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ABSTRACT

In this report we study the multiparameter Full Waveform Inversion (FWI) in viscoelas-
tic medium with five viscoelastic parameters. Parameters are, density, unrelaxed bulk mod-
ulus and shear modulus, and the differences between the relaxed and unrelaxed moduluses.
Based on the Born approximation we derived the explicit form of the Fréchet kernels. We
showed that how five viscoelastic parameters can be inverted in terms of the time and space
partial derivatives of the forwarded and backwarded scattered wavefields. We also derived
the Jacobian matrix that transform the three model of parametrization for inversion.

INTRODUTION

Full-waveform inversion (FWI) is a method to estimate the earth properties that affect
the seismic wave-field, it is based on the minimizing the field data and synthetic seismo-
gram generated from forward modeling (Virieux and Operto, 2009; Fichtner, 2010). An ul-
timate FWI technique should take attenuation and dispersions into account. Charara et al.
(2000) study the FWI for a viscoelastic medium with nearly constant quality factor and
examine their theoretical results for a 1D syntectic model. An appropriate choice of model
parametrization is very important in Full Waveform Inversion. In an acoustic medium, the
scattered wave field is described by density and P-wave velocity, however in more complex
media more parameters are required. For example in a viscoelastic medium we need five
parameters, three elastic properties, density, P- and S-wave velocities and two anelastic
parameters related to the P- and S-wave quality factors.

VISCOELASTIC FULL WAVEFORM INVERSION

Gradient-based full-waveform inversion, is a method to estimate the subsurface param-
eters by iteratively minimizing the misfit function of the difference between recorded seis-
mic data and modeled seismic data. Using the scattering potential obtained for viscoelastic
medium we can compute the sensitivity of each scattered wave field to the perturbations.
The gradient and the Hessian directly dependent on the radiation patterns. By including
the attenuation in initial model the full waveform inversion will be more accurate. Due
to frequency-dependent amplitude decrease and phase velocities, attenuation significantly
affect amplitudes and phases of seismic signals (Causse et al., 1999).

The objective of full waveform inversion is to find an optimal Earth model, m, that
minimises the misfit functional, (m), used to quantify the differences between the ob-
served seismograms, uy(Xx, ¢), and the synthetic seismograms, u(m;x, t) (Fichtner, 2010).
A model m is a functional of other quantities, the spatial distributions of the P wave veloc-
ity, Vp(x), the S wave velocity, Vs(x), density, p(x) and Quality factors for P () p(x) and
S-waves Qg (x) that is

m(x) = [Vp(x), Vs(x), p(x), Qp (%), Qs(x)].

CREWES Research Report — Volume 27 (2015) 1



For a isotropic viscoelastic medium the displacement vector u(x, t) satisfies in the follow-
ing equation
0*u’ o'

p(X) S (x,1) = (.1 =0, (M)

where the linear relationship between stress tensor, 0/ (x, t) and strain tensor €%/ (x, t) can
be expressed using the relaxation function W¥* (x, t) as

+0o0
o (x,t) = / AU (x t — )M (x,1). ()

o0

Time dependency of a material is characterized by the relaxation function, which is a fourth
order tensor. The relaxation function for a standard linear model is given by (Carcione,

2014)
1 7 (x)) ( t )]
1—— 1—%— exp [ —— H(t), (3)
L Z ( 77 (x) 77 (x)
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Here 7(¢) and 7, are the stress and strain relaxation times of the /th mechanism. At time

t — 07, (3) reduces to
L (e)
1 (%)
BRI _)] |
L= ( 77 ()

So that we obtain the ratio of the relaxation times for stress and strain as a constant

Tk (x 1) = UM (x, +00)

U (x,0%) = UM (x, +00)

UM (x,0%) 77 (x) @
Wiskl(x, +00) Tl(o)(x)’

this assumption is valid for seismic frequency bandwidth (Carcione, 2014). As a result,
inserting the relaxation function (3) in constitutive equation (2)

“+00

o(x,t) = UM (x, +oo)/ dt’

—0o0

H(t — t/)gkl(X, t') — %Z_; (1 — %) exp (_Tt,f‘;(i)) H(t — t/)gkl<x7 t’)] =

/foo At H (t — )M (x, #/) T (x, 400)

3 3 too 1 L t—¢
— (U7* (x, +00) — WM (x, 0T)) / dt' = "exp H(t —t"e" (x, ).
w~ L ) (x)
v=1 v
So we can write the constitutive law as
L
O']( ) \ijkl(x 0-‘1-) kl(X t ‘I’ A\Iﬂ]kl ZE l (5)
v=1
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where the memory strain variables ¢*'(x, ) is defined as (Carcione et al., 1988)

kl 1 o / t—t N _kl /
H(x f) = Z/_ it oxp  —5 o ) W= )4 ) ©)

o0 7—1/ (X
In addition AW is the difference between relaxed and unrelaxed modulus.

Next, we apply the single scattering approximation called Born approximation to the consti-
tutive law (5) and wave equation (1). Perturbations in density, relaxation function, memory
variable, stress and displacement are given by

p(x) + dp(x),
— U (x, t) 4+ UM (x, 1),

px) —
)
) — M(x,t) + 0el (x, 1), (8)
)
)

\Ij”kl
kl

(x,t

(x,t
eM(x,t) — M (x,t) + oM (x, 1),

(x,t) — u'(x,t) + du'(x,1).

7

u )

Inserting (8) in equations (1) and (5)

O*(u' + ou") d(c" + 5o
FTE R A

o (x,t) + 60" (x,1) = {\Pijkl(x, 0") + 5\I/ijkl(x, O+)} {5kl(x, t)+ 55kl(x, t)}

(p(x) + dp(x)) (x,t) =0, )
+ { AT (x) + SATIH(x)} D " {ell(x, ) + def (x, 1)}, (10)

keeping the first order of perturbations we arrive at the following inhomogeneous equations
with new sources

d?ou D60 *ul

p(X) o2 (Xu t) - W( ) = _6p( ) 12 (Xu t)? (11)
L
S0t (x, 1) — Wk (x, 07)0eH (x) — AU (x) >~ 5 (x, 1)
v=1
L
= 0WM (x, 07)eM (x, 1) + SATH (x) Y ek (x, ). (12)
v=1

So the right hand side of equation (11) represents the force term and right hand side of (12)
displays the moment source term. Now, using the integral solution of the wave equation
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and given the new source terms, scattered wave du' is given by (Tarantola, 1988)

Su'(x,t) =

/dx/ 4G (x, £ %, #)5p(x )852 (x, ¢

o 0GY : 13
_ / dX/ / dt/ ax/k (X, t; X/, t,)(g\lﬂklm(xl, O+)€lm<xl, t/) ( )
L
- [ ax / AT () 3 el 1),
v=1

Where the retarded or causal Green’s tensor G (x, t; x', '), propagate the wave forward
in time from (x',#') < (x,t) to (x,t). We consider to the linear isotropic homogeneous
case where the relaxation function W¥/*! reduces to

\Ifjklm(X) _ 5jk5lmli(X) + <5jl($km + §imgkl _ §5Jk5Zm> u(x)7 (14)

then we have

/ / ' G (x, £ X/ t)agf(x #16p(x')

L
/ / (x, t;x',t')5jk5lmzef,m(x’,t’)é(A/i(x'))
to v=1
b 9GY . . L
_ / dX// dt' — (X t,X/,t/) <5]l5km + simgkl _ ]kélm> Z€m %! t/ (X/)),
4 to Oz v=1
(15)

considering to the perturbation in the displacement in terms of perturbations in the model
parameters we have

5u:/dxa—u5m—
1%

om

, [ Ou Ju Ju Ju 0Au

)T (X )oK (X, 0T)

) <5jl5km 4 5jm5kl o %5jk5lm> €lm(Xl, t’)é,u(x’, O—I—)

(16)
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where the Fréchet kernels are given by

) 31 B o’
_ _ dt' G tx 'y
b= | et TEe ),

4 1 ij }
0 _ —/ dt’ 06 C(x %t Neikstmelm(x! 1)),
to

0K ox!
o b QY . , 2 .
v / R Y jl skm jm skl = sjk glm Im (1 4/
on /to dt (?x”f(X’t’X’t)’ ((5 R ) 3(5 ) )5 (x',t), (17)
du b 9GY i
7 - / ! N\ STk slm lm
N /to dt' o (%, 15X )57 ;e (x', 1),
GINT b G . | 2 -
L ! o~ 7l ckm jm skl 2 ik slm Im (! 4/
95 /t dt axlk(x,t,x,t)<5 O 675 — 267 )Z;e (x',t).
To invert the properties we calculate the adjoint of equation (16)
/dx/dt{ (x,t; x)} Ju(x,t),
so the inverted properties can be written as
8 Y
/dx/dt /dtGZJ x', t'x,1) (x,t)éui(x,t),
dr(x',0%) =
/dx/dt/ . x, 1)07R e (X ) S (x, 1),
Su(x',07) =
GY ) . 2 .
/dx/alt/dt/8 x' t'x,t) (6ﬂ5km—i—59m5kl = §5Jk51m> em(x ) o (x, 1),
IAK(x
/dx/dt/dt oG X t)éﬂk(slmz m(x ) oui(x, 1),
dAp(x
9 L
/dx/dt dt' ——— 8 (x',t';x,t) (5ﬂ5km + §Imgh — §5jk5lm> ;em x' ) ou;(x,t).
(18)

In above equations the Green’s function is advanced green’s function which is anti-causal
propagator. Other words, it propagate the wavefield backward in time. As a result the
backscattered wave in time is defined as

ouj(x',t') = /dx/dtGij(x’,t’;x, t)ou;(x,t)
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where the advanced Green’s function G (x’, '; x, t) propagate the residual wave du;(x, t)
back in time from (x,t) > (x/,¢') to (x/, ). Finally we have

L, 02 Ou; dou;, ,
590) = [t SR Odus 1) = — [ ar o) ),
86Uj

Si(x,07) = — / A5 (o ) S (6 ),

5/}(}(/’ O+) _ _/dtl ((Sﬂdkm 4 6jm5kl _ gdjkélm) (:Jm(X/,t/)%(X/ t/),

Qxk 7 (19)
L dbu
AL(X) = — 1 sjk slm Im (! 4/ J (!
IAR(X) /dt(S ) Vgle,j (X,t)axk (x', 1),
2 L du
N ! il ckm im skl ik clm Imy( ! 4/ WA
6Ap(x)——/dt (5]5 gt — 2ot )§ ) S ().

v=1

By exchanging (x',t') — (x,t) we have

) ou; 0du;
o0 = - [ arZI%,
SH(,0°) = / DIDI S

k
Si(x',0%) = dtz ( - 83Z7> —%/dtZe”Z?ﬁﬁ
l
(5uk
() = - dtzz >
v=1 k

L
S /dtzzlk@i‘g ) - /dtZZe’V’ oo

Ik v=1

All stress terms are in terms of forwarded wave field u = UY, other wavefields are back-
ward waves shown by du = UB

. OUFé?UB
(5p(x):—/dt et

OUF = oUp

+ 2: I 2: k
OR(x,07) /dt Ox! 4= OxF’
ouf  ou¥ oUB  oUB 2 our ouUp

N N 2 : l m l m _ = E l § k
O, 07) = /dt — (8xm+ 8$l) ((%m * 8961) S/dt — Oxl £~ Oxk’

- oUB

st = [ard2> e S o
OUB  oUB\ 2 oUB

it - a3 (G 0%) 2 fayyasn 0k

Ik v=1

1)
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In above equations the memory variables are in terms of forwarded wavefields. Now
we write the gradient for the new model parameters. An infinitesimal change in the wave
field in terms of changes in the properties is given by

B , [Oou(x,t)
The adjoint of this equation has the form
. B , [ou(x,t)]" ,
dm(x) —/dt {&m(x) } du(x,t). (23)

Infinitesimal changes in new parameters M in terms of old parameters m can be written as

- 1580 i -5 o (2] e

We can simplify the above equation using relation (23) and write

SM(x) = gﬁ((’j) i (x)

Assuming that m = (p, k, p, Ax, Ap) and M = (p, Vp, Vs, Q,, Q) we can write

Ok

A A
5Vp = 0% 5 O 5y 0P 55, OBH 08r

AR TR T A
oV = b+ g+ Sy SR+ SRR,
0Q, = 85 2 aacgu 835# 5p+ ggi‘ SA + ggfam (24)
50, = aacgf + aacgf + a%ﬂép%—ggf(SAu ‘gg’:(sm
5p* = %&@ ‘2’;5,1 g” 5+ aaAp“ SAu+ %ﬂ“a&.

The relationship between the velocities and bulk and shear modulus are given by

+ 3 4
Ve=1/=25 or k= pVE—pVd (25)
P

Vs = \/% or p=pV2, (26)

if we assume that the relaxation times for stress and strain are the same, for a standard
linear solid we have

pult) = pr

1 & t
1+ KQ, Zexp <_T_V)] , 27

v=1
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1+

K(t) =

KQK > o <_i>]

v=1
here K is a constant. We can write the unrelaxed quantities at ¢ — 0
b b

w =y |14+ = or  Ap=—p,—,
H M{ QJ K MQu

b b
Ky = 1+ — or Ak=—K,—,
|: Qli:| Qn

where b = LK ~!. Using these equations we obtain

. b\
00 = (o725 ) 050
Qx
i 4
0Q, = (p {Vlg - gvs} b2) §Ak,

4 b —~ 4 b
5p" = (Vﬁ — §V§> 0k + V3ofi+ 0p+ Vi—0Ap + (Vﬁ - 5‘/3) =

Qr

I

In matrix form

5% °2Ve 0 0 0 0
5T —5pVs  2pVs 0 —2pVsg- 0
50, _ 0 0 0 pVid Qz 0
50, 0 00 0  p(VE-1)&
55" VE—gVE Ve 1 ViR (VB-3VE) o

SArk.

SAR

(28)

(29)

(30)

3D

(32)

It would be useful to write changes in model parameters in density-impedance parametriza-

tion. In terms of impedances

. 0K ol ap 0Ap .~  0Ak
0Zp = —0hk+ —0f 0p 0A —(5A
Pz T 0zt T e T 9z, T T 9z, 0t
. ok ..  Ou ap OALL 0AK
0g =—10 ot 4] SN+ —— 5 A
S = 025" azs M T a2 P oz P T Bz O
The relation between impedances and moduluses are
Z2 _ 4 Z2
Zp=pVp, or K= PT?’pS

(33)

(34)

(35)
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Z3
ZS = pV57 or H=— (36)
P
In matrix form
570 2Vp 0 0 0 0 S
57 —5Vs  2Vs 0 —2Vsg: 0 Sit
A 0 0 0 pV2h 0 §p
0Qu | = Pl S YY)
50, 0 00 0 p(VE-ivd)d SAL
55 VB-ivE Ve 1 Vig (B-gd)g || 9

So the Fréchet kernels for @,; and @, are proportional to the ;. and Q;Z respectively. As
a result for the large initial () model the kernels are almost zero Fichtner (2010).

SUMMARY AND FUTURE DIRECTIONS

In summary, we analyzed the mathematical framework of full viscoelastic waveform
Inversion in time domain. First we showed that how perturbations in density, relaxation
function and stress generate the scattered wave. This is called the Born approximation,
which is the single scattering assumption describing the relationship between the pertur-
bations in reference medium with the scattered wave field. By inserting the changes in
density, relation function and stress in wave equation, we arrive at a wave equation gov-
erned the scattered wave with new sources. Perturbations in density act as point force and
perturbations in relaxation function and stress act as moment tensor source. By having the
sources and using the retarded Green’s tensor we can obtain the integral equation for the
solution of the scattered wave. This integral equation can be expanded to extract the five
Fréchet kernels for density, unrelaxed bulk modulus and shear modulus,and the differences
between the relaxed and unrelaxed moduluses. By applying the adjoint operation we invert
the aforementioned five parameters in terms of forwarded and backscattered wave field in
time. Backscattered wave field is obtained by using the integral equation including the mul-
tiplication of advanced Green’s tensor on the forward scattered wavefield. We also obtained
the Jacobian transformations that relate the five viscoelastic parameters based on density
and relaxation functions in terms of model parameters density-velocity-quality factor and
density-impedance-quality factors.
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