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SUMMARY

Fromthe perspective of f-kmigrationtheory,the optimizing the ability of seismic
data toresolve earth features requiregmximization of the spectrddandwidth after
migration. The k(horizontal wavenumber) bandwidth determities lateralresolution
and is directly proportional to thrmaximumfrequency and thsine ofthe maximum
scattering angle and inversely proportional to veloctgnstraints orthe maximum
scattering angle can be derived by examining the three effects of finite apatiaire,
finite recording time, and discretespatial sampling. These effects areanalyzed,
assuming zero-offset recording, ftine case of a linear (constant gradient) v(z)
medium.Explicit analyticexpressiongare derivedor the limitsimposed on scattering
anglefor each of the threeffects. Plottingthese scattering angle limitersusdepth
limits for assumed recordingarameters is an effectiveay to appreciate theirmpact
on recordingWhen considered in context wifkk migration theory, these scattering
angle limits can beeen tolimit spatial resolution and the possibility of recording
specific reflectordips. Seismicsurveys designed wittine linearv(z) theoryare often
much less expensive than constant velocity theory designs.

INTRODUCTION

Seismic line length and maximuracordtime placedefinite limits on the maximum
scattering angle that can becorded, andienceimaged, on amigrated zerooffset
section. Since horizontal resolution dependsectly on thesine of the maximum
scattering angle (Vermeet990 andmanyothers), it isimportant to understand these
effects for survey design and interpretation. Furtherntbespbservation of a normal
incidence reflection from a dipping reflector requires having a scattering angle spectrum
whose limits exceed the reflector dip.

The imposition of finite recording apertures in space tamé actuallyimprints a
strong spatial-temporal variatiorfi.e. nonstationarity) on the spectral content of a
migratedsection. As an example, considiae synthetic seismic sectishown in
Figure 1a. This shows a zero offset (consteahbcity) simulation of theesponse of a
grid of point scatterers (diffractors) distributed uniformly througttbetsection. Note
how the diffraction responsexhange geometry antlow the recording apertures
truncate each one differently. Figure 1b is a displapeff- k, amplitude spectrum for
this section. As expected from elementtirgory, all energy is confined to a triangular
region defined by [kf/v (k is horizontal wavenumber, f temporalfrequency, and v
is velocity).

Figure 2a shows this section after a constant velocitynfgkation andrigure 2b is
the f- k spectrum aftemigration. The spectrunshowsthe expected behavior that
the triangular region of Figure 1b has unfolded into a circle. Essentially, each frequency
(horizontal line inFigure 1b) maps to aircle in Figure 2b (see Chun and Jacewitz,
1981 for a discussionNote thatf-k migration theory as usually stat¢8tolt, 1978)
assumes infinite apertures while close inspection of the focal points in Figereo@a
that their geometry varies strongly with position.

The four focal points shown boxed in Figure 2ae enlarged inFigure 3a.
Considering the focal points neidie center of the spatiaperture, a smaltjght focal
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point at the top of the sectiggrades to a broad, disperssthear near théottom.
Alternatively, assessing at constdéinte showsthe focalpoints grading from strongly
asymmetric-lefthroughsymmetric to asymmetric-righkigure 3b showdocal f- k,
spectra of thdour focal points in Figure 3aComparing with Figure 2lshows that
theselocal spectra are dramatically differdnbm the globalspectrum.Only the top-
center pointhasthe full circular spectrum expectébm the infinite aperture theory
while the others show stroragymmetry or severe bandwidth restrictions. Thesa
spectra determine the locedsolution characteristics of the apertliraited seismic
section. Schuster (1997) givesaamal theory(assuming constamnelocity) for these
focal points and shows thtte local spectra afgounded byscatteredaysthat extend
from the scatter point to eitheide ofthe section. Thiscurrent papeshows how to
estimate these scatterirangles in a realistic setting and therefdtvew to assess
resolution implications.

For constant velocity,the computation of limiting scatteringngles is well
understood but this approach often results in overly expemssikesy designs. An
analysis with a constant velocity gradient is much nresdistic as itallows for first
order effects of ray bending by refraction. Such an analysis is presemtetbgether
with a simple graphical method of assessing the results.

THEORY

Stolt (1978) established f4kigration theoryfor the post-stack, zero-offset case. A
fundamental result ighat constant velocity migration is accomplished by a mapping

from the (k,w) plane to the (kk,) plane as illustrated iRigure 4. Ascan be deduced
from the figure, the kbandwidth after migration is limited by:

o 2fmaxsin(emax}
Kylim= kxmaxsm‘l\emax/} = v ; . (1)

In this expression, k_ is the limitingwavenumber to be expected from a migration
with no limitation on scattering angle. In any practical setting, there is alwlayg an
scattering angle and it is generally spatiai@riant. The limit may be aesult of the
effects of finite aperture, finite record length, and discrete spatial sample size or any of
many other possibilities including: the migration algorithm may be “dip limitetgral

or complex vertical velocity variations can crest@dow zonesttenuation effects are
dependent on raypath length and hence affect the larger scattering rawgies
Whatever,the cause, dimitation of therange of scattering angles whiadan be
collectedand focused to particular point translates directly into a resolutionit as

expressed byquation(1). The size of the smallest resolvaliEature, saydx, is
inversely proportional to k . For definitenesslet k., = a/(20x), wherea is a
proportionality constant near unity, and solvedoto get:

OX = av (2)
Af oSN {/Smax\} '

Since the aperturemit is x and z variant (and record length and spatial alianits

are z variantdx must also vary with position. An interpretation of equation (#)as it
gives the smallest discernible feature on a reflector whose dip is normal to the bisector
of the scattering angle cone at any position (Figure 5).
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For constant velocitythe limitsimposed on zero-offset scattering angte easily
derived using straight ray theory and have b&®own (Lynnand Deregowski, 1981)
to be:

A
‘a VT
cosbri=75, . (4)

In these expressions, A is the available apertureffeisecordength, z is depth, and

v is the presumed constant velocit§), and 6; are limitations on scattering angle
imposed by aperture and record length respectively (Figjur@perture is defined as
the horizontal distance from an analysis point to the end of the sdisenar the edge
of a 3-D patch and is thus dependent on azimuth and position (Bigukt#ernatively,
the record lengtlimit has nolateralvariation. Takentogether, thesexpressiondimit
the scattering angle spectrum to a recordable subset.

A third limiting factor is spatial aliasingvhich further constrainghe possible
scattering angle spectrum to thatich can beproperlyimaged(migrated). (Liner and
Gobeli, 1996and 1997, give an analysis of spatial aliasing in tlientext.) The
Nyquist requirement is that theremust be at leastwo samples perhorizontal
wavelength to avoid aliasing:

A, = 2Ax where A, =

sin(6, (5)

Here, Ax is the spatial sample siZedp interval),A andA, are wavelength and its

apparent horizontatomponent, an@, is most properly interpreted dise emergence
angle of a dipping event on a zero offset section. Consistentzarnthoffsetmigration
theory, the exploding reflector model (Lowenthal at, 1976)can beused torelate

wavelength to velocity through = v/(2f) where f is some frequency of interest. This
leads to an angle limited by spatial aliasing given by:

AV
SN0, |=——

X T afax ©)
In the constant velocitgase,the emergence angle of a ray and the scattering angle at

depth are equal and thus equation (6) expresses the constant Viehiicity scattering
angle imposed by spatialiasing. Forvertical velocityvariation, v(z),the resultstill

applies provided thd, is simply interpreted asmergence angle and v as near surface
velocity. The emergence angle can be related to the scattering angle atusiegth

Snell's law. This is done byecalling that theray parameter, p sin©(z))/v(z), is
conserved (Slotnick, 1959), which leads to

a1 V(2
sno,|=——
X T afax 0
This expressiomeneralizes spatial aliasing considerations to monotonically increasing
but otherwise arbitrary v(z) aflj is interpreted as the scattering angle from depth, z.
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Returning to constant velocity, equatid®3, (4), and (6)can beused tocreate a
scattering angle resolution chéot an assumed recording geometry, position on the
line, frequency ointerest and constant velocity. tppical case isshown in Figure 7
where it is seetthat the aperturémit is concaveupward and tendasymptotically to
zero at infinitedepth.The record lengthimit hasthe opposite curvature and reaches
zero degrees at the depth z = vT/2. Both limits admit the possibility’ air® for z=0.

The spatial aliasing limit is depth independent but requires a frequency of interest which
can conservatively be taken as the maximum (not dominant) signal frequency.

Charts such as Figurecan beused as amid in survey design butend to give
unrealistic parameter estimates due to dssumption of straightaypaths. Inmost
explorationsettings,velocity increases systematically with depth d@hds raypaths
bend upward athey propagate fronthe scatterpoint to thsurface. Intuitively this
shouldlead toshorter aperture requirements and allthe possibility of recording
scattering angles beyond°d@ the neasurface.The spatial aliasingimit has already
beendiscussed in thisontext and the aperture and record length limits mollv be
derived exactly for the case of a constant velocity gradient, that is when v(z} szv
The derivationrequires solution othe Snell's law raypath integralfor the linear
gradient case (Slotnick 1959). If 5 the ray parameter requiredttace aray from a
scatterpoint to the end of the spatial aperture, then

™z

- v(z
Alz)= pav(2) 4z

V1-pav@? (8)

Similarly, let g be the ray parameter for that ray from scatterpoint teuikce which
has traveltime (two-way) equal to the seismic record length, then

~ Z

Tiz|= ! dz

| v/ 1- piv(z)2 : 9)

These integrals can be computed exactly, letting v(z=cz, to give

[ \
1 2 2 2 2
A= pAc\\/l_pAVO —\/1—pAV(Z) /\ , (10)
and

/

[ / 2 2 \
T:gln V(Z)J“ Lty 1P \
1+ / 1-Ppov(z |
Aty iey 2 )

Equations (10) and (1Dive spatialaperture, A, and seismic recokehgth, T, as a
function of ray parameter and velocity structure.

Letting p, = sin@,(2))/v(z) and p = sin®,(z))/v(z), equations (10) and (11) can
both be solved for scattering angle to give
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2
20 | 2Acvoy|
Sin“8, | =- o , (12)
&\A %2+ vcz)\ vA+ ZVSV%;\AZCZ —vg/} Vg
and
~1
‘a1 _ Y T—cosh(cT/2)
s O/ = gt (13)
where Y=Y

When equation$9), (11),and (12)areused tocreate a scattering anglesolution
chart,the result is typified byFigure 8. The parametershosenare the same as for
Figure 6 andhe linear velocity functionvas designed sucthat it reache8500 m/s
(the value used in Figure 7) in the middle of the depth range of Figure 7. It can be seen
that the possibility of recording angles beyonéi8(redicted fothe first 2000 m and
the aperturdimit is everywhere more broad than in FigureThe record lengthimit
forces the scattering angle spectrum to zero at & mcompared to ove5000 m
in the constant velocitgase. Thisnore severdimit is not alwaysthe case, infact a
record length of 6 seconds will penetrate to over 12000 m in the linear velocity case and
only 10500 m in the constant case. Also apparent is the fact that the spatial tigising
predicts quite severe aliasing in thleallow section though it givesxactly the same
result at the depth where v(z) = 3500 m/s.

EXAMPLES

Figures 9, 10and 11 provide further comparisons betwdes linearv(z) theory
and constant velocity results. In Figure 9, the aperture limits are contrasteddamiie
linear velocity function (v =1500 +.6 zm/s) and constant velocity @500 m/s) used
before. The dark curves show the linear velocity resultstlzndight curvesemanating
from 90 at zero depth are the constant velooggults.Eachset of curves covers the
range of aperture values (from top to botto&)00, 4000, 12000and 20000 meters.
The dramatic effect of the(z) theory is especiallgbvious forlarger apertures which
admitangles beyond 90or a considerable range afepths. Figure 10 isimilar to
Figure 9except that theecord lengthlimit is explored. Foreachset of curves, the
record lengths shown are (from top to bottom): 2.0, @.0, and 8.0 secondsFigure

11 showsspatial aliasing limitor a frequency of 60 Hz andrange ofAx values
(from top to bottom): 10 20 40 60 80 100 and 150 meters.

Next consider Figure 12 whicshows asynthetic demonstration of theperture
effect Here, anumber of unaliased point diffractoesponsesiave been arranged at
constant time. Thuthe record lengtlimit is constant and the aliasirignit does not
apply. When migratedthe resulting displayglearly showsthe effect of finite spatial
aperture onresolution. Comparison with Figure ghows the direct link between
recorded scattering angle spectrum aeasolution. Approximatelythe focal points
appear as dipping reflector segments oriestech that the normalto the segment)
bisects the captured scattering angle spectrum.

Figure 13 is a study designed itmlate the effects of temporal record length on
resolution. The unmigrated section is constructed shathall five point diffractors are
limited by record length and not by any other effétton migrationthe focalpoints
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are allsymmetric about a verticalxis butshow systematicloss of lateral resolution
with increasing time. As shown in Figures 7, 8, andtthé,record lengthimit always
forces the scattering angle spectrum to zero at the bottom of the sessction.
Equation 2 then results inlateralresolution sizéhat approaches infinity. Thigffect
accounts for the often seen data ‘smearing’ at the very bottom of seismic sections.

Figure 14 shows the migration of a single diffraction hyperbola thitre different
spatial sample intervals to illustrate the resolution degradttairaccompanies spatial
aliasing. In Figure 14B, the migration was performed widipatial sample rate of 4.5
m which represents a comfortably unaliased situatiorFignres 14C and4D the
sample intervals are 9 m (slightly aliased) and 18 m (badly aliased). The slightly aliased
situationhas not overly compromised resolution thé badly aliase@nage ishighly
degraded. Note that the vertical size of the image is unaffected.

In Figure 15,the effect of maximum tempordtequency is examined. A single
diffraction hyperbola was migrated with three differem@ximumfrequency limits . In
Figure 15B,the focal point and itdocal f-k, spectrum areshown for an 80 Hz
maximum frequency whil€&igures 15C and5D are similar except that the maximum
frequency was 60 Hz and 40 Hz respectively. It is clear from these fitpatdaniting
temporal frequency affects botrertical and lateral resolution. Asexpected from
equation(2), areduction of f_ from 80 Hz to 40 Hz causes a doublingtlo¢ focal
point size.

Finally Figure 16 is a simple resolution simulatioging equation(2) with the
constant a set to unity and the scattering angle spectrum comysinedhe constant
velocity limiting equations (3) and (4). Comparison of 16A) with Fig2A@ and16B)
with Figure 3A) shows a reasonable, if simplistic, agreement. marely showsthat
the simple resolution concepts given here go a long way towapisining the spatial
variation of resolution beneath a seisnsarvey. In a practical setting, it is
recommended that actualave equation diffraction synthetics be generated and
migrated or that the constant velocity migration Green’s function of Schuster (1997) be
used.

CONCLUSIONS

The theory of f-k migration predicts a simple model for the resolving power of seismic
data.The result is a spatiflandwidththat dependsdirectly on frequency and sine of
scattering angle and inversely on velocity. Finite recording parameters (aperture and
record length)place space andime variant limits on theobservable scatteringngle
spectrum. Thughe resolution of a seismime is afunction of position within the
aperture of the line. The scattering angle limits imposed by aperture, record length, and
spatial sampling can be derived exactly for the case of constant velocityrargocity

linear with depth. The linear velocity results are more realistidesttitoconsiderably
different, and usually cheaper, survey parameters than the constant velocity formulae.
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Fig. 1. A) A constant velocity synthetic seismic section constructed from a grid of point
scatterers assuming zero offset recording geometry. B) f-k, spectrum of the section in A.
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Fig. 2. A) Result from -k, migration of the synthetic section in Figure 1A. Boxes denote
locations of zoomed images in Figure 3. B). f-k, spectrum of the section in A.
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A) Zooms of focal points
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Fig. 3. A) Zooms of the four focal points indicated by boxes in Figure 2A. B) f-k spectra of the
four images in A.
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Fig. 4. Constant velocity f-k migration theory relates the f-k spectra before and after migration
through a vertical mapping and an angle limitation.
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Fig. 5: Recording aperture, A, record length, V, and spatial sampling interval Ax all limit the
scattering angle spectrum after migration.
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F_ig. 6: The aperture limit imposes a spatial variation on the scattering angle spectrum.
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Fig. 7: Constant velocity scattering angle chart showing: aperture limit, record length limit and
spatial aliasing limit for a case when A=2500 m, T=3.0 sec, v=3500 m/s,Ax = 20 m, and f=60.
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Fig. 8: Constant gradient scattering angle chart showing: aperture limit, record length limit,

and spatial aliasing limit for a case when A=2500 m, T=3.0 sec, v = 1500 + .6z m/s, Ax = 20 m,
and f=60.
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Fig. 9. Aperture limit curves for the linear velocity function, v = 1500 +.6 zm/s, (bold) and the

constant velocity of 3500 m/s. Each set of curves shows the apertures (from top to bottom):
and 20000 meters.
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Fig. 10. Record limit curves for the case of Figure 6. Record lengths shown (top to bottom):

2.0, 4.0, 6.0, and 8.0

seconds.
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Fig. 11. Spatial aliasing limit curves (assuming 60 Hz) for the same case as Figure 6. Spatial
sample rates (top-left to bottom-right): 10 20 40 60 80 100 and 150 meters.
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Fig. 12. An illustration of the aperture effect. All of the synthetic diffractions in A have an
identical record length limit and have no spatial aliasing. Thus, only the aperture limit on
scattering angle varies with each diffractor. The migrated result is shown in B. Compare with
Figure 6.

1-14 CREWES Research Report — Volume 9 (1997)



Resolution theory for v(z)

seconds

.0
kilometers

seconds

1.1 15 1.9
kilometers
Fig. 13. An illustration of the record length effect. The diffractions in A) are limited only by the
record length. The migrated result in B) shows a systematic loss of lateral resolution with
increasing time. At the bottom of the section, the lateral size of the focal point is theoretically
infinite. Note the horizontal scale change between A) and B).
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Fig. 14. An illustration of the spatial aliasing effect. A) shows a single diffraction hyperbola. B)
shows a zoom of the focal point and the f-k spectrum after a migration with a spatial sample
rate of 4.5m. C) and D) are similar results after migrations with spatial sample rates of 9m and

18m respectively.
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Fig. 15. An illustration of the effect of maximum frequency on resolution. A) A single
diffraction hyperbola and its f-k spectrum. B) The focal point and its f-k spectrum after
migration with a maximum frequency of 80Hz. C) and D)are similar to B)except that the
maximum frequency was 60Hz and 40Hz respectively.
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Fig. 16. Synthetic resolution simulation using equation (2) and limiting the scattering angle
spectrum according to the effects described in the paper. Compare A) with Figure 2A) and B)
with Figure 3A).
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