






and 9.44 dB, respectively.

a) b)

c) d)

e) f)

Figure 5.13: Comparison of the interpolation results for ORRmethod. a) Clean and complete
data, b) data with SNR = 2 and 50% missing traces, c) recovered data by ORR (output
QF = 11.12 dB), d) residual errors for ORR, e) interpolated data by AWRR (output
QF = 9.44 dB), f) residual errors for AWRR.

When zooming the data, the comparison of the two methods is more noticeable. Figure

5.14 corresponds to the zooming area of the time 0.4 (s) to 10.2 (s), and the trace number

400 to 460 of data in figure 5.14. We can see that both ORR and AWRR are very powerful

in reconstructing the data; however, the ORR’s result is smoother than AWRR.
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a) b)

c) d)

e) f)

Figure 5.14: Zoomed images of figure 5.13 from the time 0.4 s to 1.2 s and trace number
400 to 460. a) Clean and complete data, b) data with SNR = 2 and 50% missing traces,
c) recovered data by ORR, d) residual errors for ORR, e) interpolated data by AWRR, f)
residual errors for AWRR.

5.3.4 Real field data

This experiment tests the efficiency of the methods on a shot gathers of a 3-D field data

set. It is easy to inspect traces in shot/receiver gather displays for poor receivers or any
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bad shots, which are the logistic constraints during the seismic survey. Regarding the input

data, the best results are obtained with NMO-corrected data (Trad, 2009). However, in this

experiment, we applied the MSSA interpolation before NMO correction to see the effect of

the algorithm on the curvature.

Figure 5.15 refers to the acquisition coordinates of the shot gather. The red star represents

the location of the shot, and the black dot indicates the receiver’s location. Figure 5.15 (a)

shows the initial distribution of the traces in a shot gather. For this experiment, 41% of the

traces are killed. Figure 5.15 (b) illustrates the geometry of input traces after killing 41% of

them.

This test is applying the MSSA algorithm using the AWRR and TRR methods in the rank-

reduction step. Figure 5.16 (a) shows the input cube of data, which presents the missing

traces. Figure 5.16 (b) shows the result of the interpolation using TRR in the rank-reduction

step, and figure 5.16 (c) shows the result after using AWRR. For both tests, the number of

iterations and processing window remain unchanged. For the TRR approach, the predefined

rank is set to rank = 10.

Figure 5.17 represents the cube of data arranged into a 2-D matrix. Figure 5.17 (a) is the

input data. Figure 5.16 (b) represents the result of applying TRR. Figure 5.17 (c) shows

the result of applying AWRR. Figure 5.18 corresponds to a patch of data from the time 1.35

(s) to 1.75 (s) and the trace number 160 to 190. Figure 5.18 represents the cube of data

rearranged in a 2-D matrix. Figure 5.18 (a) is the input data. Figure 5.18 (b) represents the

result of applying TRR. Figure 5.18 (c) shows the result of applying AWRR.
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a) b)

Figure 5.15: Geometry of the field data. (a) Initial distribution of the traces. (b) Distribution
of traces after killing 41% of them.

a) b) c)

Figure 5.16: Cube of 3-D field data. a) The input data. b) Interpolation result of applying
TRR. c) Interpolation result of applying AWRR.
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a)

b)

c)

Figure 5.17: a) Input real data, b) interpolation result of applying TRR approach, c) inter-
polation result of applying AWRR method.
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Figure 5.18: Zooming area of figure 5.17 from time 1.35 (s) to 1.75 (s) and trace number 160
to 190. a) input data, b) TRR result, c) AWRR result

5.4 Discussions

In this chapter, I compared different methods of rank-reduction in the MSSA algorithm

to interpolate and denoise 3-D seismic data. I proposed the AWRR method, which is a

parameter-free method. AWRR is based on a cascade weighting operator combined with the

adaptive rank-reduction method. It is adaptive in selecting the rank of the Hankel matrices

or the block Hankel matrices. Moreover, because of the weighting operator, AWRR can

cause less residual noise.

AWRR is compared with the other rank-reduction methods the results showed that AWRR

is more effective than the other methods especially in the case of low signal-to-noise ratio and

when the data is spare. The recovered block Hankel matrices in the frequency slices using

AWRR are smoother and contain more details than the other rank-reduction methods.

The AWRR method also was compared with a “nearly adaptive” rank reduction method
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called ORR. The results showed better quality of interpolation for ORR compared to WRR.

However, the ORR method is not completely data-driven, and it is a computationally ex-

pensive algorithm.
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Chapter 6

SSA comparison with Minimum

Weighted Norm Interpolation

6.1 The binning approach

Most seismic surveys are irregularly sampled. Even if shots and receivers are laid out on a

regular grid, offsets and azimuths are not, and midpoints will often be deviated from the

bin centers and scattered across the CMP grid. Many interpolation methods need to set

seismic traces into a regular grid. Fitting irregularly sampled recorded data to regular grids

required careful algorithms because can lead to jittering of events and therefore loss of high

frequency information in interpolation algorithms. A common approach to reduce binning

errors is reducing bin intervals but that also increases the number of unknowns in the prob-

lem making optimization more difficult (Trad, 2009). Binning allocates a cluster of traces of

adjacent coordinates to the nearest neighbour point of the desired regular output grid.

Finding an optimal binning size is important since coarse binning produces amplitude and

phase errors of the traces specially for dippy events. Fine binning enlarges the size of the

input data into the algorithm which makes it difficult to resolve the problem. It is worth

noting that some algorithms work faster in a regular grid with more traces than the irregular
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grid that contains few traces, therefore, binning size is a trade-off parameter for precision

and complexity Trad (2008).

Liu and Sacchi (2004) proposed Minimum Weighted Norm Interpolation (MWNI) to re-

construct spatially band-limited signals. It is implemented via the fast Fourier transform.

MWNI controls the bandwidth of the signal and the spectral shape of the reconstructed data

by including prior spectral weights. Also, it can interpolate data in fine grid that leads to

minimizing binning errors.

In this chapter, we examine the MWNI interpolation method and compare the findings with

SSA.

6.2 Theory

In previous chapters, we discussed the Singular Spectrum Analysis (SSA) algorithm as a

rank-reduction method of seismic data interpolation. We can summarize the main steps of

SSA in 6 steps:

� Transforming data from t− x or t− x− y to f − x or f − x− y.

� Generating a Hankel matrix (for 2-D data or a block Hankel matrix for 3-D data) in

each slice of frequency.

� Decomposition of the Hankel matrix in its singular spectrum via singular value decom-

position.

� Rank reduction of the Hankel matrix.

� Averaging in the Hankel matrix anti-diagonals.

� Inverse Fourier transform to return to the time domain.
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By using an iterative algorithm, we can use SSA to interpolate seismic data. The iterative

algorithm is as follows:

S̃n+1(ωm) = αnSobs+(I−αnR)F−1ARHF
(
Sn(ωm)

)
+(I−R)F−1ARHF

(
Sn(ωm)

)
, n = 1, 2, ..., N

(6.1)

where ωm is the frequency that SSA is applied on the signals, I is the matrix of ones,

αn ∈ (o, 1] is the weight factor and linearly changes with the number of iterations, Sobs

denotes the observed data, F indicates the Fourier transform, and F−1 shows the inverse

Fourier transform. H points to the Hankelization operator, R reveals rank reduction opera-

tor, and A gives the averaging anti-diagonal operator (Oropeza and Sacchi, 2011).

We studied different methods of rank-reduction for the step of rank-reduction that can en-

hance the interpolation’s results. We proposed an adaptive weighting rank-reduction method

that is data-driven and can select the rank of the Hankel matrix properly. The SSA method

assumes a regular distribution of traces and suffers from critical deficiencies in interpolating

regularly decimated traces.

MWNI works in the Fourier domain and the interpolation algorithm is implemented for each

frequency on the spatial dimensions. Let us consider a 2-D seismic data in the time domain.

which can be shown as:

S(x, t) = W (t− px) (6.2)

where x defines the space, t is time, p is dip and w(t) indicates the wavelet. First data are

taken to the f − x domain by a Fourier transform.

S(x, ω) = A(ω)e−iωpx (6.3)
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where ω is the temporal frequency and A is the amplitude. Sω = [s1, s2, ..., sNx ]
H . The

complete data and the observed data are connected by a linear system:

d = LS. (6.4)

Assume R as a sampling operator that is a matrix of ones and zeros. As an example of an

observed data with Nx = 9 and some missing traces like Sω = [s1, 0, s3, 0, s5, s6, s7, 0, 0]
H , we

can show:



s1

s3

s5

s6

s7


=



1 0 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0

0 0 0 0 0 1 0 0 0

0 0 0 0 0 0 1 0 0


(s1, s2, s3, s4, s5, s6, s7, s8, s9)

H (6.5)

Solving equation 6.4 leads to an undetermined system of equations. Among all the possible

solutions, MWNI chooses a solution which minimizes a model norm. The inversion can be

reduced to solving the constrained minimization problem:

minimizing ∥S∥2p subjects to d = LS, where ∥.∥2p indicates a weighted norm. In the

presence of noise, the above constraints can be modified as: Minimize ∥WsS∥pp subject to

∥Wd(d− LS)∥qq = ϕd, where p and q indicate the different norms used to estimate the size

of the quantities involved, ϕd is the estimation of noise plus a residual due to the failure of

the model, Ws is a matrix of model weights and Wd is a matrix of data weights. To obtain

the desired solution we should minimize the cost function:

(λWH
s Ws + LHWH

d WdL)S = LHWH
d Wdd (6.6)

where λ is a trade-off parameter. By fixing the model to some previous estimation (like the

spatial spectra from the previous temporal frequency) and applying a linear minimization
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by conjugate gradient algorithm (CG) equation 6.4 is solved. To prevent a potential zero

division (for a zero model) we can apply right preconditioning:

d = LW−1
s WsS (6.7)

with WsS being a new model S̃, and L−
s 1 being a new operator L̃. The optimization problem

leads to: Minimize ∥S̃|pp subject to

∥Wd(d− LW−1
s S̃)∥qq = ϕd (6.8)

The following system is the result of the minimization of the cost function of equation 6.8:

(λI+W−H
s LHWH

d WdLW
−1
S )S̃ = WH

s (6.9)

Equation 6.9 is solved by setting the trade-off parameter to 0 and letting the number of

internal iterations in the conjugate gradient play the role of regularizer (Trad, 2003). The

FFT algorithm assumes data are regular so binning is needed before applying the algorithms

for interpolation (Liu and Sacchi, 2004; Trad, 2009).

6.2.1 Synthetic data

In this section, we set a regularization test for a 2-D synthetic shot gather, containing 2

hyperbolic and one linear events. The input traces were located at irregular offset, where

30% of which was randomly decimated. In this test, the offset was regularized with differ-

ent binning sizes (figure 6.1). Figure 6.1 (a) and (b) shows the input data in the t− x and

f−k domain. Figure 6.1 (c) and (d) indicates the complete and clean data in t−x and f−k.
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a) b) c) d)

Figure 6.1: 2-D data with irregular offset. a) Input data with 30% randomly missing traces.
b) f −k spectrum of the input data. c) Desired data. d) f −k spectrum of the desired data.

Figure 6.2 shows the geometry distribution of the input data where the ‘o’ indicates the

true coordinates of the traces and ‘.’ refers to the regularized grid of traces with different

binning sizes. Figure6.2 (a), (b), (c), and (d) show the regularized grid for binning sizes 18,

9, 6, and 4.5 (m), respectively. The best match between the true traces locations and the

regularized grid refers to the finest bin size, which was 4.5 (m).

Figure 6.2: Geometry distribution of traces with irregular offset and different binning sizes.
a) Bin size=18 (m), b) bin size=9 (m), c) bin size =6 (m), d) bin size=4.5 (m).

Figure 6.3 corresponds to the results of MWNI interpolation for different bin sizes. Fig-
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ure 6.3 (a), (d), (g), and (j) show the regularized and interpolated data for bin cells 18, 9,

6, and 4.5 (m), respectively. Figure 6.3 (b), (e), (h), and (k) show the corresponding inter-

polated results in their exact coordinates, the output quality of interpolation was calculated

QF = 9, 9.26, 9.35, and 10, respectively. The residual errors for the different input

regularized data are shown in figure 6.3 (c), (f), (i), and (l) respectively. We can see that

the flat event was interpolated entirely, whereas the curved events have some vertical errors.

By reducing the size of the bin cells, the quality of interpolation was enhanced.

Figure 6.4 corresponds to the f − k spectrum of the result of MWNI interpolation for dif-

ferent binning sizes. Figure 6.4 (a), (b), (c), and (d) indicates the f − k filter when the

regular offset was set to 18, 9, 6, and 4.5 (m) respectively. The effect of inserting zero traces

regularly is aliasing which was removed after the MWNI interpolation.

Figure 6.5 (a) shows the result of applying SSA to the data in figure 6.1 the output quality

was QF = 8.5 (dB). Figure 6.5 (b) depicts the results of subtracting interpolated data

from the complete data. Figure 6.5 (c) is interpolated data in the f − k domain.

98



a) b) c)

d) e) f)

g) h) i)

j) k) l)

Figure 6.3: Results of MWNI interpolation on a 2-D data. a), d), g), and h) Regularized
and interpolated data for different bin size of 18, 9, 6, and 4.5(m), respectively. b), e), h),
and k) interpolated traces in their true coordinates. c), f), i), and l) Residual errors.
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a) b) c) d)

Figure 6.4: f − k spectrum of the MWNI interpolation. a) Bin size=18(m), b) 9(m), c)
6(m), and d) 4.5(m).

a) b) c)

Figure 6.5: Results of SSA interpolation a) Interpolated data in a rough grid of 18(m), b)
residual errors, c) f − k spectrum of the interpolated data.
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Chapter 7

Conclusions and Recommendations

Seismic data irregularities caused by acquisition constraints, economic limitations, or removal

of bad traces, decreases the performance of many processing tools and imaging required for

seismic interpretation. Therefore, interpolation of seismic data is a high priority tool in

geophysics. In this thesis, we have studied the application of Singular Spectrum Analysis

(SSA) with an iterative algorithm as a rank-reduction interpolation method. The primary

objective was to improve the results of SSA interpolation by introducing different methods

of rank-reduction operators.

In chapter 2, we reviewed the four main steps of the basic SSA algorithm and different

uses of SSA for the case of time series, such as smoothing the series, finding the trends, or

observing the periodic events. The main steps of the basic SSA algorithm can be summarized

in four steps. Embedding of the time series in a trajectory matrix in the form of a Hankel

matrix. Decomposition of this Hankel matrix into its singular values and singular vector

matrices by SVD. Rank-reduction of the Hankel matrix by making zero the unwanted sin-

gular values (Truncated SVD) and recovering the matrix spanned by the main components.

Averaging on the anti-diagonals of the restored Hankel matrix to reclaim the time series.

This dimensionality reduction of the matrix eliminates unwanted components like noise or
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artifacts produced by gaps.

In chapter 3, we studied the application of SSA to 2-D and 3-D seismic data. The main

difference for seismic data in comparison with 1-D time series is that the algorithm is applied

in the Fourier domain for each frequency slice. Here, we looked at the problem of how to

define the rank of the Hankel matrix in each frequency slice when knowing the number of

linear events in the processing window. SSA can be expanded to more than two dimensions

with some rearranging of the Hankel matrices. Generating a block of Hankel matrices in each

frequency slice, Multichannel Singular Spectrum Analysis (MSSA), uses the information of

different dimensions of the seismic data simultaneously. Rank-reduction of the block Hankel

matrices enhances the results of SSA. We reviewed MSSA for 3-D data using only three di-

mensions (one gather at the time), but full 3-D data interpolation requires the expansion to

5-D to take into account the data continuity across inlines, crosslines, offsets and azimuths.

This requires creating windows with contributions from many shots and receiver gathers si-

multaneously. This can be done by generating the fourth-order of the Hankel matrix. In this

chapter, the implementation of SSA with a POCS-like algorithm was studied. This iterative

algorithm recovers amplitudes and performs denoising simultaneously. We examined the 3-D

synthetic seismic data for interpolation and denoising by MSSA.

In chapter 4, we considered the problem of rank selection. Finding the optimal rank for

rank-reduction in seismic data can be quite challenging and it has an important effect on the

interpolation results. On one hand, choosing the rank too large leads to significant remaining

noise or incomplete interpolation. On the other hand, underestimation of the rank distorts

the signal by removing singular vectors that are necessary for a proper data reconstruction.

In this chapter, we proposed an adaptive rank-reduction method by exploring the singular

values of the Hankel matrix in each frequency slice. The method chooses the maximum

energy ratio between the two following singular values as the criterion to define the optimal
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rank. For 3-D data, the block Hankel matrices in higher frequencies are recovered with higher

ranks. Consequently, the method selects the second cutoff in the singular values spectrum.

In Chapter 5, we considered the problem of additive random noise. We included a

weighting operator in the rank-reduction step to reduce the effect of noise. We proposed a

data driven method of rank reduction called Adaptive Weighting Rank-Reduction (AWRR),

which leads to a decrease of residual noise in the recovered data. We compared rank reduc-

tion methods with and without applying the weighting operator on the block Hankel matrix.

As an additional improvement, the result of AWRR in our tests was smoother than when

applying other methods. We compared AWRR with a “nearly adaptive” rank reduction

method called the Optimally damped Rank-Reduction method (ORR) for different percent

of missing traces. Although the results of ORR outperformed AWRR in our tests, its com-

putationally cost was larger.

Finally, in Chapter 6, we briefly discussed the Minimum Norm Weighted Interpolation

method and the effect of binning when samples are located at variant distances from each

other. This problem affects both MSSA and MWNI, and we made a quick comparison of

the results from the two methods in these conditions.

7.1 Future Work

Interpolation of regularly decimated traces with SSA (upsampling), as opposed to gaps or

irregular sampling, is an important topic for further research. For this case, it is interesting to

inspect carefully the singular vectors of the Hankel matrix. For a data containing one event,

the reduced rank Hankel matrix can be generated by the first singular value. Looking at

the first column of the left and right singular vectors, we see zeroes representing the missing

traces. The first singular vector can be recovered by omitting these zeroes and fitting a
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polynomial curve to it. Figure 7.1 shows the result of the application of SSA on regularly

decimated traces containing one linear event and their f − k spectrum.

a) b) c) d)

e) f) g)

Figure 7.1: Interpolating decimated traces by SSA or upsampling. a) Input data. b)Desired
data. c) Interpolated by SSA. d) Residual errors. e) f − k spectrum of input data. f)f − k
spectrum of desired data. g) f − k spectrum of interpolates data.

Most interpolation rank-reduction methods such as SSA are SVD-based methods. A

SVD decomposition of a Hankel matrix is a very time-expensive operation, especially for

block Hankel matrices as used in MSSA. An iterative approach in the interpolation part of

SSA makes the algorithm time consuming. To make MSSA with AWRR feasible for higher

dimensions, it is recommended to move from the SVD-based method to the SVD-free based

rank minimization method.

The SSA approach has many similarities with what is known in machine learning as kernel

dimensionality reduction, for example, Kernel PCA. It would be important to understand if

the Hankel matrix formation can be formulated in terms of what is called the Kernel-trick

to reduce computational costs.
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Yilmaz, Ö. (2001). Seismic data analysis, volume 1. Society of exploration geophysicists

Tulsa, OK.

111




