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Abstract

Least-squares reverse time migration (LSRTM) and full waveform inversion (FWI) can both
provide an image of the subsurface. In this thesis, | investigate the connections and di er-
ences between LSRTM and FWI, both in time and frequency domains in acoustic media.
Generally, LSRTM can be treated as the inner loop of the FWI algorithm and solved in the
image domain. Di erent from FWI, LSRTM uses re ection data and requires an accurate
operator since linearization implies the operator (Born modeling) is independent of the model
(re ectivity). FWI uses diving waves and re ection data and is more robust to velocity er-
rors in the initial model because the operator is itself and changed during the optimization.
Comparing implementations domains, LSRTM in the frequency domain is relatively easier
to formulate than in the time domain. It has the advantage that the wave eld is solved si-
multaneously for many shots. Unfortunately, the frequency domain formulation becomes too
expensive in 3D surveys in terms of memory requirements. Modern implementations of time
domain LSRTM require less computer memory and are more e cient than the frequency
domain for the 3D case. A similar situation happens for the FWI problem. One advantage
of the frequency domain FWI is the easy formulation for the multigrid method. For this
approach, updates of the velocity model start from the low frequency components, which

can correct the model in the rst several iterations and make the result more accurate.
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Chapter 1

Introduction

The seismic methods in exploration geophysics often consist of two parts: the forward prob-
lem and the inverse problem. The forward problem is to obtain the seismic wave elds or data
from the wave equation and the earth model parameters. Conversely, getting the geological
structures or the earth model based on the seismic data and wave equations is the inverse
problem. The success of seismic interpretation depends on whether or not we can approx-
imate the true structure from a physical model and e ectively solve the inverse problem.
Figure 1.1 shows the relationships between model and data. In the following sections, | will

introduce the forward and inverse problems and commonly used methods for these problems.

Forward problem

ﬁ
b

Inverse problem

Figure 1.1: Forward problem vs. Inverse problem



1.1 The forward problem

Seismic waves are waves of energy which travel through the earth’s layers and the wave elds
can be recorded by geophones. The wave equation describes how seismic waves travel through
the earth when one has the sources incited on the surface. The seismic waves can be classi ed
as surface waves, which travel at or near the earth’s surface and body waves, which travel
through the earth. According to the particle motion, there are two types of body waves:
primary waves (P-waves) and secondary waves (S-waves). The waves which are mainly
discussed in the thesis are P-waves, where the particles oscillate in the same direction as
the waves propagate. The forward problem in exploration seismology, as mentioned before,
converts the earth model parameters into seismic data by the wave equation in exploration
seismology. There are many solutions to wave propagation problems and two important
techniques which are used in forward modeling are the nite-di erence method and the
nite-element method (Koslo and Baysal, 1982).

In this thesis, the nite-di erence methods are used to solve the forward problem, both
in time and frequency domains. The solutions to wave propagation problems by nite-
di erence methods received considerable attention in 1970s (Boore, 1970) and the nite-
di erence equation formulation for the equations of elasticity was presented and applied to
the problem of a layered half-space with a buried point source emitting a compressional
pulse (Alterman and Karal Jr, 1968). Alford et al. (1974) discussed the accuracy of nite-
di erence modeling of the acoustic wave equation and Virieux developed a simulation of
P-SV wave modes (Virieux, 1986), followed by a fourth-order accurate space, second-order
accurate time, two-dimensional P-SV nite-di erence scheme (Levander, 1988). However, al-
though nite-di erence method is widely used in seismic wave eld simulation, the accuracy
and stability should be considered carefully. A recipe for stability of nite-di erence wave
equation computations is derived in Lines et al. (1999), which provides proper space and
time sampling for the nite-di erence computations. Another problem that nite-di erence

solutions have is arti cial boundary re ections. An absorbing boundary condition is devel-



oped by Clayton and Engquist (1977), which addresses the wave propagation in a limited
area and described physical behavior in an unbounded domain. Because of their e ciency,
coding simplicity and easy parallelization in decomposition techniques, these schemes are
often developed as time domain methods. Compared with time domain methods, frequency
domain nite-di erence methods for inversion in seismic exploration started to develop in
the early 1990’s (Pratt, 1990) but met many di culties with solving linear systems. For 2D
problems, LU decomposition is an e ective method to solve the Helmholtz equation with
multiple sources. Ajo-Franklin provided a detailed formulation of scalar Helmholtz equation
in 2005 (Ajo-Franklin, 2005). In this thesis, | use nite-di erence methods to solve the wave

equation for seismic inversion and migration, both in the time and frequency domains.

1.2 The inverse problem

The nal goal of seismic surveys is to obtain structures or physical parameters of the sub-
surface consistent with acquired data. Obtaining the structures of subsurface without any
physical parameters is seismic migration and reconstructing earth properties, i.e., wave ve-
locity or density, from seismic data is seismic inversion. The inverse problem has been devel-
oped during the last decades by many applied mathematicians and geophysicists. Claerbout
(1971) proposed a scheme of mapping the re ectors from a single formula involving up and
downgoing waves. Lailly (1983) and Tarantola (1984) recognized that the inverse problem
could be solved iteratively by calculating a gradient obtained by back-propagating the data
residuals and correlating the result with forward-propagated wave elds. This is in fact,
equivalent to migration of the data residuals at each iteration. Seismic waveform inversion
in the frequency domain was started in the 1990s by Pratt (1999). These techniques that
seek to invert seismic data utilizing both phase and amplitude of the seismic traces are
known as full-waveform inversion (FWI). In FWI, a full-wave equation modeling is required

at each iteration and all wave types can be involved (Virieux and Operto, 2009), although



often e ciency and robustness require a simpli cation of the data and modelling operators.
FWI uses steps that are commonly applied in seismic processing/inversion. It can be viewed
as an iterative scheme involving forward modeling, pre-stack migration, impedance inversion
and velocity updating in each iteration (Margrave et al., 2010).

Seismic migration can be divided into two classes, ray based migration and wave equation
based migration. As a wave equation based two-way migration method, reverse time migra-
tion (RTM) was proposed in 1980s, but because of its high computational cost it did not
become practical until after 2000. Because it is a two-way migration method, it represents a
signi cant improvement over computationally cheaper one way migration algorithms. This
characteristic gives RTM higher accuracy than other methods for imaging of steep dips. Be-
cause of the progress of computational technology, RTM has become nowadays in one of the
most important migration algorithms, in particular for complex structured environments.

In general, migration algorithms can be seen as an approximated inverse for data mod-
elling. In fact, they usually are very similar to what is known as the adjoint operator for
the modelling operator (Claerbout, 1992). During seismic processing and inversion, often
linear operators are used in geophysical modelling calculations to predict data from models.
A common task is to nd the inverse of these calculations, i.e., given the observed data, nd
a model that can predict these data. For linear operators, it is possible to use iterative algo-
rithms which require forward and adjoint operators to solve the inverse problem (Claerbout,
1992). Although in general these adjoint operators are di erent from the inverse operators,
often they approximate the inverse quite well and are more stable and faster.

However, because migration methods are only approximations to inverses, they do not
necessarily produce accurate re ectivities, in particular for amplitudes. To compensate these
errors, many complicated weighted schemes are often applied. Alternatively, many migration
algorithms like RTM can be solved by applying a least-squares scheme known as least-squares
migration (LSM). When Born modelling by nite di erences is the main engine driving the

forward modelling, LSM becomes least-squares RTM (LSRTM).



Least-squares migration (LSM) is an alternative to migration that can, potentially, reduce
migration artifacts and improve lateral resolution. It was rst proposed by Schuster (1993),
and applied for the rst time to a real data set by Nemeth et al. (1999). Since then, much
research has been done on this topic although its application to real data by industry remains
elusive. LSM is often formulated by considering migration as a linear problem, which is a
common approximation in seismic processing if multiple re ections are not considered. This
approach involves a conceptual separation of the velocity model into a background velocity
(keep unchanged during LSM) and a detail velociy variation (re ectivity) which is modi ed
during the optimization. During iterations, LSM seeks to match the observed data by
predicted them from the re ectivity which is updated at each iteration.

With this somewhat arti cial separation of velocities on background and detail, LSM
methods are posed as linear problems. However, strictly speaking, observed data depend
non-linearly on earth parameters. FWI does not use this separation so behaves as a nonlinear
method. Just like LSM, uses all information in the seismogram to get the earth model but
because of its non-linear nature involves complications not seen for LSM. Boths, LSM and
FWI involve the minimization of square objective function for the observed and synthetic
data but their model de nitions are di erent. Both require to nd the minimum of an
objective function but they do so with di erent assumptions. LSM assumes the operator
that predicts the data has no errors and tries to decrease the prediction error (cost function)
by changing the model (re ectivity). FWI assumes the operator that predicts the data
has to be changed to decrease the cost function by modifying the velocities in full. In
both cases, model perturbations (re ectivities and velocities respectively) are calculated by
some optimization algorithm. The interesting link between these two approaches is that the
direction on which corrections have to be applied (gradient) are calculated by migration. In
this thesis, | review the theories of LSM for the particular case of LSRTM and FWI and
compare them to nd the relationship and use numerical examples to illustrate the merits

and weakness of each method.



1.3 Thesis overview

This thesis can be summarized in one gure (Figure 1.2) which will become clear after
the discussions on the di erent chapters. | compare and implement LSRTM and FWI in
both time and frequency domains. The cross-correlation (1) and deconvolution (l4) imaging
conditions are applied to each RTM scheme with least-squares solutions provided. After
this, I implement FWI in the frequency and time domain respectively.

In chapter 2, | described the nite-di erence solution of the wave equation in the time
domain and compare RTM vs LSRTM images using cross-correlation imaging condition. A
conjugate gradient algorithm with forward modelling by time domain Born approximation
and adjoint by time domain RTM is used to obtain the LSRTM results.

In chapter 3, I illustrated the formulations of RTM and LSRTM in the frequency domain.
The impedance matrix can be solved by the lower-upper (LU) decomposition. | derived the
cross-correlating imaging condition in the frequency domain and used the Marmousi model
to test the result.

In chapter 4, | connected LSRTM with FWI in the frequency domain and showed the
equivalence between the gradient of the FWI objective function and the cross-correlating
imaging condition in RTM. Also, | solved LSRTM in the imaging domain based on FWI.

In chapter 5, | gave an example of time domain FWI and compare the two methods of
FWI in di erent domains using the same experiment setup.

In chapter 6, | derived the cross-correlating, illumination compensation and deconvolution
imaging condition and compared these di erent imaging conditions in di erent domains

respectively.
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Chapter 2

Reverse time migration in the time

domain

2.1 Overview

Reverse time migration (RTM) was introduced in 1980s and is now widely used in seismic
exploration for subsalt imaging of re ectors. As a two-way migration method, it has more
accuracy on re ector amplitudes and imaging of steep anks. RTM can be implemented
both in the time and frequency domains. In this chapter, I will illustrate the solutions to the
acoustic wave equation in the time domain and discuss the function of the adjoint operator
in migration. The least-squares solution to the RTM in the time domain is shown in the

nal section of the chapter.

2.2 Acoustic wave equation and solution

2.2.1 Finite-di erence method

Acoustic waves are a special case of seismic waves, which travel with the speed of sound in

the medium. As a kind of longitudinal waves, the particles oscillate along the same direction



of the propagation. The acoustic wave equation with variable density (x) and bulk modulus

(X) in the time domain is

1 o 1 Q%u(x;t;Xs) _ .
r (wru(x,t,xs)) ) e = (Xt Xs) (2.1)

where u(X;t;Xs) is the pressure wave eld, with shot index Xs, r is the rst order spatial

derivative and T(X;t;Xs) is the source term. If we change the parameterization to wave

velocity with s
(%)
V(X) = —_— (22)
()
and assume the density is constant, we obtain the 2D acoustic wave equation with constant
density as
1 @%u(XtXs)
rau(x;t; = f(xt; 2.3
u (X XS) V2 (X) @t2 (X XS) ( )
@ @
where r2=r r = g + a2 in 2D case with velocity term v?(x). Based on equation

(2.3), when we know the velocity of the medium and the source function, we can solve for

the pressure wave eld u(x;t;Xs). There are many solutions to wave propagation problems

and two important techniques which are used in forward modeling are the nite-di erence

method and the nite-element method. Here | use the nite-di erence method to solve for
0* , 0

equation (2.3). If we write r2 = o ez in equation (2.3) with one shot

Q?u(xit) | Qu(x;t) 1 Q%u(xt) _

0x? @z2 v2(x) @t2 T 1); (2.4)

the two spatial derivatives and the time derivative can be discretized into

@2u(x;t) _ u(x+ x;z;t)  2u(x;z;t) + u(x X;Z;t)
ax2 X2

+0O( x?) (2.5)



@2u(x; t) _ u(x;z+ z;t)  2u(x;z;t) +u(x;z z;1)

022 . +0( 2% (2.6)

Q%u(x;t) _u(x;z;t+ t)  2u(x;z;t) +u(x;z;t t)
etz t2

+0( 1) 2.7)

using a 5-point scheme(Figure 2.1) so that the wave eld at the time t+ t can be computed
by the wave eld at time t and t t. For more accuracies, the spatial derivative can be also

discretized by the 9-point scheme(Figure 2.2):

Q%u(x;t) _ 1 . . .
e "D x2[ ux+2 x;z;t)+16u(x+ x;z;t) 30u(x;z;t) 28)

+ 16u(x x;z;t) u(x 2 x;z;t)]+0( xY

Q?upxt _ 1 . . . . -
kT Sl uCcz+2 Z+16u(iz+ z;1)  30u(x;Z;1) 29)

+ 16u(X; z z;t) u(x;z 2 z;©)]+0( z%:

X, Z-AZ
L ]

X-Ax,Zz X Z
o—@ @ ’ —0—@
X+AX, Z

X, Z+AZ @

Figure 2.1: A stencil of 5-point nite-di erence scheme
However, the nite-di erence operators are only approximations to the partial derivatives
and with the increasing of time, the errors accumulate and produce unstabilities resulting in

amplitudes growing without bound. According to Lines et al. (1999), a criterion for stability

10
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® XZ+2Az

Figure 2.2: A stencil of 9-point nite-di erence scheme

is given by the condition

Vmax
h

6 192?1 (2.10)

where Vimax IS the maximum velocity of the model, a is the sum of the absolute values of the
weights of the spatial derivatives. For simplicity, it is common to set X = z = h. With
this assumption, the second-order partial derivative in the 2D case using a 5-point scheme

(1; 2;1) has the following stability condition:

2 "1
Vmax t
6 p—-~—= 211
h T 2(1l+2+1) 2 (2.11)
For a 9-point scheme, we obtain:
2 "3
t
Vmaﬁ 6 g = = (2.12)
2[5(1+ 16 + 30 + 16 + 1)]

Another phenomenon that is common to see in the nite-di erence method is dispersion
produced by coarse grid spacing. If the cell size is too large in comparison with the wavelength

of the source, waves will disperse with increasing travel time. Usually, for the second order

11



approximation, a minimum of 10 cells are needed for one wavelength, which can be computed

by the wave velocity and the dominant frequency of the wavelet.

2.2.2 Boundary conditions

Boundary conditions are a set of additional constraints for a di erential equation. We assume
the Earth as a half space so there are no re ectors at the model boundaries. Therefore, it
IS necessary to develop boundary conditions which eliminate the boundary re ections. The
absorbing boundary condition was proposed by Clayton and Engquist (1977) and Engquist
and Majda (1977). Following Yang (2014), in the time domain wave eld simulation in
this thesis | use the sponge absorbing boundary condition, which attenuates the re ections

exponentially in the extended arti cial boundary (Cerjan et al., 1985) using the factor
d =exp( [0:015(n, )?]) (2.13)

where d is the decaying factor, n, is the thickness of the sponge boundary and i is the index
of the boundary grids. When i = ny, the grid is in the inner side of the extended arti cial
boundary where there is no attenuation of the amplitude and when i = 0, the grid is in the
outer side of the extended arti cial boundary and the attenuation reaches maximum. Figure
2.3 shows a scenario with arti cial boundaries. A;A;AzA, is the original model size and

B1B,B3B;, is the extended arti cial boundary.

2.2.3 The source function and wave eld examples

A Ricker wavelet can be used as the source term :

f)=(1 2 2f,2t)e ‘™ (2.14)

12
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Figure 2.3: The sponge absorbing boundary condition (Yang, 2014)

where t is the time, which can be discretized as a time series and f,, is the dominant
frequency of the wavelet. Figure 2.4 is an example of the Ricker wavelet with dominant
frequency f,, = 15Hz.

Here is an example of wave eld simulation by the 5-point scheme at t = 0:2s and t = 0:4s.

2.3 Born modeling and RTM

Under the Born approximation, the velocity model can be split into a smooth part vy and a
singular part v

V=Vo+ Vv (2.15)

and correspondingly, the acoustic wave eld can be split as

Uu=up+ u (2.16)
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Figure 2.4: Ricker wavelet with T, = 15Hz

Vo represents the long-wavelength smooth background velocity model and v is the short-
wavelength velocity model, which contains the singular features. This short-wavelength
component will produce re ections and contains high resolution features, which is the main
object of LSRTM. By u | denote the wave eld generated by the true model v, and ug is the
background wave eld generated by the long-wavelength components vp.

Using the Taylor’s expansion, we have

1 1 1 2 v(X)
V(X)) o)+ V)R VE(x)  v3(X)

+ O( V?): (2.17)

If we neglect the higher order term O( v?), and substitute equations (2.16) and (2.17)

into equation (2.3), we have

1 2 v(X), 02
Vi) V09 e

( r? [uo(X;t;xs) + u(X;t;Xs)] = F(X;t; Xs) (2.18)

Rearranging equation (2.18) and considering that u(X; t; Xs) is weak, we have the incident

14
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(a) The wave eld at t =0:2s

Acoustic wavefield
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(b) The wave eld at t = 0:4s

Figure 2.5: An example of wave elds by 5-point nite-di erence scheme
wave eld
1 @?

V03 0 r’ uo(x;t) = F(X;t;Xs) (2.19)
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and scattered wave eld

1 0 . 2 v(x) @2
V2(X) 012 r°oou(xt) V() 0 Uo(X; t; Xs) + U(X; t; Xs)] (2.20)
2 v(X) o _ _ _
where VIS represents re ectivity scaled by the background velocity. We can see in this
0

equation how the scattered wave eld can be obtained by the action of the second time

derivative of the incident wave eld acting on the re ectivity. If we assume v is small, then
2 v(x) 0°
v§(x) @t

Uo(X; t; Xs). Under the

the perturbative wave eld u generated by v isalso small and the term
2 v(x) 07
v§(x) @2
Born approximation, the scattered wave eld is considered very weak. Therefore,

u(x; t; Xs)

on the source side of equation (2.20) is much smaller than
2 v(x) @

u(x; t) quo(x; t; Xs): (2.21)

1 @2 9
oee

For the incident wave eld ug, the wave eld is generated by the source f(X;t;Xs) in the
2 v(x) @2
Vi(x) 0r
wave eld in the same background model. This process of calculating the perturbative wave-

background model vo(x) while the source changes to

Uo(X; t; Xs) for the scattered

eld u is Born modeling.

Now let us look at the RTM process. According to Claerbout (1971), re ectors exist at
the points where the rst arrival of the downgoing waves is the same as the upgoing waves.
In other words, on a re ector downgoing and upgoing waves are coincident. This is called the
imaging condition. RTM migrates the data by cross-correlating two wave elds at the same
depth level at a given time, one is in the forward recursion and the other one in backward
recursion (Symes, 2007). Therefore, a commonly used imaging condition is

XX
Mmig(X) = dix; Hux; T b); (2.22)

Ns Nt
where ng is the number of shots, n; is the number of time series, d(x;t) is the downgoing

wave eld and u(x;T t) is the upgoing wave eld. Equation (2.22) represents the cross-
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correlation imaging condition. We will illustrate this using the 2D velocity model in Figure
2.6. The model is discretized using 300 points in the vertical direction and 1000 points in
the lateral. The grid spacing is 8m for both directions. The velocity of the upper layer is

3000m/s and the lower layer is 4000m/s and we assume the density is constant.

True model

4000

3800

§, 3600
-
o

) 3400
(=]

2000 3200

3000

2000 4000

Distance (m)

Figure 2.6: The 2-layer model

We set 334 receives with spacing 24m and 10 shots with spacing 800m on the surface.
A Ricker wavelet with a dominant frequency f,, = 20Hz is used as the source. The RTM
result is shown in Figure 2.7. The re ector is constructed by the cross-correlation of the 2
wave elds, downgoing from the source side and backpropagated upgoing from the receiver

side.

The image su ers from some low frequency artifacts but this can be solved, among other

2
techniques, by applying a Laplacian Iter @— @— to the result. This process is described

@X@

as

@21(x; 2) @Zl(x;z)_

1(x;2) = 0 022

(2.23)

where 1(x; z) is the image to which we want to apply Itering. The Itered result is shown

in Figure 2.8. We can see that low frequency artifacts are supressed although certainly some
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Figure 2.7: RTM result of 2-layer model

low frequency signal will also be lost. That is why much research is ongoing on the eld of
seismic imaging to develop other imaging conditions that can attenuate the low frequency

artifacts without signal loss.

2.4 The least-squares process

The goal of the least-squares scheme is to nd a re ectivity model m(x) that can predict
the data with minimum error. In the case of least-squares we use an |, norm to measure the
size of the prediction error. This error is quantized in a cost function for which we try to
nd a minimum.
Before discussing the algorithm we use to nd the minimum of the cost function, I will
introduce the adjoint operator which is required. In LSM we use a linear operator to predict
the data from a re ectivity model. The operation adjoint to multiplying by a matrix is

multiplying by the transposed matrix. If a matrix has complex element, the conjugate

18



Distance (m)
BQOO 40pO 50pO 60pO 7090

¥ ¥ ¥

0

0 1QOO ZOPO

' ¥

1000 590

Depth (m)

1500

2000

RTM
Figure 2.8: RTM result of 2-layer model after Laplacian
transpose is needed (Claerbout, 1992). In mathematical form, an adjoint operation could
be:

y = Bx (2.24)
x = Bly (2.25)

where B' is the conjugate transpose of B.
We could get the model by solving the inverse operator of this process. However, in
general the inverse of the operator can be di cult to obtain. Fortunately, we could use

adjoint operator to get approximate models. The objective function of LSRTM is

(m)=jjd Lmjj (2.26)

where L is the linear Born modeling operator, which is adjoint to the migration operator.
The work ow for the least-squares scheme is shown in Figure 2.9. The observed data would

generally be obtained by acquisition but in this example are simulated by nite di erences
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from the true model. They can be migrated by the RTM operator LT to get the re ectiv-
ity model m. Using the Born modeling operator L, the re ection data is computed. By
iterative minimizing the data residual and stacking all images for every iteration, we pro-
duce the least-squares image. In Figure 2.9, the background model mg, which is usually a
smoothed model, is used to generate forward and backward propagating wave elds during
each iteration. The loop is marked as the red box with a dash line. Table 2.1 shows the rst

3 iterations of the least-squares process.

Table 2.1: The least-squares process of the rst 3 iteration
m;=LTd=L"d(l LL")®
dl =LMm; = LL"d
ry = d dl = (I LLT)d
my, = LTrl = LTd(l LLT)l
dy=Lmy,=LLTd(l LLT)
o =1r, d2 = (l LLT)Zd
ms = LTr2 = LTd(l LLT)2

P
The Neumann series is k1=0 Ak, where A is a bounded linear operator in the space X
(Schuster, 2017). The Neumann series has the property:
X

(1 A= Ak (2.27)
k=0

where 1 is the identity operator in X. The result of the least-squares algorithm is

m=m+my+mg+ =L"d (I LTL)X (2.28)
k=0

According to the property of Neumann series, this process can be treatedasm = (LTL) L"d,
which can provide a better result of re ectivity m.

I use the Marmousi model (Versteeg, 1994) and the implementation by Trad (2018)
written in the open source software Madagascar (Fomel et al., 2012), as an example to show

the time domain LSRTM scheme. Figure 2.10 shows the true velocity model. There are
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Figure 2.9: LSRTM work ow in the time domain

351 points in the vertical and 1151 points in the horizontal direction and the grid spacing
is 8m. The velocity ranges from 1500m/s to 5500m/s. | set 384 receivers and 12 shots on
the surface of the ground. The Itered result of RTM is showed in Figure 2.11 and LSRTM
result is in Figure 2.12. After 6 iterations, the resolution is improved in the LSRTM image

and the re ector in more continuous and accurate compared with the RTM result.

2.5 Conclusions

In chapter 2, 1 show the solution to the wave equation in an acoustic medium with constant
density using the nite-di erence method. This is the basic process of implementing the
time domain RTM. After this, | describe the Born modeling and RTM process. RTM uses
data residual as the source and back propagates the data residual and cross-correlates with

the forward propagated source wave eld to get re ectivity. Born modeling uses re ectivity
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Figure 2.10: The marmousi model

to cross-correlate with the source wave eld such that the re ection data can be obtained at
the surface to calculate data residual. | use a owchart to illustrate this iterative process and
use Marmousi model as the example of LSRTM. The image after the least-square scheme is

improved compared with the RTM result.

22



Depth (m)

Depth (m)

3000

Distance

migaf.rsf
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Figure 2.12: The LSRTM result of Marmousi model
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Chapter 3

Reverse time migration in the

frequency domain

3.1 Helmholtz equation and Green’s function

In the frequency domain, the Helmholtz equation is used to solve the forward modeling

problem. For the 2D acoustic case, the wave equation with constant density is:

12

4+ r?
v2(x)

roouixtxs) = f(x X)), (3.1)

where ! is the angular frequency, 12 is the Laplacian operator, v(X) is the velocity, u(x; !; Xs)
is the wave eld and f(x; !;Xs) represents the source. When the source is the Dirac delta

function (Xx;I;Xs), equation (3.1) becomes:

2

(Vz!(x) + )66 LX) = (6 15 Xs); (3.2)

where G(Xx; I; Xs) is the Green’s function. The Green’s function is the response of a medium
due to a point source with speci ed initial conditions or boundaries conditions. The Green’s

function can be obtained by:
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G(x; 1 xs) = (VZ!(j() + r2) ! (X 15 Xs): (3-3)

12

V2(x)
contains the information of velocity and density as well as the di erence operator and is

This is usually the rst step of computing the wave eld u(x; I;Xs). The term ( + 1?)

called the impedance matrix. Because of the large size of the impedance matrix, the inverse
of this matrix requires large computer resources. The Green’s function can be calculated by
the inverse of the impedance matrix times the point source matrix. The wave eld can be

obtained as

ulx; I xs) = G(x; 1 x)F(X; 1 Xs): (3.4)

In my tests, | use the Ricker wavelet as the source term f(x; I; X).

3.2 The solution to the Helmholtz equation

To solve equation (3.1), I use frequency domain nite-di erence modeling to discretize the
Helmholtz equation with a 5-point 2D square mesh with constant grid spacing on both x
and z direction. i and j represent the horizontal and vertical direction respectively. By

discretizing equation (3.1), we have

2
! Ui 12U +Uiva | Ui 1 2UiG + Uijj+

X2 z2

{] = fi;j (3.5)

v2
where x and z are the grid spacing respectively. FIG. 3.1 shows the element locations

for the 5-point 2D nite-di erence stencil.
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Figure 3.1: Symbolic abbreviations for element locations on a 5-point 2D FD stencil (Ajo-
Franklin, 2005)

The coe cients of the 5-point FD method are (Ajo-Franklin, 2005):

! 11
Mij=— 2 ——
Mg x2 72

1

Ei;j = X2
_ 1 (3.6)

Wi = T

1
Nis = =2

1
Si:] = 72

To avoid boundary re ections, | use the absorbing boundary condition by Engquist and
Majda (1977)

g—;‘] i%u =0 (3.7)

where n is the direction normal to the boundary. Figure 3.2 shows the boundaries fora5 5
model. The red dots are the grid of arti cial boundaries, and blue dots are the grids inside

the boundaries, whose coe cients are illustrated in equation (3.6).
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Figure 3.2: The arti cial boundaries for a 5 5 discrete model

To solve the rst order derivative in equation (3.7), | use the form

Qu _ Uiryj Ui
z =3 @ 3.8
o < (3.8)
for the horizontal direction and treat the vertical direction similarly. According to equation
(3.7) and (3.8), the discrete form of the absorbing boundary condition for top (j = 1) and

left boundaries (i = 1) are

Uiz Ui , . 1!
e e iU =0 3.9
. Via i1 (3.9)
and
Uzj Uy o b
—= = +]1—Uq; =0: 3.10
iy (310)

Therefore, the coe cients at the left boundary (without corner points) are
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. 1
Mig= i~ —

Vi;j X

1
Eij = —
Wi; = 0 (3.11)
Ni;j =
Si;j =0

wo= il L
Eij =0

Wi; =0 (3.12)
Nij =0

S

For the corner points, | sum the two boundaries together to get the coe cients as followed

(take the top left corner for example):

1 1 1
Mi;j = 21— — —
iij X Z
1
E|;j = _X
Wi; = 0 (3.13)
Nij =0
1
Sij = —

Figure 3.3 shows the impedance matrix for a 5 5 discrete model and the imaginary
entries are just located in the main diagonal of the impedance matrix. These imaginary

entries are introduced by the absorbing boundary conditions. If the model dimensions are

28



s| . . -
ol S |
| RN |
20_ -- i-:E:li.-_

0 5 10 15 20 25
Figure 3.3: The impedance matrix for a 5 5 discrete model. The red dots are the points
at the boundaries and blue points represents the inner points in the model.
Ny N, then the dimension of the impedance matrix is (ny, n;) (nx Nn,) because each
row in the impedance matrix will multiply the wave eld to get the source, which is the wave
equation. The rows of the red dots are the points at the boundaries, and the blue dots

represent the points inside the boundaries. If we use the matrix form to illustrate equation

(3.1,

Au = f (3.14)

the forward modeling can be described as equation (3.14), where A is the impedance matrix
with dimension (nx n;) (nx n;). Aisasquare matrix and has ve diagonals because I use
the 5-point nite-di erence. The complex elements are only located in the main diagonal of

the matrix, and they are introduced by the absorbing boundary conditions. u is the wave eld
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matrix with dimension (nx n,) nNs. Ng is the number of shots of the survey. To complete
the data modelling and be able to subtract from the observations, we also need an operator
to extract the data from the wave eld u that I do not show in the equations. On the right
hand side, f is the source matrix with the same dimension as the wave eld. By setting all
sources in one source matrix, it is possible to model all sources simultaneously. This makes
possible to calculate many sources (shots) simultaneously in the frequency domain. This is
an advantage of frequency domain multisource compared to time domain. However, still the
modelling has to be done for each frequency independently. These matrices are all for single
frequency, and when the forward modeling is completed, the wave eld is a 3D matrix with
dimension (nx n;) ng ng, Where ng is the number of frequencies.

Figure 3.4 is the amplitude spectrum of a Ricker wavelet in the frequency domain with
a dominant frequency of 15Hz. This wavelet is used as the source in Figure 3.5, which is
an example of wave elds in the frequency domain. The model has 300 300 grids with
constant velocity and density. The spacing is 8m for both lateral and vertical directions. A
Ricker wavelet is injected in the center of the model. The two gures are the real parts of

the complex wave elds.

Ricker Wavelet

o
[

Amplitude
e
(=]

o
S

0.2

0 1 1 1 ! !
0 10 20 30 40 50 60 70

Frequency (Hz)

Figure 3.4: The amplitude spectrum of the Ricker wavelet in the frequency domain. fygom =
15Hz
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Figure 3.5: An example of wave elds in the frequency domain.
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3.3 RTM in the frequency domain

In the time domain, the process of RTM involves cross-correlating two wave elds, one from
the source side and the other one from the receiver side. The wave eld from the receiver

side is time-reversed. The imaging condition (Claerbout, 1971) that | use in this chapter’s

examples is
'
XX
Mmig(X) = Re 12D(X; Xs; DU (X; Xs; 1)
! Xs '
XX -
= Re 126 (% 1)G0G X DX 1) d (ixgi 1) @ G

T Xs

In this imaging condition, D(X; Xs; 1) is the down-going wave eld and U (X;Xs; 1) is the
up-going wave eld, where means complex conjugate. The down-going wave eld can be
obtained by the multiplication of source function f(X; Xs; 1) and source side Green’s function
G(X; Xs; 1) while the up-going wave eld is the result of complex conjugate of the data residual

d (X;Xs; 1) multiplied by the receiver side Green’s function G(X; X; ).

Computational complexity

The computational complexity is the amount of resources required for running the algorithm.
This varies between the time and frequency domain methods and also 2D and 3D cases.
We assume the model’s dimension is n? in the 2D case and n® in the 3D case. In the
frequency domain, because of the lower-upper (LU) decomposition of the impedance matrix,
the complexity of forward modeling is O(n¢n?3) in 2D (Mulder and Plessix, 2004) and O(n¢n®)
in 3D (Knibbe et al., 2014). For the time domain cases, the complexity becomes O(nsn¢n?)
in 2D and O(nsn¢n®) in 3D, respectively. Table 3.1 summarizes the complexity of each

situations. When ng is large, the frequency domains methods are preferred in 2D surveys.
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However, for the 3D surveys, the computation cost is as large as ngn® in the frequency
domain, which makes it expensive to achieve, while the cost in the time domain is still
a ordable, nsn:n3. This has been always a major obstacle for frequency domain use in 3D
migrations and FWI.

Table 3.1: Computational complexity of the time and frequency methods in di erent dimen-
sions

Method 2D 3D

Frequency domain  O(ngn®)  O(n¢n®)

Time domain O(nsnen?)  O(ngn¢n?)

True model
0 4000
500 3800
£ 1000 3600
©
=
t
] 3400
> 1500 |
3200
2000 |
: : : 3000
0 2000 4000 6000

Lateral (m)

Figure 3.6: The 2-layer model used in the test

Figure 3.6 is an example of the model used in migration. The dimensions of the model
are 1000 300 and grid spacing is 8m. The velocity of the upper layer is 3000m/s and the
lower layer is 4000m/s in the true model. Figure 3.7 is the example of source and receiver
wave elds at di erent frequencies for the layered model with one source and 334 receivers
at the surface of the model. By cross-correlating (a) with (b) and (c) with (d), the RTM

images are obtained for f = 3Hz and f = 20Hz.
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Figure 3.7: The example of source and receiver wave elds at di erent frequencies for a
horizontal layered model.

Figure 3.8 is the RTM result of the horizontal re ector model with 10 shots and a Ricker
wavelet with f4,,, = 15Hz as the source. Because of the band-limited frequency source, there
is ringing Gibb’s artifact in the image, especially under the horizontal re ector.

Figure 3.9 shows a section of the Marmousi model. Figure 3.9 (b) is the background
model which is generated by applying a Gaussian smoother to the true model. The RTM
result is shown in Figure 3.10 (a). Compared to the time domain result, the re ectors are
more continuous but less sensitive to the small impedance contrast.

Figure 3.11 is the RTM result of the Marmousi model with di erent frequency intervals.

The quality of the images is improved by reducing the frequency intervals, and the best
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Figure 3.8: The RTM result of the horizontal re ector model.

resultis T = 0:1Hz. When reducing the frequency interval, we are applying a zero-padding
to the signal in the time domain. To understand this, we start from the equation of Nyquist

frequency:
1

fy =
N 2t,

(3.16)

where Ty is Nyquist frequency of the signal and t is the sampling interval in the time
domain. The frequency interval after discrete Fourier transform is:

f~ 1

== N

(3.17)

where N is the number of sampling points in the time domain. When reducing f, N
increases, which is equivalent to applying zero-padding in the time domain. Since the cross-
correlation process is applied in the frequency domain (circular cross-correlation), extra

padding is required compared to the time domain. This translates in another disadvantage

35



of the frequency domain RTM, since the computational cost increases signi cantly when the
ner frequency slices is set. The computation time is linear to the number of frequency slices,

e.g. T =0:1Hz is 10 times longer than f = 1Hz.

True model
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(a) The true Marmousi model

Background model
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(b) The background Marmousi model

Figure 3.9: The true and background model of Marmousi.
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Figure 3.10: The RTM result of the Marmousi model.
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