.21)

\Y

where denotes temporal convolution.

Following a perturbative approach, where small variations in the model m(x) ¥ mg(x) +
produce small variations in the eld pea(X;t;Xs) ¥ pea(X;t;Xs) +  pPear(X; t; Xs), equation
2.18 becomes

1 0%[Pcal (X; t; Xs) +  Pear(X; t; Xs)]

[Mo(x) + MX)P 0t [pca (X Xs) +  Pear (X 15 Xs)]

= fs(X; t; Xs):

(2.22)

The term containing the perturbed velocity model in the left-hand side of equation 2.22 can

be approximated as the truncated binomial series

1 1 2 m(x).

[Mo(X)+ mMEYRE  m3(x) mi(x) (2.23)

12
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Substituting equation 2.23 in equation 2.22, we obtain

1 2 m(X) @%[Pear(X;t;Xs) +  Poar(X; t; Xs)]
mj(x)  m3(x) or? (2.24)

FPa(CtXs) +  Pea(XtXs)]  Fs(X T Xs):

Subtracting equation 2.24 from 2.18 yields

1 @2 Peat (X; t; Xs) @z[pcal (Xt Xs) +  pear(X; L Xs)] 2 m(X)

r’ Peat (X; t; Xs)

m2(x) ot t2 m3(x)
0%pear(X; t; Xs) 2 M(X) +@2 Peal(X; ; Xs) 2 M(X)
ot mg(x) @t? mg(x)
(2.25)

The quadratic term in the right-hand side, constituted by the multiplication of the model
perturbation and the wave eld perturbation, is assumed to be very small and can be ne-
glected. Retaining only terms that are linear in either perturbation, equation 2.25 becomes

@chal (Xt xs) 2 m(x) .
ot? mg(x) -

1 @2 Peal (X; t; Xs)
m3(x) ot?

r Pear (X; t; Xs) (2.26)
That is, the perturbed wave eld is excited by the interaction of the unperturbed wave eld
with the velocity perturbation.

From analysis of the wave equation, the integral representation of the solution of equation
2.26 is

yA

@zpcal (XO; t; Xs) 2 m(xo)
.. 0 e LD .
Peal (Xr; £ Xs) y dxX'G(Xr; t; X 0) o mg(xo) :

(2.27)

This formula can be used to determine the sensitivity of the wave eld p to a variation in

m(x") at a particular location x. Specifying

mx) = mx) (X x); (2.28)
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and substituting into equation 2.27, we obtain

0%pear(X; t; Xs) 2 M(X)

Peal(Xr; 1, Xs)  G(Xr; t;X; 0) e M) (2.29)
Dividing by m(x) and taking the limit
li Pcal (Xr; t; Xs) 2 G(X 1 X O) @chal (X; t; Xs)
m¥0 m(x) mi(x) 7 ot2 (2.30)
— Opcar(Xr; t; Xs) . '
@m(x)
Therefore, the gradient 2.16 is
(x) = > dt—2 Gxy:tix:0) SPACSEX) ) Pl X))
g - - . 0 m3(x) r»LA, @t2 Pcal (Xr; T; Xs Pobs (Xr; T Xs) |-
(2.31)
Applying the convolution property
VA VA
dtig(t)y F(OIh() = dtfF(Dg( ©) h(®)]; (2.32)

we have

z
400 = LT e 2 0%peallX; 1 Xs)
< x O m3(x) ot?

Z
— > X7 tmax dt 2 @chal (X; t; %)
o Mo e

yi
_ 22K max g2 0%Pear(X; tiXc)
0 m3(x) 0t?

G(Xr; £%;0) [Peat(Xr;t;Xs)  Pobs(Xr; t; Xs)]

G(Xr; 0;%;t)  [Peat(Xr;t; Xs)  Pobs(Xr; t; Xs)]

Pres(Xr; ) Xs);

Xs Xr

(2.33)

where pres(Xr; t; Xs) = G(Xr; 0; X, 1) [Pear(Xr; T; Xs)  Pobs(Xr; 15 Xs)] is the back-propagated
wave eld using the residual pcai(Xr;t;Xs)  Pons(Xr;t;Xs). Equation 2.33 shows that the

full-waveform inversion gradient is equivalent to a migration of the data residuals using a 2-
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way Green’s function (RTM). The FWI gradient-based steps are therefore iterated sequences
of depth migrations, each time migrating new di erences between modelled and measured
data through an updated model.

If the data residuals are de ned as poys Pcal, the gradient in equation 2.16 takes on a

negative sign

Z
XRKX T tmax @pca (X T Xs)

g(x) = o dt@m—(x) Pobs (Xr; t; Xs)  Pear (X; T; Xs) (2.34)
and the velocity perturbation becomes
m(x) = g(x) .
XX tmax X;: U X
= o 0 dt%r(x)g pobs(xr;t; Xs) pcaI(X;t; Xs) (2.35)
= (x)

where is the update direction.

2.2.1 Gradient conditioning

The velocity perturbation in equation 2.35 is obtained by applying the gradient-based method,
which approximates the Hessian matrix as an identity matrix, reducing the problem to a
scaling of the gradient. The interpretation of the Hessian matrix and its diagonal terms pro-
vides an insight into what this simpli cation implies. Pratt et al. (1998) highlighted the fact
that convergence rates in iterative solutions can be improved by preconditioning the gradient
with the inverse Hessian, or an approximation of the inverse Hessian. The approximate Hes-
sian (Gauss-Newton method) is more commonly used due to the large computational cost of
calculating the full inverse Hessian (Newton method). Pratt et al. (1998) pointed out that
the approximate Hessian matrix is diagonally dominant and predicts the defocussing that

a ects the gradient vector due to the incomplete and uneven illumination of the target. Shin
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et al. (2001b) showed that the diagonal terms of the inverse Hessian produce a gain to the
gradient estimation; thus they help compensating for the geometrical spreading. Margrave
et al. (2012a) described the FWI gradient as a poor migration that lacks gain correction,
and discussed reasons why such an update causes slow convergence. They proposed replac-
ing the correlation imaging condition inherent in the FWI gradient with a deconvolution
imaging condition (also called illumination compensation). They argued that such a change
would produce similar e ects to the diagonal terms in the approximate Hessian, with the
advantage that it is computationally free of cost. Pan et al. (2014a) analyzed the use of
the deconvolution imaging condition as a mean to condition the gradient while comparing
the approximate Hessian, the pseudo-Hessian, and the diagonalized pseudo-Hessian (which
is analogous to the use of a standard deconvolution imaging condition).

In section 2.2 (equation 2.33), the FWI gradient was shown to be obtained by applying
reverse time migration to the data residual. If we express the gradient as the cross-correlation
between the forward propagated source wave eld (ps) and the backward propagated data
residuals (Pres)

L tmae X

Oec(X) = dt Ps(X; T; Xs)Pres(X; t; X)), (2.36)

Xs 0 Xr

the conditioned gradient with a \deconvolution™ imaging condition can be expressed as

R P
XAt PsOG X )Pres (X 1 X )
n tmaX

L ]
xs 0 wr PsO6 1 Xs)Ps (X5 15 Xs) + Imax

Jdec = (2.37)

where is a small positive constant, and Iyax = max[ps(X; t; Xs)ps(X; t; Xs)].
X
Margrave et al. (2011b) and Wenyong et al. (2013) consider that this approach estimates

re ectivity (R), and they propose to obtain the impedance perturbation by applying
% 21 Ry; (238)

where Iy is the impedance in the kth iteration. The term 2l works mainly as a scalar
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factor, and we still need to calculate a step-length to produce a suitable model perturbation
(Wenyong et al., 2013). The term 2l can be absorbed by the step-length , and the model
perturbation is

% R: (2.39)

Why does a simple scalar applied to R produce the model perturbation? The answer is
that R, which is obtained by applying RTM with a deconvolution imaging condition in time
domain, is not re ectivity, as shown by the following analysis:

The \deconvolution™ imaging condition in time is expressed as
i = u=d; (2.40)

where i is an image, u is the up-going receiver wave eld and d is the down-going wave eld.
Equation 2.40 is a restatement of

u=id; (2.41)

which is di erent from the convolutional model given by
u=r d; (2.42)

where r is re ectivity. Therefore, i is di erent from re ectivity, but it works as a precondi-
tioned FWI gradient because this image has been compensated by geometrical spreading.
The numerical example shown in section 2.5 implements the gradient preconditioned with

a \deconvolution™ imaging condition.

2.3 Scaling the gradient

The purpose of this step is to make the amplitude of the gradient at each spatial point

proportional to the velocity change (Vigh et al., 2009), as it is expressed in equation 2.35,
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where the model perturbation is produced by multiplying the update direction by a step-
length scalar . The step-length can be obtained in several ways. Two widely used methods
are described below: the rst one is based on the minimization of the objective function
with respect to the step-length, as proposed by Tarantola (1984) and Pica et al. (1990).
This method will be referred to as Tarantola and Pica’s approach. The second method
corresponds to a line search, which applies backtracking and quadratic interpolation. In
this thesis, | will refer as data validation to the techniques that compute the step-length by

explicitly minimizing the data residuals.

2.3.1 Step-length by minimizing the objective function

Tarantola (1987) and Pica et al. (1990) computed the scalar step-length through the mini-
mization of the objective function with respect to the step-length. They rst expressed the

objective function for the updated model as

E(mk+1) = E(mk + mk) = E(mk + K k); (243)

where k denotes iteration number, and  is the update direction. The mis t function can

be expressed in terms of the observed and modelled data as

E(Mi+1) = [Povs  F(Mk+ « )P[Pabs  F(M+ « W] (2.44)

where () is a forward modelling operator. The expression E(mg~+1) can be written as

E(Mk+1) = [Povs  F(Mi) + «Fi 1 )P[Pobs  F(Mi) + «Fr W)I; (2.45)

where F is the linear operator that takes the derivative of f at point my,

f(me+ ) f(my),

F = lim (2.46)
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where is a small positive constant. F  describes how the modelled wave eld changes with
respect to the step-length given an update direction.

A suitable candidate for epsilon is

r— =
005 MM,

; 2.47
Ky k= ( )

where < ; > means scalar product and provides the square of the magnitude of the model
and update-direction vectors. The square root of the ratio between the scalar product
of the model and the update-direction vectors produces a convenient factor which, when
multiplied by the update direction, sets this vector on the same level of magnitude as the
model vector. The small factor 0.05 ensures that the scaled update direction is small enough
to be considered a model perturbation.

Setting the derivative of equation 2.45 with respect to  equal to zero and isolating ,

we have

[Fk «l[Pops  F(M)]
[Fk «V[Fk « (2.48)

Solving for i requires an extra forward modelling in a medium m=my + .
The multiplication of the update direction by the scalar  provides physical units of

the model parameter as it is shown next. Denoting the unit operator [ ],, we have that the

units of are s
M2y _ [m]u
= = : 2.49
U= a7 (2:49)
On the other hand, the units of the operator F applied to  are
[data]y _ [data]u[ ]u

[ ]U [ ]u [m]u ( )

Finally, the units of  in equation 2.48 are

[datalul Ju

"o, ldatale _ [datally(m?Lul 1 _ [ml. (251

[ k]u = = — :
[data]u[ Ju [data]u[ Ju 2 >
pulfeall b [data?]u[mlu[ v [ lu

19



The units that result from multiplying by | are

[ k1u=%[ o = Ml (2.52)

the model units.

2.3.2 Backtracking line search and quadratic interpolation

A complete explanation of line search methods can be found in Nocedal and Wright (2006).
Line search methods compute the step-length, i.e., the distance in model space to be moved
in a given update direction. The step-length is chosen such that some set of conditions is

satis ed. For instance, the su cient decrease or Armijo condition is based on the inequality
E(mk + k) E(mk) +Cq rE,I K (253)

where ¢, is a constant between 0 and 1. These conditions state that the objective function
should be proportional to both the step-length  and the directional derivative rg; .
However, small values of may be needed to satisfy the su cient decrease condition resulting
in poor progress. The curvature condition rejects unacceptably short steps, requiring to
satisfy

rE(mk+ K k)T K cerE K- (254)

The derivative in the left-hand side ensures that the slope of E(mg + ¢ ) at  is greater
than c,, the initial slope, when = 0. The su cient decrease and curvature conditions are
known together as the Wolfe conditions. The backtracking approach is based on the su cient
decrease condition and, by providing a proper step-length candidate, it can work without

the curvature condition. We start by de ning
=C o, (255)
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where a suitable candidate ¢ is provided by equation 2.47. The next step is to nd a value

of ¢ that satis es

E(m¢+c o ) E@mMY): (2.56)

When ¢ = ¢y, =0, we have Eo = E(mg) . The point (co; Ep) is the residual reference that
we want to reduce. We start with an initial guess for ¢, e.g., ¢; = 0:5, that will produce

a residual E; = E(mg +c¢; o k). At this point we have two possible scenarios shown in

a) b)
i~ (cy,E1) (c2,E2)
e H

<

) (co, Ep)

+

2

&
p—
Y]

0.75 1.0 0 0.25 03.5 0.75 1.0

Figure 2.1: Backtracking line search. a) When the initial ¢c; = 0:5 produces a residual
E: Eo,=E(my), we progressively reduce the value of c; for instance, ¢, = 0:5¢; until
the condition in equation 2.56 is satis ed. b) When the initial c; = 0:5 provides a residual
E: Eo=E(my), we try a larger value of c; for instance, ¢, = 2c; that will produce a
residual E2. Having the three points (co; Ep), (c1; E1) and (cy; E;), we can apply a quadratic
interpolation to nd Cgjn.

Figure 2.1: a) E; Ep, orb) E; Eq. In the rst case we progressively decrease the value
of ¢ as ¢, = 0:5¢; until we nd a ¢, providing a residual E, that satis es the condition in
equation 2.56. After the procedure, three points (co; Eo), (c1; E1) and (c,; E,) are available.
Assuming that the objective function is locally quadratic and that we are close to the global
minimum of E, we can interpolate these points in order to nd the cgj, that is expected to
produce the smallest residual. In the second scenario, when E;  Eq, we try a larger value

of ¢, such as ¢, = 2¢;. In this case, E;, can be smaller or greater than Ey; either way, we will
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have three points to set up the quadratic interpolation given by

o _1E( )+EN(G B +EuF f).
M7 2Eo(c; 1) +Ei(co ) +En(c; Go)

(2.57)

This method requires at least two forward modelling steps to generate the input to the
quadratic interpolation. The backtracking process, described in Figure 2.1a, may require
more than two forward modelling steps before satisfying the condition in equation 2.56.

Upon completion of this process, the velocity update will be given by

Mk = Cfin 0 k- (2.58)

2.4 A numerical example of the FWI work ow

Within a synthetic (numerically simulated) environment, the concepts surrounding FWI are
applied. In all algorithms, both explicitly in the simulation, and implicitly in the migration
step, a 2D medium governed by the constant density acoustic wave equation is assumed to
hold. All simulations in this thesis are carried out with a fourth-order nite di erence scalar
acoustic algorithm. A detailed description of the forward modelling algorithm is given in
Youzwishen and Margrave (1999).

The FWI work ow is illustrated in Figure 2.2. It takes the form of an iterative cycle
(Margrave et al., 2010), where the velocity model is updated while reducing the di erence

between the observed shot records and the modelled shot records. The main steps are:

1. Modelling of synthetic shot records (pca1), Which are subtracted from the observed shot

records (Poys) to produce the data residuals p.

2. Construction of the update direction ( ) by reverse time migration and stack of the
data residuals: Stk[Mig( p)], where Stk() and Mig() are stack and migration op-

erators. A mute can be applied before stacking in order to remove migration artifacts.
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The frequencies to be migrated are windowed by applying a bandpass Iter to the
data residuals and the wavelet. This is desirable in the implementation of a multiscale

approach.

3. Computation of the step-length ( ) that scales the gradient and converts it into a

velocity perturbation.

4. Sum of the current model (my) and the velocity perturbation ( my) to generate a

new model (my+1) that will be used in the next iteration.

Model for iteration k

my
C Wavelet
v (1)
¥ Pcar = Modelled R _ _ Pobs = Observed
x shots 7 AP = Pops = Peal shots
1]
X
(2) v
. Frequenc
by = Stk[Migrru(Ap)] v
(4) (3) v
Mies = My + Amy, € Data validation
k+1 k k Amy, = pdy

Figure 2.2: The FWI work ow is an iterative cycle of four main steps: (1) generation of the
data residuals, (2) construction of the update direction, (3) scaling the update direction to
obtain the velocity perturbation, and (4) updating the model. Adapted from Margrave et al.
(2010)

2.4.1 True model, initial model and data residuals

The FWI work ow is examined with a synthetic example involving a moderate degree of
lateral variability. The model, illustrated in Figure 2.3a, is chosen to be a shallow anticline
containing a low-velocity reservoir surrounded by relatively high-velocity rocks. Two features

are added in order to test the ability of the algorithm to resolve stratigraphic features: a
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low-velocity trap is placed at an 800m depth on the left-hand side of the model, and a
high-velocity body is positioned at a 300m depth near the right-hand edge of the model. A
minimum-phase wavelet, with a dominant frequency of 10Hz (Figure 2.4a-b), is employed
to generate 83 synthetic shot records. These will be referred to as the observed shots. The
sources and receivers are positioned at 120m and 10m intervals across the surface. The
initial model, plotted in Figure 2.3b, is generated by applying a Gaussian smoother with
a half-width of 200m to the true model. Figures 2.5a-b show a comparison between an
observed and a modelled shot record located at the center of the model. The correspondent
data residual is plotted in Figure 2.5c. The data residual for the rst iteration is mainly
constituted by the observed shot record with a slightly attenuated direct arrival.

a) 0 b) 0 km;‘s35

02

04

0 1 2 3 4 5 6 7 8 9 10
Lateral position (km) Lateral position (km)

Figure 2.3: (a) True velocity model. (b) Initial velocity model.

a) 6 10 . T b)

Amplitude

. . . 20 40 60 80 100
Time (s) Frequency (Hz)

Figure 2.4: (a) Source wavelet. (b) Amplitude spectrum.
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Figure 2.5: (a) Observed shot record. (b) Modelled shot record for iteration 1. (c) Data
residual = (a) - (b).

2.4.2 Gradient construction

The construction of the gradient involves the migration of the data residuals (by using
the current velocity model) and stack. Optionally, a mute can be applied to the migrated
residuals before stacking, as it is shown in Figure 2.6. The gradient with no preconditioning,
I.e., using a cross-correlation imaging condition, is plotted in Figure 2.7a. Figure 2.7b shows
the gradient with a deconvolution imaging condition. Note that the shallow artifacts in the
former have been diminished by compensating the geometrical spreading.

The inversion is carried out using a multi-scale approach (Pratt et al., 1998). The starting
migration frequency band is 1-6Hz, which is increased by 1Hz at each iteration. The input
frequencies are controlled by a bandpass Iter applied to the wavelet and the data residuals
before the migration. Table 2.1 shows the frequencies employed at each iteration.

Table 2.1: Frequency strategy for the multiscale approach
| Iteration | Frequency band (Hz) |

1 1-6
2 2-7
3 3-8
20 20-26
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Figure 2.6: Example of three di erent migrated data residuals for the rst iteration. A
frequency band from 1-6Hz was used. The black curves represent the mute applied before
stacking.
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Figure 2.7: The stack of the migrated data residuals produces the gradient. (a) Gradient
with cross-correlation imaging condition for iteration 1. (b) Gradient with deconvolution
imaging condition for iteration 1.

2.4.3 Scaling the gradient

Two data-validation methods to scale the update direction, described in section 2.4, are
compared in this section. The rst method corresponds to Tarantola and Pica’s approach.
It is based on the minimization of the objective function with respect to the step-length and
only needs one extra forward modelling. The second approach implements a backtracking
line search and quadratic interpolation and needs at least two forward modellings. Five shots,
distributed across the model, are used for the computation. The step-lengths, derived by the
two methods, produce similar results. Figure 2.8a plots the velocity perturbation obtained
by Tarantola and Pica’s approach for iterations 1, 5, 10, 15 and 20. Figure 2.8b shows the
same for the backtracking method. Since both approaches produce similar step-lengths, the

resulting velocity perturbations are alike. An advantage of Tarantola and Picas’s method
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over backtracking is that the former has a smaller computational burden, as it is shown in
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Figure 2.8: Velocity perturbations for iterations 1, 5, 10, 15, and 20, obtained by scaling
the gradient using (a) Tarantola-and-Pica’s approach, and (b) backtracking line search and
quadratic interpolation.

2.4.4 Model updating

Recalling equation 2.1, the sum of the current model and the velocity perturbation generates
the updated model. Figure 2.10 shows this process for the rst iteration. In this case, | used
the update direction scaled by applying Tarantola and Pica’s method. The updated model

will be the input for the next iteration, as described in the work ow in Figure 2.2.
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Figure 2.9: Step-length computational time with iteration for (a) Tarantola and Pica’s ap-
proach, and (b) backtracking line search and quadratic interpolation.
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Figure 2.10: Model updating for iteration 1. (a) Initial model. (b) Velocity perturbation.
(c) Updated model = (a) + (b).

2.4.5 Results

The nal inverted model after 20 iterations, for a gradient scaled by Tarantola and Pica’s
method, is plotted in Figure 2.11a. Figures 2.11b-d show the inverted velocity at the location
of wl, w2, and w3 (simulated wells at the lateral positions of 2850m, 5150m and 8110m). The
synthetic example con rms the potential of FWI for recovering information of the subsurface

model from seismic re ection shot records. Figure 2.12a-b shows the comparison between
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the observed and the nal modelled shot records. The data residual, plotted in Figure 2.12c,
has been drastically reduced after 20 iterations. The standard RTM-based FWI uses all data
in the residuals: narrow and wide-angle re ections and refractions, which are minimized as
we iterate. | will use the model error and the data residual norms to analyze the inversion

results throughout this thesis. The model error is de ned as

P

E rrorm — thrue nXVinvertedj ; (2.59)

where nx is the number of lateral positions. The data residual norm is

K 3L tmax )
DRnorm = dtjpca(Xr; t;Xs)  Pobs (Xr; T Xs)j: (2.60)

r=1s=1 0

The error in the model and the data residual norms, plotted in 2.13a-b, continuously decrease
with iteration, showing that the process is stable and converge in this simple synthetic
environment.

Figure 2.14 shows the evolution of the inverted-model re ectivity amplitude spectrum
with iteration (red curve). The true-model (blue curve) and initial-model (discontinuous
black curve) re ectivity amplitude spectra are also plotted as a reference. The model re ec-

tivities were obtained by applying the de nition of normal-incidence re ection coe cient:

In+1 In
Rk=—"— 2.61
“ |n+1+ In ( )

where R, is the re ection coe cient of the nth interface, I, is the acoustic impedance
(I = density velocity = v) of the nth layer (Lines and Newrick, 2004). If density is

assumed constant, we have
__ Vn+1 Vi

Ry =
Vn+1 + Vp

(2.62)

We observed how the selected frequency bands gradually inject information until recon-

structing the meaningful frequencies of the true model. The frequency multiscale scheme
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shows to be stable during the process.
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Figure 2.11: (a) Final model after 20 iterations. (b) Inverted velocity at the location of W1.
(c) Inverted velocity at the location of W2. (d) Inverted velocity at the location of W3.
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Figure 2.12: (a) Observed shot record. (b) Modelled shot record after 20 iterations. (c) Data
residual = (a) - (b).

%1074

0.8
0.8

0.6
0.6

0.4

Error in model
Data residual norm

04
0.2

0.2 0
0 5 10 15 20 0 5 10 15 20

Iteration lteration

Figure 2.13: (a) Model error. (b) Data residual norms.

30



0

0

True

It=1 It=2 It=3 It=4 It=5
— — —Initial
v v v v Inverted
@20\ 20ty 20ty 200y 201y
»
F] i i
= \ e \ 8 ‘i
O 40 e 40 = 40 "= 40 = 40 ~ o
~ ~ ~ ~ ~
\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\
-60 -60 -60 60 -60
0 10 20 30 40 0 0 10 20 30 40 0 0 10 20 30 40 0 0 10 20 30 40 0 0 10 20 30 40 0
0 0 0 0 0
t=6 t=7 It=8 It=9 t=10
1 ) 1 1 )
1w -20 2011 -20 -20 201 %
©
2 1 1
H A A A A ‘.\
O 40 Sl -40 = -40 S 40 S -40 =
N SN SN SN SN
’’’’’’’’’’’’’’’’’’’’’’’’’’’
80 -60 -60 -60 -60
0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50
0 0 0 0
It=11 It=12 It=13 It=14 It=15
v v v
20 20ty 20ty 20 20y
»
F] i i
= h! A Y \ Yy
O 40 M -40 e -40 N 40 = -40 e
~ ~ ~ ~ ~
\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\
-60 -60 -60 60 -60
0 10 20 30 40 0 0 10 20 30 40 0 0 10 20 30 40 0 0 10 20 30 40 0 0 10 20 30 40 0
0 0 0 0 0
t=16 =17 It=18 It=19 It=20
v v v
1w -20 2011 201 -20 =20 1y
©
3 1 1
L A A \ \ v A
O 40 Ped -40 =T 40 = 40 Ty -40 =T
M \A’V~.-.<_, \P"‘f\\\, \F"v\.-\N_ \F"\q.\\_
-60 -60 -60 60 -60
0 1020 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50
Frequency {(Hz) Frequency (Hz) Frequency (Hz) Frequency (Hz) Frequency (Hz)

Figure 2.14: Evolution of the inverted-model re ectivity amplitude spectrum (red) with iter-
ation. The true-model (blue) and initial-model (discontinuous black) re ectivity amplitude
spectra are plotted as a reference.

How many shots are needed to compute the step-length?

In principle, we would have to employ all the available shots to compute the step-length
that scales the gradient, which may be time-consuming depending on the computational
resources. In this exercise, | take the rst-iteration update direction and compute the step-
length by employing a di erent number of shots. When one shot is used, it is located in the
middle of the model. When more than one shot is employed, the shots are distributed evenly
along the surface. The computed step-length with number of shots is plotted in Figure 2.15a.
The model error with number of shots is plotted in Figure 2.15b. The step-length and the
error in the model behave unstable when fewer than 20 shots are employed. In order to nd

out if these variations are meaningful, | compared the inverted model after 20 iterations for
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the scenarios when 5 shots and 83 shots are used (Figure 2.16a-b). The model error and the
data residual norms are plotted in Figure 2.17. The results show that whether we use 5 or 83
shots to compute the step-length is not relevant in regards to an impact on the nal result for
this small example, suggesting that the stability of the step-length and/or the model error
may not be a useful diagnostic. A condition, when selecting the number of shots for the
scaling process, would be to have enough shots that are able to sense the lateral variations
across the model.

When | used a reduced number of shots, the same set of shots was employed in each
iteration. Another possible approach would be to employ a di erent set of shots in each
iteration. This would be helpful for the usage of more information across the model, which

may be important for the case of complex models.
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Figure 2.15: (a) Variation of the step-length with number of shots employed for its compu-
tation. (b) Model error obtained with the step-lengths in (a). The computations correspond
to the rst iteration.

Multiscale approach

The local minimization nature of FWI and the oscillatory character of the seismic data leave
the waveform inversion exposed to cycle skipping. This phenomenon occurs when predicted
and observed data di er by more than half a cycle (Warner et al., 2013). As a consequence

of cycle skipping the inversion could become stuck in a local minimum. A good starting
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Figure 2.16: Inverted model after 20 iterations by using (a) 5 shots and (b) 83 shots to
compute the step-length.
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Figure 2.17: (a) Model error and (b) data residual norms by using 5 shots and all 83 shots
to compute the step-length.

model, as well as seismic data with enough low-frequency content, are needed to avoid this
problem. Pratt et al. (1998) showed that a multiscale approach can also help to mitigate
this issue. A multiscale approach consists in starting the inversion with low frequencies
and then introducing higher frequencies as we iterate. | have implemented a multiscale
inversion in the previous example. In this section, the previous result is compared to the
case when the inversion is carried out by employing all frequencies in each iteration. Figure
2.18 plots the inverted model for the multiscale approach and by employing all frequencies.
A close look at the inverted velocity in three di erent positions in the model shows a superior
performance of the multiscale approach. This is con rmed by the the model error and the
data residual norms for both scenarios, which are plotted in Figure 2.19a-b. When the

multiscale approach is applied, errors and norms tend to decrease with iteration, leading to
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an overall convergence. On the other hand, when all frequencies are used in each iteration,

the errors in the model and the data residual norms decrease at a higher rate in the

iterations, but after iteration 7 they become stuck.
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Figure 2.18: Result for a multiscale inversion: (a) inverted model, (b) inverted velocity at
location of wl, (c) inverted velocity at location of w2, (d) inverted velocity at location of
w3. Result obtained by employing all frequencies in each iteration: (e) inverted model,
(f) inverted velocity at location of wl, (g) inverted velocity at location of w2, (h) inverted

velocity at location of wa3.

2.5 Conclusions

The theoretical framework of full waveform inversion under a constant-density acoustic ap-

proach was presented. The work ow recovers the P-wave velocity model from re ection

seismic shot records. The process can be described as an iterative cycle that involves four

main steps. First, synthetic shots are modelled and subtracted to the observed shot records
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Figure 2.19: (a) Model error for the multiscale approach and by employing all frequencies.
(b) Data residual norms for the multiscale approach and by employing all frequencies.

to produce the data residuals. Second, the gradient is generated by applying reverse time
migration to the data residuals. A gradient-based step scheme was adopted as a consequence
of approximating the inverse Hessian matrix by the identity matrix multiplied by a scalar.
This simpli cation implies the necessity of preconditioning the gradient, which was done by
applying the \deconvolution™ imaging condition. The latter plays the role of the diagonal
terms in the approximate Hessian, i.e., it compensates for the geometrical spreading. In
order to avoid being stuck in a local minimum in the inversion, a multiscale approach was
carried out and (in my example) showed to produce superior results when compared to the
case when all frequencies are employed in each iteration. The third step consists in comput-
ing the step-length that scales the update direction to produce a velocity perturbation. Two
methods were compared, one based on minimizing the objective function with respect to
the step-length (Tarantola and Pica’s approach), and another one consisting in backtracking
line search and quadratic interpolation. Both methods produced similar results; however,
the former only needs one forward modelling which leads to a smaller computational burden.
Experiments on the number of shots needed to compute the step-length suggest that the op-
eration is more stable as more shots are included. However, the uncertainty introduced by
using only 5 shots did not have a signi cant impact on the nal result for the model used

in my example. I recommend employing enough shots distributed along the surface to allow
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sensing lateral velocity changes in the model. In the fourth step, a new model is obtained
by adding the velocity perturbation and the initial model. This new model is the input for
the next iteration. A numerical example with a shallow anticline model corroborated the

potential of FWI to estimate the subsurface velocity from seismic re ection shot records.
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Chapter 3

Waveform inversion with one-way

wave equation migration

3.1 Introduction

Virieux and Operto (2009), in their overview of FWI, pointed out that the di erence between
reverse time migration and full waveform inversion is that the seismic wave eld recorded at
the receiver is backpropagated in the former, whereas the data residual is backpropagated in
the latter. The RTM engine is commonly referred to in the process of the gradient calculation
(Ma et al., 2012; Liu et al., 2012; AlTheyab et al., 2013; Guitton et al., 2012). Following
this idea in the previous chapter, the FWI update direction was produced as the reverse
time migration of the data residuals. The high computational cost of this process, which
has to be iteratively repeated to update the model, represents an issue that may prevent
the application of waveform inversion on real seismic surveys, where thousands of seismic
shot records are commonly acquired. Therefore, nding alternatives to avoid the expense of
RTM as the gradient engine is a strong motivation, central to the current chapter. Tarantola
(1984) pointed out that the solution of the linearized seismic re ection inverse problem can be

obtained by using the classical methods of migration and forward modelling. Margrave et al.
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(2012a) retake this idea and propose iterative modelling, migration and inversion (IMMI),
which aims to incorporate standard processing tools into the FWI work ow. In this sense,
the gradient calculation can be performed with any convenient depth migration scheme, as it
is proposed by Margrave et al. (2010), who employed phase-shift plus interpolation (PSPI)
migration (Gazdag and Sguazzero, 1984). Gazdag and Sguazzero (1984) pointed out the
superiority of PSPI over other one-way equation methods based on nite di erences when
migrating events have 60° dips. PSPI has advantages and disadvantages when compared to
RTM, a two-way wave equation migration method. The computational e ciency of PSPI
and its relatively low memory requirements are important advantages over RTM (Etgen
et al., 2009). A major strength of using PSPI, or frequency-domain migration in general,
is the natural accommodation of frequency selection strategies which is very convenient in
a multiscale inversion approach (Pratt et al., 1998). In the numerical example in Chapter
2, the inversion was carried out by using bandwidths of 5 Hz, starting from low frequencies
and progressively increasing the frequencies as we iterate. Under this scheme, PSPI will
be signi cantly faster than RTM, because PSPI migrates each frequency independently and
the cost is directly proportional to how many frequencies are migrated. Another advantage
of one-way propagators is pointed out by Margrave et al. (2010). One-way depth-stepping
methods such as PSPI only correlate events moving down against those moving up, hence
not producing artifacts such as the ones originated during the cross-correlation process in
RTM. For example, events generated by the forward propagated source traveling in a certain
direction may coincide with events generated by the backpropagated data moving nearly in
the same direction. As these events are moving in the same direction, one cannot be the
re ection of the other, but the cross-correlation between them may generate artifacts and
produce a blurry character in the image (Margrave et al., 2010). Etgen et al. (2009) also
mention that the RTM image contains signi cant amount of interbedded multiple energy
and upward-scattered energy that may be considered as noise. A major advantage of RTM

over PSPI is that the former can handle any spatial velocity variation to produce all kinds of
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waves: re ections, refractions, di ractions, multiples (Etgen et al., 2009). This is important
in FWI, because RTM can use the diving waves to recover long wavelengths (Kazei et al.,
2013). Such disadvantage of PSPI will be discussed in Chapter 7, where | analyze the
sensitivity of the waveform inversion to the initial model.

The following questions will be addressed in this chapter:

1) How do the RTM and the PSPI migrated data residual compare?

2) How can we make the PSPI migrated data residual similar to the reverse-time migrated
data residual?

A single interface model will be used to answer these questions in a calibration exercise.
We will observe that the PSPI migrated data residual has a phase di erence with respect
to the RTM result. | will show that this phase di erence can be mitigated by applying two
approaches for the PSPI migrated data residual: a) by using the integrated source wavelet
to generate the source wave eld, or b) by using the original wavelet to generate the source
wave eld and then applying impedance inversion. In the latter approach, | assume that
the migrated stack approximates to normal-incidence re ectivity. The implications of this

assumption will be discussed.

3.2 Altering the update direction calculation

Having described an FWI1 work ow in Chapter 2, | next set up a speci c alteration in which
the update direction is generated with a one-way wave migration method, rather than using

the two-way wave operators in reverse time migration.

3.2.1 PSPI update direction

Following the ideas proposed by Margrave et al. (2012a), | make use of PSPI migration
to generate the update direction. PSPI is a one-way wave equation migration that works

in the frequency-space/wavenumber domain (Gazdag, 1978; Gazdag and Sguazzero, 1984).
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The stack of the migration of the observed shots recorded at the receiver locations produces
the migrated image (Im). The process consists in cross-correlating the upgoing receiver

wave eld (U,) and the downgoing source wave eld (Ds),

Z x>
Ime, = d! Ur(X; 1)Dg (X 1); 3.1)
S,r
where is complex conjugation. Margrave et al. (2010) showed that a deconvolution imaging
condition compensates for the geometrical spreading and generates a better estimation of
the re ectivity. The deconvolution imaging condition is given by

z
Ime = d > Ur(X; 1)Dg(x; ! _
T D6 DG )+ a

(3.2)

where is a small positive constant (typically 1%), and Imax = max[Ds(X; 1)D.(X; 1)].
X
In waveform inversion, we migrate the data residuals ( P = poss Pcal), SO that U, cor-
responds to the upgoing data residual wave eld ( U,) and the result is a re ectivity residual
( RY: .

Re g1 o U D6 1)

or Ds(X; DX 1) +  Imax

(3.3)

In the previous section, | showed that the reverse-time migration with a deconvolution
imaging condition in time domain applied to the data residuals produces a preconditioned
gradient. In this section, | will apply PSPI migration with a deconvolution imaging condition
in frequency domain, which produces re ectivity. This is shown in the following analysis:

In frequency domain, the deconvolution imaging condition is given by Claerbout (1971)

R =U=D; (34)

where R is re ectivity, U is the downward continued recorded wave eld and D is the down-

ward continued source wave eld (the upper cases imply Fourier domain). Equation 3.4 is a
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restatement of

U = RD: (3.5)

Equation 3.5 can be expressed in the time domain as a convolution,

u=r d; (3.6)

where the lowercase implies time domain. The deconvolution imaging condition in frequency
domain is directly related to the convolutional model, where the recorded wave eld is pro-

duced by the convolution between the re ectivity and the source wave eld.

3.2.2 Calibrating the PSPI migration of the data residual

The following numerical example has the purpose of comparing the result of migrating the
data residual by employing RTM and PSPI. This comparison will help calibrating the PSPI
result.

The single horizontal interface model and the homogeneous model plotted in Figure 3.1a
and b, respectively, were used for generating the observed and modelled shot records whose
di erence produce the data residual in Figure 3.3. Figure 3.2a plots the minimum-phase
wavelet that was propagated through the models in order to generate the shot records. A
fourth order nite-di erence modelling algorithm, assuming constant-density and an acoustic
framework, was used in the forward modelling process.

The result of migrating the data residual with a deconvolution imaging condition by
applying RTM and PSPI is shown in Figure 3.4. The original wavelet (Figure 3.2) employed
for generating the shot records, was used to produce the source wave eld in both cases. A
comparison within the normalized migrated trace from the middle of the section shows a
phase di erence (approximately -60°) between the RTM and the PSPI result. This phase
di erence is signi cantly reduced if we apply impedance inversion to the PSPI-migrated

data residuals (Figure 3.5). The impedance inversion integrates the migrated traces over
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depth. Alternatively, we can also use the negative integrated wavelet to generate the source
wave eld for the case of PSPI, and obtain a similar result (Figure 3.6).

In this thesis, | will generate the PSPI update direction by employing the original wavelet
to produce the source wave eld during the migration process and then applying impedance
inversion to the stack of the migrated shots. This approach assumes that the migrated stack
obtained by applying PSPI migration with a deconvolution imaging condition approximates
to normal-incidence re ectivity. The implications of this approximation will be discussed

later.
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Figure 3.1: (a) Single horizontal interface model. (b) Homogeneous initial model with the
velocity of the rst layer in the model (a).
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Figure 3.2: (a) Minimum-phase wavelet. (b) Amplitude spectrum.
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Figure 3.3: (a) Observed shot record obtained by propagating the wavelet in Figure 3.2
through the model in Figure 3.1a. (b) Modelled shot record obtained by propagating the
wavelet in Figure 3.2 through the model in Figure 3.1b. (c¢) Data residual = (a) - (b).

a) b)

0 0
500
01 F
400
021
300

03

4 €

0 T T
6 RTM
PSPI
01F
4 02fF

03

01r

0z2r

03[

200

04l — = 04

o
=
=
g8

0 05 [ 10 05

Phase shift[= -63°

Depth (km)
°
=

-100

o
®
T

06 06 F

200

o
3

07 o7k

o -300

o
@

08

08
400
0.9 F 0ok
-500
&
L . L . 1 L . L " 1 . L
1 2 3 4 5 o 1 2 3 4 5 -1 0.5 0 0.5 1
Lateral position (km) Lateral position (km) Amplitude

o
©

E

Figure 3.4: (a) Migrated data residual by applying RTM and using the wavelet in Figure 3.2
to generate the source wave eld. (b) Migrated data residual by applying PSPI migration and
using the wavelet in Figure 3.2 to generate the source wave eld. (c) Normalized migrated
trace taken from the middle of the section for RTM (blue) and PSPI (red).

3.2.3 Impedance inversion

Since the re ectivity residual is estimated after applying PSPI migration with a deconvolu-
tion imaging condition to the data residuals, we require an impedance inversion in order to
derive the impedance update, which corresponds to a velocity update in the constant density

acoustic approximation.
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Figure 3.5: (a) Migrated data residual by applying RTM and using the wavelet in Figure 3.2
to generate the source wave eld. (b) Migrated data residual by applying PSPI migration,
using the wavelet in Figure 3.2 to generate the source wave eld and applying impedance
inversion. (c) Normalized migrated trace taken from the middle of the section for RTM
(blue) and PSPI (red).
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Figure 3.6: (a) Migrated data residual by applying RTM and using the wavelet in Figure 3.2
to generate the source wave eld. (b) Migrated data residual by applying PSPI migration and
using the negative of the integrated wavelet in Figure 3.2 to generate the source wave eld.
(c) Normalized migrated trace taken from the middle of the section for RTM (blue) and
PSPI (red).
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We start from the de nition of the normal-incidence re ectivity normalized by z

R(z) = Iz+) 1z )

e+ HHIE A2

(3.7)

where I(z + -*)and I(z %) are the impedances above and below the interface, and R(z) is
the re ectivity at the interface. The term z that appears in the divisor part in equation 3.7
is explained by Waters (1987), who pointed out that the re ection coe cients are obtained
at constant sampling rates. They really represent the product of the re ectivity and the
sampling rate.

Assuming small impedance contrast, equation 3.7 can be approximated as

1@) .

R(2) = Q@) 7 (3.8)
Rearranging equation 3.8
1) _ .
@ z_ 2R(2); (3.9
if this di erence is considered to be in nitesimal, using
d 1du
d—ZlogU = ad—z, (310)
we can rewrite equation 3.9 as
dlog 1(z) = 2R(2)dz; (3.11)
which is integrated to obtain
Z z
logl(z) =2  dz'R(z") + log ly: (3.12)
0
Raising e to the power of the right-hand side, we nally arrive at
R, 0
1(z) = 1,6@ o 92RED: (3.13)
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Three ways of applying equation 3.13 are considered:

1. Impedance inversion in depth domain, in which case we integrate the re ectivity in

depth domain as it is stated in equation 3.13.

2. Impedance inversion in time domain, in which case we integrate the re ectivity in
time domain, requiring to convert the re ectivity from depth to time by employing the

velocity model. Depth and time are related through two-way propagation via

Z dz’
t(z) =2 i v(zO): (3.14)
Thus, the time expression of equation 3.13 is
Rt
1(t) = 15e@ o dRED), (3.15)

3. Impedance inversion in frequency domain, in which case the re ectivity is integrated
in the frequency domain, according to Waters (1987), Ferguson and Margrave (1996).

The re ectivity in frequency domain is expressed as
R(1) = F[(R(Y)] (3.16)

where the () speci es a variable in frequency domain, and F () is a Fourier transform
operator. The integration of the re ectivity is done through spectral division by the

rst power of frequency and an appropriate phase shift

Z, .
dRE) =F R | (3.17)
0 -

where F () is the inverse Fourier operator. Thus, the impedance inversion is

() = e & ROT . (3.18)
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The impedance inversion in depth, time and frequency domains (equations 3.13, 3.15, and
3.18) were compared using a 1D synthetic example. We assumed constant density, so that
the impedance inversion produces velocity as an output. The true and initial velocities are
plotted in Figure 3.7a, and their correspondent re ectivities are plotted in Figure 3.7b. The
re ectivity residual ( R ), i.e., di erence between the true and initial re ectivity, is plotted
in Figure 3.7c. Figure 3.7d shows the re ectivity residual with random noise (S/N=5).

The update direction is obtained in a two-step process that consists in applying impedance
inversion to the re ectivity residual (Imp( R)) and subtracting the mean value of Imp( R).
The latter operation preserves the relative velocity variations. The velocity perturbation is
produced by scaling the update direction. In this case, | directly computed a scalar that
minimizes the di erences between the update direction and the velocity residual (true - ini-
tial velocities). The updated velocity model is the sum of the velocity perturbation and
the initial model. The updated velocities computed from the re ectivity residual with and
without noise are plotted in Figures 3.8a-b. The indexes 1, 2 and 3 correspond to the inte-
gration part in depth, time and frequency domains, respectively. The inverted velocity error
is plotted in Figure 3.9. The results with no noise show that the implementation in depth
domain is able to reproduce better the true velocity; however, in the presence of noise, the
frequency domain implementation is more stable and produces the best result. For this rea-
son, I chose to employ the impedance inversion in the frequency domain when implementing

the waveform inversion with one-way wave equation migration.

3.3 Numerical example

The synthetic data set used in the numerical example in Chapter 2 is employed in this
section in order to compare the PSPI to the RTM update direction in the rst iteration. An
example of the application of PSPI migration with a deconvolution imaging condition to the

data residuals is plotted in Figure 3.10a. The same is plotted for the case of RTM in Figure
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Figure 3.7: (a) True (blue curve) and initial (red curve) velocities. (b) True (blue curve)
and initial (red curve) re ectivities. (c) Re ectivity residual = true re ectivity - initial
re ectivity. (d) Re ectivity residual with random noise.

3.11b. The amplitudes have been normalized to facilitate the comparison. Although there
are changes in the amplitude across the model, the most relevant di erence is the phase
shift (similar to what was reported in the calibration exercise). This is better described
in Figure 3.11a, where a trace located in the middle of the model is plotted for each case.
Figure 3.11b plots the result of applying impedance inversion to the PSPI-migrated data
residuals (red curve), and compares this curve to the result of applying RTM (blue curve).
The phase di erence of the PSPI update direction with respect to the RTM update direction
has been reduced, and we can proceed to scale the PSPI update direction by using a line

search method to obtain the velocity perturbation.
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Figure 3.8: Velocity updates (red curve) computed from a re ectivity residual (a) without
and (b) with random noise. The indexes 1, 2 and 3, correspond to the integration part in
depth, time and frequency domains. The blue curve represents the true velocity update, i.e.,
the di erence between the true and initial velocities.
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Figure 3.9: Velocity error for the scenarios without and with noise. The depth, time and
frequency domain implementations are plotted in blue, red and orange, respectively.

49



a)D b)D .

L W
0.2 1 0.2 F “\M/
F / 05
Eua A . ¥ - 0.4 - a .
H S - !
806 1 0.6 ‘

08 08 - o

-~
I 1 2 3 4 5 6 7 8 9 10 I 1 2 3 4 5 6 7 8 9 10 I

Lateral position (km) Lateral position (km)

Figure 3.10: (a) Normalized data residuals migrated with (a) PSPI and (b) RTM.
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Figure 3.11: (a) Migrated data residual for PSPl (Stk[Migpspi( p)]) and RTM
(StkiMigrtm( p)]). (b) Migrated data residual for PSPl with impedance inversion
(Imp[Stk[Migpsp i ( p)]]) and migrated data residual for RTM (Stk[Migrrm( p)]). Stk(),
Mig() and Imp(), indicate stack, migration and impedance inversion operators, respec-
tively.

3.3.1 Scaling the PSPI update direction

The data validation technique based on Tarantola and Pica’s approach (Section 2.3.1) was

employed to scale the PSPI update direction. In this case, the update direction already has
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model units after applying the impedance inversion, so that the step-length is dimensionless
as it is shown next.
Recalling equations 2.45, 2.46 and 2.47 stated in Section 2.3.1, the step-length , the

derivative operator F and are

_ [F P[Pobs  f(M)],
[Fk «PIFc «]

fme+ ) f(my),

F k—ll!na

r-<m'm >
=0:05 ———X":

Kok
Denoting the units operator by [ ]y, we have that the units of are

s

[lu=

M2, _ [ml,
[ 7 [l

= [1]u: (3.19)

On the other hand, the units of the operator F applied to  are

_ [data], _ [data], ]
[F ]u - []u - [1]u - [data]u- (3'20)

Finally, the units of | in equation 2.48 are

_ [data],[data], _ [data?],

[kl = [Gatal, (datal, — [data?l, — M (3.21)
The units that result from multiplying by  are
[ « o =Ml Ju=I[m]; (3.22)
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the model units.

3.3.2 Inversion work ow and results

The work ow that incorporates the PSPI update direction is shown in Figure 3.12. The
main changes, concerning the FWI work ow in Chapter 2 (Figure 2.2), are highlighted in
red boxes. The depth-to-time and time-to-depth conversions are accomplished by using the
current velocity model. The scalar , which multiplies the update direction to produce the
velocity perturbation, was computed by Tarantola and Pica’s approach (section 2.3.1). The
same multiscale approach, implemented in the example shown in Chapter 2, was applied
so that low frequency bands are migrated in the rst iterations and higher frequencies are
introduced as we iterate (Table 2.1). The inverted model after 20 iterations for the RTM
and the PSPI cases are plotted in Figures 3.13a and 3.13e, respectively. Figures 3.13b-d
plot the inverted velocity at the lateral position of well wl (2840m), w2 (5140m) and w3
(8100m) for the RTM case. The same is plotted for the case of PSPI in Figures 3.13f-h.
Apparently the outcomes are similar; however, the comparison between the data residual
after 20 iterations (Figures 3.14c and 3.14f) reports signi cant di erences that are more
evident in the comparison of the model error and the data residual norms plotted in Figure
3.15a and 3.15b.

We observe that the data residuals are signi cantly a ected by the rst arrivals that
include the direct wave, refracted waves and diving waves. These waves are handled by RTM
migration, which incorporates long wavelength information from the diving waves (Kazei
et al., 2013), improving in turn, the forward modelling of the rst arrivals producing smaller
data residuals. On the other hand, PSPI uses mainly primary re ections to reconstruct the
velocity model, which limits its capability to recover low frequency components. Without
such information the rst arrivals are not properly modelled and diminished in the data
residuals. This aspect will be further analyzed in Chapter 7.

Another aspect that explains the poor performance of PSPI is the remnant phase dif-
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