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ABSTRACT

In a recent paper, seismic amplitude-variation-with-offset (AVO) equations describing
P-to-P and P-to-S reflections from boundaries separating low-loss viscoelastic media, with
account taken for variation in attenuation angle, have been derived. We find that oppor-
tunities now present themselves to use these equations to expose a range of relationships
between measured amplitudes and subsurface elastic and anelastic properties. This has sig-
nificant applicability in quantitative interpretation of seismic data in, for instance, reservoir
characterization. To facilitate the analysis we decompose the equations into three parts:
elastic, homogeneous and inhomogeneous. We show that, for PP modes, the elastic part
is sensitive to changes across a reflecting boundary in density and P- and S-wave veloci-
ties; the homogeneous part is sensitive to changes in density, S-wave velocity and the P-
and S-wave quality factors; and the inhomogeneous part is sensitive to changes in density,
and P-and S-wave velocities. The latter term is seen to vanish when the attenuation angle
vanishes. Elastic and homogeneous terms are linear with respect to sin? fp, where 0p is
the P-wave incidence angle, however the inhomogeneous term is similarly linear only if
normalized by dividing by sin fp. For PS modes, the elastic part is sensitive to changes
in density and S-wave velocity; the homogeneous part is sensitive to changes in density,
S-wave velocity and the S-wave quality factor; and the inhomogeneous part is sensitive
to changes in density and S-wave velocity. This term also vanishes for zero attenuation
angle, i.e., in the homogenous limit. For PS modes, the inhomogeneous terms are linear
with respect to sin? fp, however the elastic and homogeneous terms are first and third order
in sinfp. A further and key result of this expansion of the wave types allowable in AVO
analysis is that, for inhomogeneous PS scattering, the viscoelastic AVO equations predict
a non-zero reflectivity at normal incidence. This is a significant deviation from common
models of converted wave amplitude analysis.

INTRODUCTION

A primary aim of modern exploration and monitoring seismology is to determine geo-
logical and engineering-relevant properties of subsurface hydrocarbon reservoirs from the
travel time, phase and amplitude information in seismic reflections. Amplitude-variation-
with-offset (AVO) analysis and inversion, in its various forms (Castagna and Backus, 1993;
Foster et al., 2010), is a key driving technology in this effort. The problem of robustly an-
alyzing and inverting reflected seismic amplitudes is complex and incompletely solved, re-
quiring (1) integrated seismic acquisition, data processing, and image-forming techniques
to produce seismic amplitudes of appropriate fidelity, and (2) accurate, robust, and in-
telligible formulae and algorithms for modelling and inverting these amplitudes. In the
latter domain, research has been active in recent years to understand the limits of standard
approximate solutions for reflection amplitudes, connect them with auxiliary geological
information to infer increasingly specific reservoir engineering properties cite, and incor-
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porate more complete physics, for instance the anisotropy and/or viscosity arising from
the presence of fractures and fluids. In this paper we continue to address the problem of
accommodating a maximal amount of the complexity and richness of viscoelastic wave
propagation in AVO theory and practice.

Including wave physics beyond the elasticity and isotropy of standard AVO analysis
and inversion brings benefit and difficulty. The benefit is an increase in the information
derivable from the data. If, for instance, attenuation due to changes in reservoir viscosity
influences seismic observations, an extended model will permit that information to be used
and this extra rock/fluid property will be at least in principle inferrable. The difficulty is
that, for each additional parameter we ask the seismic data to constrain, the more stress is
placed on the acquisition-processing-imaging chain to provide accurate data over a wider
range of angles and azimuths. As more “difficult” elastic properties are sought, examples of
which are density and various anisotropic parameters, often the limits of our mathematical
models are reached, and the data variations needed to determine them increasingly tend to
occur near the limits of our experimental apertures.

Thus when we extend the reach of seismic amplitude analysis by including a more
complete model of wave physics, it is insufficient to simply write down new mathematics
and leave it at that. An extension of (say) the Zoeppritz equations cite to incorporate a
viscoelastic model, which is part of the work represented in this and the preceding papers,
is a starting point only. To activate new technologies wherein attenuative properties of
the subsurface can be inferred from seismic measurements requires (1) useable and inter-
pretable approximations in addition to the complex exact equations, (2) an understanding of
the behaviour and accuracy of approximations and exact solutions as the quantities related
to seismic acquisition reach their limits (e.g., incidence angle and/or maximum source-
receiver offset), (3) an understanding of regimes in which data variations caused by new
and/or additional parameters are prevalent, and (4) an understanding of if, and how, these
data variations can be used to determine simultaneous changes in all of the rock properties
as they generally occur in the Earth. The mathematics of the viscoelastic AVO equations,
exact and linearized, with attenuation angle incorporated, have been discussed in previous
work cite; here we report on developments of these secondary but critical parts of the full
problem.

Approximate reflection coefficients for weak contrast interfaces separating elastic isotropic
media are well-established. These equations linearly depend on the fractional changes in
density, P-wave and S-wave velocities weighted by trigonometric functions of incident an-
gle (Aki and Richards, 2002). In the presence of anelasticity, in which the polarization
vector and the ray parameter are complex-valued, reflection coefficients are complex func-
tions (Krebes, 1983, 1984; Ursin and Stovas, 2002; Moradi and Innanen, 2015a, 2016).
The corresponding linearized AVO equations not only depend on the changes in elastic
properties across the boundary but also depend on the changes in P- and S-wave quality
factors weighted by trigonometric functions of incident phase and attenuation angles. The
problem of determining exact and approximate reflection and transmission coefficients at
a plane interface between two viscoelastic media for homogenous waves was studied by
(Ursin and Stovas, 2002). The authors concluded that the approximate PP and PS reflectiv-
ities are very similar to the exact solutions of the associated Zoeppritz equations. The same
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authors generalized the problem to incorporate transversely isotropic viscoelastic problems
(Stovas and Ursin, 2003). The effects of attenuation on PP- and PS-wave reflection coeffi-
cients for anisotropic viscoelastic media with the main emphasis on transversely isotropic
models with a vertical symmetry axis has also been treated (Behura and Tsvankin, 2009a).
These authors allowed for inhomogeneity in the waves, assuming that the attenuation an-
gles across a reflecting boundary remain constant, but pointing out that the inhomogeneity
angle can make a substantial contribution to the AVO response for strongly attenuative
media (Behura and Tsvankin, 2009b).

The related but more general problem of scattering of seismic waves from viscoelas-
tic inclusions in the context of Born approximation has also been recently investigated. A
comprehensive mathematical framework for scattering, building from Borcherdt’s layered-
medium formalism has been developed for the purposes of modeling, processing, and inver-
sion of seismic data exhibiting non-negligible intrinsic attenuation (Moradi and Innanen,
2015b). It was further shown that either independently or beginning from this scattering
theory, linearized forms of PP, PS, and SS reflection coefficients for low-contrast inter-
faces separating two arbitrary low-loss viscoelastic media for arbitrary incident angle are
derivable (Moradi and Innanen, 2016, 2015a). These equations relate the AVO response to
anelastic parameters. In that work it was shown how the reflectivity depends upon perturba-
tions in elastic properties and on perturbations in quality factors for P- and S-waves. These
equations are expected to be of practical importance in the characterization of viscosity
and viscosity changes in unconventional reservoirs (see e.g. David Gray, CSEG 2016).
One feature of our approach in deriving the linearized AVO equation is that Snell’s law
and its linearized form is properly accounted for in the linearization, which has typically
been assumed to be constant (Behura and Tsvankin, 2009a,b). AVO formulas of this kind
represent physically more complete versions of those which underlie anelastic inversion
procedures (Innanen, 2011, 2012). Updates to these inversion procedures making use of
these more complete expressions is in progress.

In this paper we are concerned with a certain decomposition of the approximate vis-
coelastic reflection coefficients, and a qualitative and quantitative analysis of the results.
Specifically, effects of the attenuation angle and the quality factors will be focused on.
We shall see that the attenuation angle has very significant qualitative effect on the AVO
responses, and we offer some ideas of the relative importance of the AVO equations for
homogeneous and inhomogeneous waves. Another result of this paper is that some in-
sight into common alternative forms for the AVO equations (e.g., the Shuey approximation
cite), adjusted for attenuative media, is provided. Again incorporating into these re-written
equations the change in attenuation angle across the boundary is unexplored territory. Be-
cause we develop results for P-to-S conversions as well as standard P-to-P reflections, our
analysis is applicable to linear and nonlinear inversion of multicomponent seismic data
(Margrave et al., 2001; Lehocki et al., 2014; Jerez, 2003).

This paper is organized as follows. In section 2 we briefly introduce notation for the
complex ray parameter and slowness vector for inhomogeneous waves in low-loss vis-
coelastic media. In section 3 we apply the Snell’s law to decompose the vertical slowness
for reflected and transmitted waves. It is shown that the vertical slowness for P- and S-
wave is a function of incident attenuation angle. In section 4 we apply the method that
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we developed in previous section to the decomposition of the exact solutions of the vis-
coelastic Zoeppritz equations. In section 5 we lay out the viscoelastic version of the Shuey
approximation for PP-reflection coefficients, and compare the decomposed exact reflectiv-
ities with the approximate ones for two reservoir rock models. Finally we produce some
useful approximations for converted PS-wave.

PRELIMINARIES

In viscoelastic media there are three types of waves: P, Type-I S, and Type-II S. These
may be homogeneous our inhomogeneous, depending on whether their propagation and
attenuation vectors are, respectively, parallel or not (Borcherdt, 2009). Polarization vectors
for inhomogeneous P and SI-waves are elliptical; for homogeneous waves they are linear.
The elliptical motion reduces to linear motion in the homogeneous limit. The SI-wave is
the generalization of the elastic SV wave, and the SII-wave is the generalization of the
elastic SH wave, with the former reducing to the latter as attenuation goes to zero. The SII-
wave involves linear particle motion perpendicular to the propagation-attenuation plane in
both homogeneous and inhomogeneous cases. In reflection problems, if the incident wave
is an inhomogeneous P-wave, the reflected wave can be an inhomogeneous P- or SI-wave.
For an inhomogeneous wave, the ray parameter and slowness vector not only depend to the
phase angle but also on the attenuation angle.

To properly compute linear solutions of the Zoeppritz equations, generalized to accom-
modate viscoelasticity, to facilitate AVO analysis in the presence of attenuation, we must
define polarization and slowness vectors with some care. In a viscoelastic medium, the
wavenumber vector is a complex vector whose real part characterizes the direction of wave
propagation and whose imaginary part characterizes the attenuation of the wave. This is
laid out by, e.g., Borcherdt (2009) who presents a complete theory for seismic waves prop-
agating in layered viscoelastic medium. Borcherdt’s formulation predicts a range of trans-
verse, inhomogeneous wave types unique to viscoelastic media (the Type I and I S waves
discussed above), including rules for conversion of one type to another during interactions
with planar boundaries. As a result of the complexity of the wavenumber vector, slowness
and polarization vectors are complex functions. The complex wave-number vector is given
by

K=P —iA, (1)

where the propagation vector P is perpendicular to the wavefront, and specifies the direc-
tion of propagation, and the attenuation vector A is perpendicular to the plane of constant
amplitude, and specifies the direction of maximum attenuation. The angle between these
two vectors is always less that 90° and is referred to as the attenuation angle (Fig.1). If
the attenuation and propagation vectors are parallel and ) = 0 the wave is homogenous;
otherwise it is inhomogeneous. In the case of low-loss viscoelastic media, in which the
quality factor Q! < 1, the propagation and attenuation vectors can be written (Borcherdt,
2009)

P = i(xsinG—I—zcos.G),
Vi

T (2)
A= ?Q’l secd [xsin(f — &) + zcos(f — 9)],
E
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FIG. 1. Incident inhomogeneous wave (§ # 0). P is the propagation vector, A is the attenuation
vector, 4 is the incident phase angle and ¢ is the incident attenuation angle.

where V5 is either P-wave or S-wave velocity, 6 is the phase angle and ¢ is the attenua-
tion angle. For an inhomogeneous wave, the ray parameter and the vertical slowness are
complex functions which depend on the quality factor and attenuation angles (Moradi and
Innanen, 2016). These quantities can be split into elastic, homogeneous and inhomoge-
neous parts

P = pe + 1pu + 1P,

~ e 3)
q = qe + 1qu + qm,
where the components are given by
sin 6 -1 -1
PE = ; PH=——5"PE, PmH=-—5—qetand
Ve 2 2
4 4 )

- Q Q
e =1/Vg 2 — D3, qu = _TQEa qu = _TpE tan o

In the above relations the indexes E, H and IH respectively refer to the elastic, homo-
geneous and inhomogeneous parts. Reflected and transmitted angles can be obtained in
terms of the incident angle from Snell’s law. For a low-contrast, two layered medium, the
deviation of transmitted angle away from the incident angle is small. Consequently, we
can linearize Snell’s law to obtain a simple expression of the difference between the inci-
dent and transmitted wave in terms of changes in velocity between the layers. Snell’s law
for viscoelastic materials is discussed by Wennerberg (Wennerberg, 1985) and Borcherdt
(Borcherdt, 2009). Importantly for our purposes, since the attenuation angle changes across
the boundary, the linearized form of Snell’s law also gives us in a simple form the differ-
ence in attenuation angle in terms of changes in velocity and quality factor (Moradi and
Innanen, 2016).

HOMOGENEOUS AND INHOMOGENEOUS PARTS OF THE SLOWNESSES

To decompose the reflectivity into the contributions from inhomogeneity of wave, first
we need to split the slowness vector to elastic, homogeneous and inhomogeneous parts. Let
an inhomogeneous P-wave be incident in medium 1 on a horizontal interface. The P-wave
transmitted through the interface has vertical slowness

gp2 = GrE2 + 1GPA2, (5)
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FIG. 2. Plots of the viscoelastic ray parameter p in the complex plane for Q = 10 over a range of
attenuation angles, ranging from 0° to 70°.

where the elastic and anelastic parts, gpro and gpao respectively, are given by

qrpE2 = \/ VP_EQQ - p%, and (6)

-1
_Opy

2

In equation (7), subscript A labels the anelastic part of the vertical slowness. In the same
way, for the reflected S-wave we have

gse1 = 1/ Vam — D%, ()

—1
gsa1 = —%(%m + pr tands; ), )

JpA2 = (gpr2 + pr tan dps). (7)

and for the transmitted S-wave

qse2 = £/ Vg — P (10)
_ QS_21 (5
gsa2 = —T(qu + pg tan dga). (11)

To separate the homogeneous and inhomogeneous components of these relations we must
invoke Snell’s law, because the transmitted and reflected attenuation angles are functions
of the incident attenuation angle (see Appendix). We have

1 { Qp2

tandpy = — |pg — ~—
Qp1

dPE2
where dp, is the attenuation angle for the transmitted P-wave, and Jp; is the attenuation
angle for the incident P-wave. For the reflected S-wave, the attenuation angle dg; is

(pE — gpE1 tan 5P1):| , (12)

1 Q
tandg = — [pE — 2% (pp — gsg1 tan 5P1):| ; (13)
qsE1 @p1
and for the transmitted S-wave the attenuation angle dg, is
_ Qs2
tan 552 = — |PE — ~—— (pE — ({SE2 tan 5]31) . (14)
4sg2 P1
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By substituting equation (12) into (7), and (13) into (9), and finally (14) into (11) we can
decompose the transmitted P-wave slowness vector into homogenous and inhomogeneous
parts,

1 __jcosfpy 1sinfpy
dpaH2 = 5 %P2 Voo 5 Vo
1 _,cosfpy
2 P1 VPl

tan fpe(Qp2 — Qp1) (15)

qrAIH2 = — tan 0py tan dpy (16)

respectively. Similarly for the reflected S-wave we obtain

1 _,cosfls; 1sinfg

Gsam = —5 g Ve 2 Ve tan fs1(Qs1 — Qp1) (17)

GSATH1 = —% 1311 COXS/iPl tan fg; tan dpy, (18)
and for the transmitted S-wave

gsAH2 = _% 5 00‘29:2 - %Sl‘i:):Q tan fss(Qs2 — Qp1) (19)

qPATH2 = Lo Oy tan fgo tan dpy. (20)

2 P1 VPl

These relations separate the homogeneous from the inhomogeneous components of the
slownesses, in the sense that for a purely homogeneous P-wave, with zero attenuation an-
gle dp; = 0, the components labelled inhomogeneous vanish. Let us next use this complex
Snell’s law decomposition procedure for viscoelastic ray parameters and vertical slow-
nesses to analyze the viscoelastic reflectivity.

DECOMPOSITION OF SOLUTIONS OF THE VISCOELASTIC ZOEPPRITZ
EQUATIONS

Our interest is to be able to separately analyze and predict behaviour of the homo-
geneous versus inhomogeneous components of viscoelastic waves having reflected from
and transmitted through a planar boundary. Consider two homogeneous viscoelastic half-
spaces, in which the upper half-space is characterized by the density p;, P-wave velocity
VpE, S-wave velocity Vsg, P-wave quality factor Qp and S-wave quality factor (Js. Each of
these experiences a jump in transitioning to the lower half-space, where the parameters are
labelled with the subscript 2. A plane P-wave incident on the boundary between the two
half-spaces generates reflected and transmitted P- and S-waves. Solutions of the purely
elastic-isotropic Zoeppritz equations can be straightforwardly extended to correspond to
exact PP and PS reflection coefficients in this viscoelastic case. This is done by substitut-
ing the complex ray parameter, slowness vector and velocities discussed in the previous
section.

These solutions are complicated nonlinear functions of the changes in both elastic and
anelastic parameters (Aki and Richards, 2002; Ikelle and Amundsen, 2005; Moradi and
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Shale Salt Limestone | Limestone(gas)
Vpe(km/s) | 3.811 4.537 5.335 5.043
Veg(km/s) | 2.263 2.729 2.957 2.957
p(gm/cm?) | 2.40 2.005 2.65 2.49

Table 1. Density, P and S-wave velocity used in the numerical tests for shale, salt, limestone and
limestone(gas). For all models we assumed the P- and S-wave quality factors as Qg1 = 5, Qg2 = 7,
Qp1=9and Qpy = 11.

Innanen, 2016):

cidy — cgdy

Rpp = —————, 21
PP didy + dad,y D
Vp1 CSdl + Cldg
Rpg=—— | =—F"7—> 22
Ps (v51> dids + dsd, (22)
where

dy = —2P2AM(QP1 — qp2) + (p1gp2 + p2qp1), (23)

d3 = —p [QAM<QPIQS2 +p2) - AP} ) (24)

and where dy = d; (but with gp — qg), dy = d3 (with gp <> qs), c1 = di (with gps —
—(qp2), 2 = dy (with gso — —qg2), c3 = d3 (with gpy — —qp1), and ¢4 = d4 (with
gs1 — —qs1). In above equations Ap = py — p; is the difference between the density in
lower and upper media and AM = Ap + iApy is the change in the complex modulus
across the boundary:

App = paVigy — mVip = 2 — HEL (25)

and
Apa = p2VipQgn — pVemQsi = Qgatipz — Qg pi1.- (26)

In Figure 3 the real parts of reflection coefficients for PP and PS modes at boundaries be-
tween two viscoelastic half-spaces, with quality factors near and below 10, are plotted.
The elastic properties are selected to correspond with natural geological boundaries as dis-
cussed below. The coefficients are plotted three times each, with attenuation angle varying
from 0°, to 45°, and to 70°; and angles of incidence up to 40° are included. The solid line
refers to the homogeneous wave with zero attenuation angle; the dotted line is the inhomo-
geneous wave with moderate incident attenuation angle 0p = 45° and the dashed line is the
highly attenuative wave with dp = 70°. The reflectivity curves in the homogeneous and
moderate attenuation cases approach each other near normal incidence, but in general the
attenuation angle can be seen to have a significant impact on reflection amplitudes. For the
PP-reflection coefficients and shale/salt and shale/limestone models, the attenuation angle
has its largest influence for angles greater than 20°.

The influence of anelastic parameters and attenuation angles on the reflection coeffi-
cients in equations (21) and (22) is not easy to analyze in this unaltered form. To address
this we decompose the reflectivity into three components, elastic, anelastic homogeneous
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FIG. 3. Comparing the real part of the exact viscoelastic PP-reflectivity for §p = 0°,45°,70° for four
selected models from table 1.

and anelastic inhomogeneous. We insert the decomposed ray and slowness parameters
calculated in previous section into d; and c¢;, obtaining

dj = dg;j + idy; + id;, 27)
cj = Cgj + icmg +icm;, J=1,2,3,4. (28)

The detailed form of d;, for instance, is

dY = = 2p3App(ap, — aps) + (p2ap; + p1aps)
dyl = — 2p2EAuE( b1 — abs) — 2(p5Apa + 20EpuluE)(gh) — aps) + p2aby + P1by
A = — 202 App (i — ¢ — ApppmAus(gE, — a5y) + pagil + prghl.

More detail of dependency of this parameters to the medium properties can be found in
Appendix A. To compute the decomposed reflectivity we note that in low-loss viscoelas-
tic media all terms involving the product of homogeneous and inhomogeneous terms are
negligible (for instance, d?d'* ~ (d")? ~ (d'")? ~ 0). Taking into account the low-loss
aspect of the media, and inserting (27) to (28) into the (21) and (22), we arrive at

Rpp = REp + iREp + iR, (29)
Rps = REg + ZRES + iRps, (30)

where Rgp is the elastic reflectivity, 1.e., the reflectivity in the absence of attenuation:

RE — ce1dp2 — Cr3dE,
P — )
dg, dg, + dg,dg,
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REP is the homogeneous anelastic term, i.e., the term which remains when the attenuation
angle is zero,

REP _ REP dgadm + deiduz + desdus + deadns
dg1dgs + dpsdes
_ ce3dus + cusdps — cai1des — CE1dm2
dp1dpe + drsdps

and finally REL, the inhomogeneous term which appears with non-zero attenuation angle,

M g deadim + deidime + desding + dgadins
Rpp = — Rpp

dp1dgs + drsdpa
crsdina + crsdps — crmidez — cridime
dg1dgs + dgsdg .

In the same way three components of PS-reflectivity are

RE, — — (VPEI) ce3dg1 + cp1dgs
Vsg1 ) deides + desdgs
R = 1 (@5l Qst) R
B Rgs de1duz + desdus + duides + dusdeg
de1dgs + dg3dgs
B (VPEl) ceadm + cei1dus + cusdpy + caidgs
VsE1 dp1des + dpsdpa
RIH _ _RE de1dinz + drsding + dimnides + dinsdeg
PS = PS
dg1dgz + dg3dgy
B (VpEl) ceadrnt + cgidms + cmsde1 + cimdes
VsE1 de1dgs + dgzdgs '

In summary, the viscoelastic reflection coefficients have real and imaginary parts, with
the real part being identical to the solutions of the elastic Zoeppritz equations, and the
imaginary part with a more complicated structure, depending on the elastic, anelastic terms
as well as the attenuation angle.

THE VISCOELASTIC SHUEY APPROXIMATION

Linearized approximate forms of the solutions to the Zoeppritz equations are typically
used in AVO analysis and inversion (Aki and Richards, 2002; Castagna and Backus, 1993;
Foster et al., 2010). A range of linearized forms are available, distinguished by their treat-
ment of the plane wave incidence angle and their parameterization of elastic properties
and their variation across the reflecting interface; amongst these the Shuey approximation
(Shuey, 1985) is one of the most frequently used. Ideally a linearized form (1) only differs
from the exact solution by a small amount in the regions (e.g., angle-range) it is employed,
(2) provides an intuitive interpretability, (3) leads to stable inversion algorithms, and (4)
correctly predicts the main reflection phenomena observed in seismic data. In this section
we review and decompose the viscoelastic version of this approximation.
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There are two main assumptions made in deriving the equations of linear AVO analysis,
firstly, that the relative changes in properties (elastic or anelastic) across the interface are
small, and secondly, that the incident angle is well below the critical angle. The small-
offset linearized P-to-P reflection coefficient for an inhomogeneous seismic wave reflected
from boundary of two isotropic viscoelastic media under the assumption of small contrast
interface is given by (Moradi and Innanen, 2016)

RPPL — R’PPL + ZR‘PPL + ZR‘PPL’ (31)

where the real part is

Ap 1 AW Vs Ap AVg
RE = —— | —2sin?*0 — +2— 32
PPL 75 < p * cos?fp Vp ) Sin” 0 (Vp) ( p * Vs (52)

the homogeneous-imaginary part REp, is

Ve A AV
Rppy, = (Vs> (Qs' — Qp')sin®bp (7[) + 275) (33)
. 1 1 AQp .2 E ’ _1AQs
TooZ6n Qp On + 2sin® Op (Vp) Qg Os (34)

and the inhomogeneous-imaginary part Ri, is

2
Vé) (% 2AVs>_ tan0p AVP (35)

Rppr, = tan & 20
pp, = — Qp ' tandp [Slﬂ P (Vp P + Va 2cos? Op Vp

Here Ap/p is fractional change in density, with Ap = po—p1 and p = (pa+p1)/2; AVp /Vp
is fractional change in P-wave velocity, with AVp = Vpy — Vpy and Vp = (Vpo + Vp1)/2;
AVs/Vs is fractional change in S-wave velocity, with AVg = Vgy — Vgp and Vs = (Vo +
Vs1)/2; AQp/Qp is fractional change in P-wave quality factor, with AQp = Qps — Qp1
and Qp = (Qp2 + Qp1)/2; AQs/Qs is fractional change in S-wave quality factor, with
AQS = QS2 — QSl and QS = (QSQ + QSl)/2 In addition 9p = (QPQ + 9p1)/2 where 9131 is
the incident phase angle and 6p, is the transmitted phase angle; ép = (dpy + dp1)/2 where
Op1 is the incident attenuation angle and dp- is the transmitted attenuation angle. Subscript
1 refers to the upper layer and subscript 2 refers to the lower layer. It can be seen that
the anelastic-inhomogeneous term is a function of the fractional changes in density, P- and
S-wave velocities.

Equations (31-35) can be rearranged in powers of sin fp and tan 0p:
RPPL(GPa 513) RPP(GP) + ZRPPL(HP) + ZR{:,I%:L (ep, (SP), (36)
with elastic, anelastic-homogenous and anelastic-inhomogeneous terms given by

REPL(QP) = AEP + ng sin2 9}3 + Cgp (tan2 HP — sin2 (9]3), (37)
RPPL(0P> — AEP + ng Sin2 9}) + AEP (tanZ 9}) - SiIl2 9P)7 (38)
Rppr (0p, 0p) = App tan @p + Bpp tan 0p sin? 0p + Cpp tan fp(tan? fp — sin® fp), (39)
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FIG. 4. Comparing the two and three term AVO responses for the decomposed PP reflectivity.

Shale/Salt

25

Attenuation angle(®)

101
-0.0003

\
e
2
<)

= N
al o
T £0000— 000 U=
j //z 4
000©
Q \0.0007

\

!

=0.000

0.00022:0005-

Q
1000~

J

0. 00

FIG. 5. The maps of the inhomogeneous part of the PP-reflectivity for three models in table 1. The

10 15 20 25

Incident angle(®)

Shale/Limestone(gas)

2

(LW, N7 7] LN
288 % /] |ghaRr i
2 ® 4 15\ 5

25\\ S1 258 ]

15¢

o\

\
54
Q

[=]

Q.
O\
10 15 20 25

Incident angle(®)

Limestone/Salt

\ ‘ b
10 15 20 25

Incident angle(®)

vertical axis indicates the attenuation angle and horizontal axis incident angle.

12

CREWES Research Report — Volume 28 (2016)



Linearized viscoelastic reflection coefficients

() 107 (b) (©
0.25 ; 3x 10 ; 002
—Exact —Exact — Exact
* Two term * Two term * Two term
0.2} “© Three term 4 O Three term O Three term
0.015f T
2l i
0.15‘* 1
*
= ¢ 2
0.1F Shale/Salt g e
=< S 1r 3
2 £ £
S 0.05F — 5 <]
£ e T
I
Q [ o &
8 WW o ob
1 0 w ° 1)
o 5 g
% Shale/Limestone(gas) 3 Shale/Salt @
2 -0.05} - = 5
7] [} | D
s 2 o
i} g1 £
-0.1f — S o
T =
-0.151 3 Limestone/Salt
-2 gas)
.  -0.015F f
0.2 4
Limestone/Salt Limestone/Sal
-0.25 L L -3 L L -0.02 L L
0 10 20 30 0 10 20 30 0 10 20 30
Incidnet angle in degrees Incidnet angle in degrees Incidnet angle in degrees

FIG. 6. Components of the PP-reflection coefficients versus incident angle 6p for three two layer
mineral models introduced in table 1. Solid line represent the exact reflectivity calculated from
the Zoeppritz equation (Eq. 21), star and circle-dot lines respectively are related to the two and
three terms (Figs. 6b and 6c¢). Reflectivity components corresponding to the interface models of
Shale/salt, Shale/Limestone(gas) and Limestone/Salt.

@ <16 ®)

= Exact
0.2F “©Two term

= Exact
2| O Two term

€
1]
~ c
8 g
5 JOUUT
3 Shale/Salt T o000 3
£ a
o o
] H GOV
o Shale/Limestone(gas) a
o o
Pt o O
§ §7 _..-.uoh".
w E mestone(gas)
Limestone/Salt S
I
0 0.05 0.1 0.15 0.2 0 0.05 0.1 0.15 0.2

(© (d)

— Exact
O Two term

0.015

— Exact
ooif "OTwo term

Limestone/Salt

Normalized-Inhomo PP-component

Inhomogeneous PP-component

0 o0 o1 ot oz % 0.05 01 0.15 02
sin(8,) sin®(9,)

FIG. 7. Components of the PP-reflection coefficients versus sin? 6p for three two layer mineral
models introduced in table 1. Solid line represent the exact reflectivity calculated from the Zoep-
pritz equation (Eg. 21)and circle-dot lines corresponds to the two term approximation. Reflectivity
components corresponding to the interface models of Shale/salt, Shale/Limestone(gas) and Lime-
stone/Salt. Fig.(7d) corresponds to the inhomogeneous components normalized by dividing to
tan p

CREWES Research Report — Volume 28 (2016) 13



Moradi & Innanen

where the elastic constants are

4 _1[&+Avp}

PPT 517, Vo
o) [
CEP = %AVZP7
the homogeneous constants are
AEP = _EQEIAQ?)P
Bpp = —2 (%)2 {(Qpl - Qs") (% + 2%8) + QslAQCzS} - iQplAQ?f,

and the inhomogeneous constants are

[ 2
App = Qp' tan p LAVe 2 (E) (% + 2%>

2 Vp Vp p Vs
) 1AV, Va\2 (Ap  _AV5\]
BlL = Qpltandp | = 21 =) (= +2=—2=
PP QP anop 2 Vp + (Vp) P * VS
_ 1 [AW
cul :Qpltan5p§ { VPP] .

Equations (37)-(39) are arranged in such a way that successive terms grow in importance as
the angle of incidence grows. These equations are the generalization of the Shuey approx-
imation to viscoelastic media. For each of the elastic, homogeneous and inhomogeneous
parts, the first term corresponds to reflection coefficient at normal incidence. The second
term is called the AVO gradient, and the third term, which becomes important for wide
angles of incidence (roughly fp > 30°) is called the curvature. We note that the inhomoge-
neous term at normal incidence is zero, indicating that to leading order contributions from
the attenuation angle should not be expected in the PP-reflectivity at normal incidence.

The linearized forms also make qualitatively clear aspects of the dependence of the re-
flection strengths on the physical properties above and below the interface. The elastic part
of the reflectivity is sensitive to changes in density, P- and S-wave velocities and has a non
zero value for waves at normal incidence. The anelastic-homogeneous term is sensitive
to changes in density, S-wave velocity, P-wave quality factor and S-wave quality factor.
At normal incidence this term is not zero, but, only a change in P-wave quality factor in-
fluences it. The inhomogeneous term is nonzero and sensitive to changes in density, P-
and S-wave velocities; it is zero at normal incidence. We show later that the inhomoge-
neous term is a function of incidence angle, a property shared by the elastic and anelastic
converted P-wave.
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In Figure (4) we compare the relative importance of the three terms in the AVO re-
sponses expressed in equations (37) — (39). For elastic and homogeneous terms the contri-
butions of the curvature at angles 6p < 20° is negligible. Increasing the incidence angle,
this term becomes relevant beyond 8p > 30°. The three components of the PP-reflection
coefficient are illustrated in Figure (6). The elastic component shows a significant increase
in accuracy moving from the two-term approximation (intercept and gradient) to the three-
term approximation (including the curvature). The homogeneous component in isolation
deviates only slightly from the exact solution for angles up to 20° except in the case of the
limestone/salt model. In Figure (6¢), we observe that the approximate form of the inhomo-
geneous component of the reflection coefficient deviates significantly from the exact result
for all but the shale/salt model with incidence angles up to 20°.

In Figure 7a, b, and c, we plot the exact versus linearized P-to-P reflectivity for the three
single-interface models in Table 1. For elastic and homogeneous parts of the reflectivity,
the linearity with respect to sin? fp can be seen explicitly. The inhomogeneous term REL
is not a linear function of sin® #p, but linearity can be enforced through the normalization

R = Kee (40)
PPN — tan QP’ P .

The exact and approximate inhomogeneous reflectivities, introduced in equation (40), are
plotted in Figure 7d. The REL term is evidently linear with respect to sin® fp in the range
0 < 0p < 25°. Using the decomposition defined in equation (5), and the terms plotted in
Figure 8, we can obtain the zero offset coefficients A and gradient terms B from the exact
reflectivity. Contour maps, illustrating the variability of the inhomogeneous component of
the P-to-P reflectivity versus phase and attenuation angles, are plotted in Figure 5.

CONVERTED WAVE APPROXIMATIONS

By solving the Zoeppritz equation for two half-spaces involving low-loss viscoelastic
media, we can obtain exact expressions for the PP- and PS-reflection coefficients (Moradi
and Innanen, 2015a, 2016). To linearize the reflectivities in terms of changes in elastic and
anelastic properties, we assume the incidence angle to be smaller that 30°, and also that the
relative change in all elastic/anelastic properties are much less than one. In this paper, to
treat the case of the converted wave, we use the appropriate version of Snell’s law to obtain
an expression for the S-wave attenuation angle, appropriate for small angles of incidence,
which is written as a function of the incident phase and attenuation angles (Appendix ).
The weak-contrast converted-wave reflectivity is then given by

Rps = Rpg + iRpg + iRps, (41)

where the real part is
RE, = — tanfg- -~ =" _ tang Op + 0 — +2— 42
PS an SO Va P an fg cos(fp + s)(p + Vs ) (42)

the homogeneous-imaginary part R, is

Vp Ap

+ Q35" tan 0g cos(0p + 0s) AQs
p

Qs

1
Rils = — 7 tanfs(Qp' — Q5137 (43)
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and the inhomogeneous-imaginary part RE is

1 1 VeAp
W= — Qg tan dg——— — —- 44
Rps 195 tands— 05 Ve 1 (44)
1 cos(fp +6s) (Ap _AVs
Q5 tan §g VP TIS) (B0 | 928 45
2QS A0S g2 O p * Vs )

+ %tan Ossin(f0p + 05)(Qg' tands + Qp' tan §p) (% + 2%) ) (46)
p S

This approximate PS-reflectivity is a function of density, S-wave velocity and S-wave qual-
ity factors. Snell’s law relates the reflected and transmitted phase and attenuation angles
to the incident phase and attenuation angles. In order to analyze the converted-wave re-
flection coefficient properly in the lowest order, using the Snell’s law the average S-wave
attenuation angle for small angles of incidence is written as a function of incident phase
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and attenuation angles:

Q5! tandg = EQ; tan dp (47)
+ E@S —Qp')sinfdp (48)
— %% 1— (%)2 Qp' tan dp sin? Op (49)
+5 (VS) (Qs' — Qp')sin’Op. (50)

Then, using standard approximations for trigonometric functions for small angles, and col-
lecting the powers of sin fp, we obtain

Rps(0p, op) = Rps(0p) + iRpg(0p) + iRps(0p, dp), (51)
where the elastic, homogenous and inhomogeneous terms are given by

R’ES(QP) - AES Sin 913 + BPI?S SinS 9}3,
Rll;ls(ep) - AII;IS Sin 9}3 + Bgs Sin3 HP,
R{%(Qp, 513) = A{:% + Bllglé sin2 Hp,

with elastic constants

1 Ve Ap | VsAV
AE = (24 2 ) =222
PS (2+Vp> P Vp VS
VS 3Vs Ap 1 VS A‘/é
BE ) 2 s
bs = VPK +4Vp) ; 2ot |

homogeneous constants

% A A AV
Aps == {Q;l Os Qs - o) ( p” + 27;)}

Ve Qs 2
Vs [1 A 1(Vs\?
BY :—75{ VP} Qs' QQS I (VE) Q5" —@;1>7p
1 VS _ _ Ap AVS
IV, <1 +4VP> (Qs' —Qp') ( P 278)
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and inhomogeneous constants

IH __
Aps = —

1
VS |:<1+1Vp) Ap AVS
p Vs

-2 PN 2R 4078 oo tan §

2Vp 2 Vs * ]QP anor.
1 1A

BIID% :g 1—3(E> 7prltan(5p

VS( 3‘/3) (%-i- %> Q5! tan Sp.
p Vs

The elastic term is seen to be sensitive to changes in density and S-wave velocity. The
anelastic-homogeneous term is likewise seen to be sensitive to changes in density, S-wave
velocity and its quality factor. These two terms are zero at normal incidence. The anelastic-
inhomogeneous term is affected only by changes in density and S-wave velocity. This term
also depends on the incident attenuation angle and is non zero at the normal incidence case;
we note that this makes it quite singular in the standard converted wave AVO problem,
wherein no contribution at normal incidence is ever predicted.

In Figure 8, we plot the exact versus linearized elastic, anelastic homogeneous and
anelastic inhomogeneous terms for the three models in Table 1. We observe that the elastic
and homogenous terms are not linear in sin® fp, and the inhomogeneous terms is. Thus we
also define normalized elastic and homogeneous reflectivities as

REs (0 Rps(0
REon(0) = "2 it (gp) = Sl )
CONCLUSIONS

The formulation of the amplitude-versus-offset equations for viscoelastic media is of
increasing interest and importance, with quantitative interpretation of seismic data being
deployed to characterize fluid presence, type, and viscosity in hydrocarbon reservoirs, CO,
injection sites, and other exploration and monitoring settings. Properly formulated, these
equations also provide insights into the character of eventual viscoelastic full waveform
inversion algorithms. To date, investigations and analysis of anelastic reflection coefficients
have been constructed on the assumption that the attenuation angle is unchanged across the
boundary, which cannot be generally justified. We believe that a more fruitful approach
approach is to apply an appropriate version of Snell’s law in such way that transmitted
and reflected attenuation angles are expressed in terms of the incident attenuation angle.
This approach allows changes in attenuation angle to be expressed in terms of changes in
velocity and quality factors, leading to new terms in the relevant AVO equations with a
wider capture of anelastic reflection and transmission phenomena incorporated.

We show how Snell’s law can be put to work in order to learn about the homogeneous
and inhomogeneous components of complex vertical slowness. We have presented a de-
composition of the exact and approximate viscoelastic reflection coefficients to expose the
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above discussed of the attenuation angle, demonstrating the possibly significant errors re-
sulting from its neglect, in particular in cases of for highly attenuative media.

Linearization of reflection coefficients in viscoelastic media is more complicated than
in elastic media in two ways. First, because of seismic amplitude damping, the polarization
and slowness vectors are complex, and therefore so is the reflectivity. Second, we have
as discussed the perturbation of the attenuation angle across the boundary, as predicted by
the viscoelastic Snell’s law. Taking into account these facts, the linearized AVO equations
include the terms related to the changes in S-wave quality factors and the attenuation angle.

To to understand quantitatively and qualitatively the importance and influence of the
attenuation angle, we decompose the reflectivity into three terms, elastic, homogeneous
and inhomogeneous. Linearity of the elastic and homogeneous parts are visible; the inho-
mogeneous part must be normalized to share this feature. In terms of powers of sin fp, the
converted PS-wave has four contributions, from zeroth to third order. The extra terms are
due to the inhomogeneity of the waves. We examine our AVO equation with three two-half
space models. Numerically, we find that the elastic and homogeneous terms are not linear
with respect to sin? fp, however the inhomogeneous term for small angles (fp < 30°) is
perfectly linear for both exact and approximate cases. The most striking feature of this
model of reflections from viscoelastic targets is that a non-zero converted wave at normal
incidence is predicted, connected to the attenuation angle.

The result presented in this research indicate that linearized reflection coefficients for
inhomogeneous PP-wave match for most inverse schemes the exact reflection coefficients
with adequate accuracy. More important, the new approximations and the decomposition
of reflectivity into three terms indicate that intercepts and gradients can be used in future
research to determine the quality factor and attenuation angle in an appropriate inversion
strategy.
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COMPLEX COEFFICIENTS

Decomposition of the complex coefficients in reflection functions (21) and (22) are
given by

dy =dy +id} +id",
where

di = — 2p5App(gp, — qoe) + (P20by + P1Gps)
dy' = = 205 A np(gh) — aby) — 2050 1a + 2pEpulus) (G — qbs) + P2aby + P1aby
A" = = 25 Anp(qp] — apy) — pepmAue(ah) — aps) + p2ap1 + P10by
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also
dy =d5 + id + idJT,
where

dy = — 205 Aug(q5 — g55) + (0205 + P1as,)
dy = = 2050p(gp) — dby) — 20050 ma + 2pEPnAup) (g5 — 652) + P2051 + P18
dy' = — 203 A pp (g8 — a83) — ApepmAps(g§, — ¢5,) + p2a8 + prass

also
ds =d% +idy + idy',
where

d = — pr [28pp(g a8 + p°) — Ap]
dy = — 2(ppApa + pulApe)(q95 + Ph) — 20EARE(2PEPH + 4p1aS: + 40105) + PP
A" = — 2pmApp(ahyaSy + p%) — 20pAnE(ab1aS + aprats) + pmAp

also
dy =d¥ + id" + id",
where

dy = — pe [28p1e(gpq8) + 1°) — Ap]
dy = — 2(peAia + paApe) (Gpeas) + ph) — 20EA1E(2DEPHE + Gbyqs) + Gpeqs) + PrAP
A" = — 2pmAuE (058 + Ph) — 20EA e (a0sa: + apaadt) + pmlp

also
E, . H, .IH
c1 =c; tey +eg,
where

o} == 205 App(qp, + qpa) + (p2a51 — P14bs)
¢ = = 205 Aug(gp) + qro) — 200514 + 2pEpuAue) (g5 + 4ra) + P20p1 — P10Ps

At = = 205 Aue(qpt + aps) — ApEpmAue(gp; + aps) + P20 — P1aps
also

cy =Cy +icy +icy,
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where

o5 == 2ppApp(ap + apy) — 200501 + 2pEpudug) (a8 + %) + p2adh — pradh

5" == 203 Aup(gs) + 48) — ApepuAus(gs) + ¢5) + p2a8) — prass
also

c3 =cy +icy +icy,

where

& =pe [2A1E(gp95 — p°) + Ap]
5 =2(ppApa + prdue)(dpi9se — Pr) peEApE(2pEPH — 4p1ds> — qp1ds2) T PrAp
' =2pmApe(gh195, — Pi) + 20EA1E(4p1qS, + 4p1g8s) + PrAP

also

cy =ci +ick +ich?,

where

¢ =pe [2A15(4paas, + P?) + Ap]
4 PEAUA T PH ME)(QPQQS1 PE) PeALE(2pEpH dp29s1 QPQQSl) + pulp
A =2pmApe(gba98) — Pi) + 20EA1E(qpygs) + qpagst) + PHAP

TRIGONOMETRIC FUNCTIONS FOR SMALL ANGLES

For small angle of incident #p we can write

1
~ 1+ sin?6p (53)
cos? Op
1
cosfp ~1— 3 sin? Op (54)
1 1
~ 1+ —sin®6f 55
cos Op + 2 Smbp (55)
1
tan fp ~ sinfOp + 3 sin® Op (56)
sin 20p ~ 2sin fp — sin® Op (57)
tan fp , 3 . 5
~ sinfp + —sin® 6p (58)
cos? Op 2
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|7
sin A = VE sin Op (59)
1 2
cosfs ~ 1 — 3 <$) sin? 0p (60)
P
1 1/ Vs>
S x14g (Wi) sin? p (61)
1 Vs>
ey (VE) sin? fp (62)
1 2
tan 03 ~ % sin QP (1 + 5 (%) Sin2 8P> (63)
1 Vs1?
cos(fs + 0p) ~ 1 — = sin?Op [1 + —S} (64)
2 Vp
. Vsl . 1Vg .
sin(fs + 0p) ~ [1 + vﬂ sin Op <1 + 5% sin? 9P> (65)
1
tan fg cos(fs + Op) ~ %S) sin fp <1 — {5 + %j sin? ep) (66)
Og + 0
% ~ % {1 + %j sin? Op (67)

LINEARIZATION PROCEDURE IN VISCOELASTIC MEDIA

First consider to the perturbations in elastic and anelastic properties. Subscript 1 refers
to the upper layer(medium 1) and subscribe 2 refers to the lower layer (medium 2). A
means difference between the properties in medium 2 and medium 1 and superscript L
denotes the linearized form. In the linearization procedure A? = (. Properties without
index means the average in properties.

Property Layer 1 Layer2
Density p— 4z p+ 22
P-wave velocity Vog — Avip Vor + Avpp
S-wave velocity Vi — A¥se Vg + AV
P-wave quality factor Qp — ade Qp + ade
S-wave quality factor Qs — A0s Qs + ads
P-wave phase angle Op — ade Op + ade
S-wave phase angle O — aby Os + ads
P-wave attenuation angle  dp — abo dp + Adp
S-wave attenuation angle  dg — AT%S ds + AT%S
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Trigonometric functions in this procedures for attenuation angle are given by

cos 0,, = cos Op (1 + (=)™ tan 5%) , (68)
. . " 1 Ad
sin 0,, = sin dp (1 —(-) +1m7) , (69)
1
tan d,, = tan dp (1 — (—)"“mm) ., n=1,2 (70)
(71)

The real part of the Snell’s law for P-wave results

sin fp; _ sin fps | (72)
Vp1 Vp2
where 0p, is incident angle and fp, is transmitted phase angle, using the perturbed term in
table () we obtain the change in P-wave phase angle across the boundary in terms of change
in the P-wave velocity

AV;
Aep = i tan ep, (73)
P
Imaginary part of the Snell’s law for P-wave is given by
Qe1 (ging 6o tam doy) — P2 (sin g O tan 6 74
E(sm p1 — cosOpy tan dpy) = :(sm pa — €08 Opy tan dps) (74)

Using the perturbation terms in table (), we obtain the changes in P-wave attenuation angle
across the boundary in terms of changes in phase angle, P-wave velocity and P-wave quality

factor 1 AV; 1 Op\ AQ
. tan Op P

Adp = = sin20p { —~ 1— 75

Pt P{ Vp 00829p+( tan5p) Qp }’ (75)

Let us consider to the linearization of the vertical slowness

gp = qpE + 1GPAH + 1GPATH,

where
_ cosfp
qPE = Vo

_ Qp'cosbp

gPAH = 5 Vo

| sin Op

= ——Qp tand

GPAIH 2Qp nop Vo

To obtain the linearized form of vertical slownesses we note that we have to linearize the
summation of homogeneous and inhomogeneous term

qpam1 + gt — Gpam + Goatm (76)
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In other words

L

qpAn1 # dpaH1
L

gPAIH1 7é dpATH1

Now the vertical slowness for incident P-wave is given by

gp1 = qpE1 + 1qPAHI + 1QPATHI,

where

cos 6pq

drE1
Vp1
_ Qp; cosbp
gPAH1 5 Vor
1 _ sin 9131
gram = —=Qp; tan dp;
2 P1

Using the linearized form of the angles and P-wave velocity and P-wave quality factor we

have

dFE1 = qpE (1

L1 An
2cos?bp Vp

1 AVP AQP
L = 1
dpaH1 = 4PAH ( * 2 cos? Op [ Vp * Qp ])

Lo L AWk
9PATHL = PAH 2cos?0p Vp
Transmitted P-wave
L ] 1 AVp
Ipp2 = IPE 2cos?0p Vp
1 AVp  AQp
L
= 1—
dpam2 QPAH( 9 cos? O { A + Op
1 AVp
L
— 1+-—— =7
GpatH2 = 4PATH < + 9 cos20p Vo >

Incident S-wave

1 AVg
L
= 14— =7
dsE1 = G5B ( + 2cos? s Vs )
1 AVs  AQs
L — 1 S
dsanL QSAH< + 2 cos? 93 |: Vs + QS
Lo 1 AWK
IsamH1 = dSATH 2cos? s Vs
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Transmitted S-wave

L -1 AW
dsg2 = 4sE 2cos?ls Vs
1 AVs  AQs
L
— 1 -
dSAm2 (JSAH( 2 cos? A { Vs * Qs D

1 AVS)

L
Usammz = dSATH ( 2cos? s Vs

The complex shear modulus can be written as a real and imaginary part
= pE + A, (717)
where up = pVZ and s = p QsVE. Now we linearized the shear modulus

p1 =pE1 + tAl
fo =[E2 + T2

where
B - 1[Ap 2AVS
HE1 =HE 2| p Vs
1 -Ap AVS
i (14 [22-022))
1 _Ap AVS AQS
At ,MA( 217 + Ve s
1 -Ap AVS AQS
a2 MA(+2_p Ve QS])
Now we have
AVL
Apg =pg {_p + 278]
S
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