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ABSTRACT

This is a brief review of some of the ideas of tensor mathematics in non-Cartesian coor-
dinate systems. There is no new material here, only a particular selection and arrangement
of theory available in many good textbooks. The mathematics is needed in order to discuss
model space re-parameterizations as transformations between coordinate systems, and to
develop the new re-parameterizations we attempt elsewhere. The document ends with a
listing of transformation rules we will use repeatedly elsewhere.

INTRODUCTION

In this report are a set of papers on the problem of re-parameterization of model space
for geophysical inverse problems, how many types of re-parameterization currently in use
can be formulated as transform problems between appropriately general coordinate sys-
tems, and how useful new coordinate systems (and thereby re-parameterizations) can be
designed. Transformations back and forth between Cartesian coordinate systems rotated
relative to one another are not sufficient for this purpose, however, and we must allow
transformations to be between systems with non-orthogonal coordinate axes, and length
scales which vary from one coordinate direction to the next. This in turn requires us to
use more general geometrical considerations than is common for geophysicists, including
use of and distinction between covariant and contravariant components of tensors and vec-
tors. This review paper is geared towards readers familiar with Cartesian vector and tensor
quantities and their transformation rules, but not the more general covariant notation. Of
course, all of this information can be found in many good texts on the subject, and at most
the current paper is a useful collection of particular features of the problem needed for our
purposes. I myself followed the concise and logically perfect textbook on general relativity
by Dirac (1975), occasionally making use of Arfken and Weber (2001).

TENSORS AND VECTORS IN NON-CARTESIAN COORDINATE SYSTEMS

Let us start with a tutorial type introduction, exemplified with some simple cases and cal-
culations. In this section we will use variables x and y to make it look like familiar algebra
and geometry; presently these will be switched to s and r, which look a little odd but are
more appropriate for the geophysical applications in other companion reports.

Vectors and tensors in indicial notation

When dealing with rectilinear but non-Cartesian coordinate systems (we will often use the
word oblique), the indicial notation we are familiar with in continuum mechanics remains
useful, but it includes one additional wrinkle, which is that the system requires both upper
(i.e., superscript) and lower (subscript) indices. Vectors have a single free index which may
be in either upper or lower positions, and tensors can be constructed through products of
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vectors with any combination of upper and lower indices. For instance,

sαβγ = pαqβrγ (1)

is a tensor of rank 3. As in continuum mechanical indicial notation, repeated indices imply
a sum, however, in this more general system repeated indices must be in upper and lower
pairs. For instance,

pαβγ qγβ (2)

is a vector with a single free (upper) index α, with γ and β being dummy indices which are
summed out. The scalar (or inner) product of two vectors a and b in indicial notation is

a · b = aTb = aµb
µ. (3)

This is referred to as a scalar product, because after it is complete there are no free indices
remaining, and any quantity with no free indices is referred to as a scalar. Another scalar
is the squared length of a vector, e.g., for a,

|a|2 = aµa
µ. (4)

Scalars are numbers which are invariant under coordinate transformations. They are there-
fore distinct from the components of a vector, which, though also numbers, tend to change
under coordinate transformations. Derivatives of scalars, vectors, or tensors with respect to
spatial coordinates can be expressed using commas or ∂ symbols in indicial notation. For
instance, the derivative of a scalar φ with respect to xµ is

∂φ

∂xµ
= ∂µφ = φ,µ, (5)

and the divergence of the components of a vector with upper indices is

∂aµ

∂xµ
= aµ,µ, (6)

etc. Repeated indices both in the upper or the lower spots have no meaning, and do not
feature in any properly formed mathematical statements.

An example coordinate system with oblique axes

Consider two coordinate systems within which to describe points on the plane: a reference
Cartesian system x, and an oblique system y. In the oblique system the vertical axis is tilted
clockwise; the tilt can be described by the angle θ away from the vertical (see Figure 2a).
The axes are characterized by unit vectors e0(x) and e1(x) in the x system, and e0(y) and
e1(y) in the y system.

Let us show that in such a system, a point with x coordinates (x0, x1) has y coordinates
(y0, y1), and vice versa, where[

y0

y1

]
=

[
sec θ 0
− tan θ 1

] [
x0

x1

]
, and

[
x0

x1

]
=

[
cos θ 0
sin θ 1

] [
y0

y1

]
. (7)
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FIG. 1. A diagram to support determining coordinate values of a point B in the orthogonal x system
and the oblique y system. It could be by turns convenient to frame results in terms of the angle θ
between y0 and x1 or ϕ between y0 and x0.

The relevant systems x and y of interest are illustrated in Figure 1. The values of the
x coordinates of some point, say B, are given respectively by the lengths OD along the
vertical axis and DB along the horizontal axis. Let lines parallel to OD and DB, forced
to go through O, define the x0 and x1 coordinate axes respectively. Meanwhile, the y1

coordinate axis is set equal to the x1 coordinate axis, and the y0 axis is the oblique line
containing the points O and C. The oblique axis makes an angle θ with the vertical axis and
an angle ϕ with the horizontal axis. Formulae for determining the y coordinates (y0, y1)
of a point in terms of the x coordinates (x0, x1) and vice versa are determined as follows.
The y1 value of the point B is determined by measuring its distance from the y0 axis along
a direction parallel to the y1 axis, which is CB. The y0 value of the point B is likewise
determined by measuring its distance from the y1 axis along a direction parallel to the y0

axis, which is AB. That is,

y0(x0, x1) = AB = x0 cscϕ = x0 sec θ,

y1(x0, x1) = DB− DC = x1 − x0 cotϕ = x1 − x0 tan θ.
(8)

Solving instead for the x coordinates, we obtain

x0(y0, y1) = y0 sinϕ = y0 cos θ

x1(y0, y1) = y0 sinϕ cotϕ+ y1 = y0 cosϕ+ y1 = y0 sin θ + y1.
(9)

Assembling these into matrix form, we reproduce (7) as desired.

Given this, consider a small displacement of a point in the plane. In the y system such a
displacement can be written as

dyµ =

[
dy0

dy1

]
. (10)

The components in (10) can be related to their counterparts in the x system by taking
differentials. For instance,

dy0 =
∂y0(x0, x1)

∂x0
dx0 +

∂y0(x0, x1)

∂x1
dx1; (11)

CREWES Research Report — Volume 32 (2020) 3



K. Innanen

and similarly for dy1; the x differentials can also be determined from the y derivatives, by

dx0 =
∂x0(y0, y1)

∂y0
dy0 +

∂x0(y0, y1)

∂y1
dy1, (12)

etc. The elements of the matrices in equation (7) provide these derivatives directly, and so
the rules for the vector displacements are[

dy0

dy1

]
=

[
sec θ 0
− tan θ 1

] [
dx0

dx1

]
, and

[
dx0

dx1

]
=

[
cos θ 0
sin θ 1

] [
dy0

dy1

]
. (13)

Vectors with components referred to oblique axes

We labelled the displacement vectors with superscript indices. Vector components which
transform in the same way as small displacements are called contravariant, and are all
similarly labelled. For the arbitrary vector “a” in Figure 2b, this means we go back and
forth between the x and y systems using (13) as a template:

aµ(y) =

[
a0(y)
a1(y)

]
=

[
sec θ 0
− tan θ 1

] [
a0(x)
a1(x)

]
,

aµ(x) =

[
a0(x)
a1(x)

]
=

[
cos θ 0
sin θ 1

] [
a0(y)
a1(y)

]
.

(14)

This is a special case of the more general formula

aµ(y) =

[
a0(y)
a1(y)

]
=

[
y0,0 y0,1
y1,0 y1,1

] [
a0(x)
a1(x)

]
= yµ,νa

ν(x)

aµ(x) =

[
a0(x)
a1(x)

]
=

[
x0,0 x0,1
x1,0 x1,1

] [
a0(y)
a1(y)

]
= xµ,νa

ν(y),

(15)

where in the second case the comma notation implies derivatives of xµ(y0, y1) with respect
to the y variables.

Vector components with lower indices are called covariant. They transform according to
different rules. To develop them, consider again the scalar product in (3). The value of this
product must be independent of coordinate system, so

aν(y)bν(y) = aµ(x)bµ(x). (16)

But, since aµ(x) = xµ,νa
ν(y), per equation (15), it must also be that

aν(y)bν(y) = aν(y) xµ,ν bµ(x). (17)

Comparing the right and left sides of this relation, we see that

bν(y) = xµ,ν(y) bµ(x), (18)
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which gives the transformation rule for the covariant components of the vectors. Assem-
bling this into something that looks more like a counterpart to the contravariant rule in
equation (15), we have then:

aµ(y) =

[
a0(y)
a1(y)

]
=

[
x0,0 x1,0
x0,1 x1,1

] [
a0(x)
a1(x)

]
= xµ,νa

ν(x)

aµ(x) =

[
a0(x)
a1(x)

]
=

[
y0,0 y1,0
y0,1 y1,1

] [
a0(y)
a1(y)

]
= yµ,νa

ν(y).

(19)

In the tilted vertical axis example we have been working with, this amounts to

aµ(y) =

[
a0(y)
a1(y)

]
=

[
sec θ − tan θ
0 1

] [
a0(x)
a1(x)

]
,

aµ(x) =

[
a0(x)
a1(x)

]
=

[
cos θ sin θ
0 1

] [
a0(y)
a1(y)

]
.

(20)

Geometrical meaning of contravariant and covariant components

The contravariant and covariant components of a vector are distinct from one another in
situations where synthesis and analysis of the vector are not the same. The contravariant
components of a vector tell how much of each basis vector is needed for its synthesis, in
either the x or y systems. They are in our 2D example the a0 and a1 in the construction

a = a0(x) e0(x) + a1(x) e1(x) = a0(y) e0(y) + a1(y) e1(y). (21)

Graphically, these components correspond to the lengths of the black and gray bars in
Figure 2c. The two basis vectors in either system, when weighted by the contravariant
components in this way, can be observed to form “vector parallelograms” which correctly
sum to form a. In the x case, the parallelogram is a rectangle; in the y case, it is not. So,
when contravariant components are under discussion, one is talking about the process of
building or synthesizing a vector.

In the analysis of a vector, we are pulling a apart, rather than building it. We do this with
projections (i.e., inner products) of a onto basis vectors. Cartesian coordinate systems like
x have the special property that these projections are in fact equal to the weights needed to
construct a. In Cartesian systems, the synthesis and analysis problems are, in other words,
the same. This is not true of the y system. In Figure 2d, the lengths of the orthogonal
projections of a onto the four basis vectors are illustrated, again as black and grey bars. In
the x system (black bars), the lengths match those in Figure 2c, but in the y case (grey bars)
these lengths are not the ones needed in a synthesis like that in equation (21). Nevertheless,
the two sets of numbers based on the projections, namely

a0(y) = a · e0(y), a1(y) = a · e1(y), and a0(x) = a · e0(x), a1(x) = a · e1(x), (22)

each fully characterize the vector, and in fact form valid sets of vector components. These
of course are the covariant components of a.
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x1
<latexit sha1_base64="NVZHiFeiJfltMt7e+GM9Tad9pIY=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRqEcSLx4xyiOBlcwODUyYnd3MzBrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoeuo3H1FpHsl7M47RD+lA8j5n1Fjp7unB6xZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n85OnZATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9K/8lMs4MSjZfFE/EcREZPo36XGFzIixJZQpbm8lbEgVZcamU7AheIsvL5NGpeydlSu356XqRRZHHo7gGE7Bg0uowg3UoA4MBvAMr/DmCOfFeXc+5q05J5s5hD9wPn8AB92Nlw==</latexit>

y1
<latexit sha1_base64="xB298n/l6NF3lRhOxS9Dmiq8Ne8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vjw4rGi/YA2ls120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtJ1Sax/LBjBP0IzqQPOSMGivdjx+9XqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2naEPwFl9eJs1qxTuvVO8uyrXLPI4CHMMJnIEHV1CDW6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEJY42Y</latexit>

y0
<latexit sha1_base64="pKckdP4HlU6u61rExecNbqsZYuw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vjw4rGi/YA2ls120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtJ1Sax/LBjBP0IzqQPOSMGivdjx/dXqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2naEPwFl9eJs1qxTuvVO8uyrXLPI4CHMMJnIEHV1CDW6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEH342X</latexit>

✓
<latexit sha1_base64="cmwM6805lL/SNUD3XLox6DrxPUA="></latexit>

e
0
(x

)
<latexit sha1_base64="yCjGrLcZbRlBQVavwE8xotzbCa4="></latexit>

e1(x)
<latexit sha1_base64="j2xYGdxh0YuHiRY13jM12R31lO0="></latexit>

x0
<latexit sha1_base64="Sf8ThEaeL4kh7rPLvHPHQUhUSKg=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRqEcSLx4xyiOBlcwOA0yYnd3M9BrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxG11O/+ci1EZG6x3HM/ZAOlOgLRtFKd08PbrdYcsvuDGSZeBkpQYZat/jV6UUsCblCJqkxbc+N0U+pRsEknxQ6ieExZSM64G1LFQ258dPZqRNyYpUe6UfalkIyU39PpDQ0ZhwGtjOkODSL3lT8z2sn2L/yU6HiBLli80X9RBKMyPRv0hOaM5RjSyjTwt5K2JBqytCmU7AheIsvL5NGpeydlSu356XqRRZHHo7gGE7Bg0uowg3UoA4MBvAMr/DmSOfFeXc+5q05J5s5hD9wPn8ABlmNlg==</latexit>

x1
<latexit sha1_base64="NVZHiFeiJfltMt7e+GM9Tad9pIY=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRqEcSLx4xyiOBlcwODUyYnd3MzBrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoeuo3H1FpHsl7M47RD+lA8j5n1Fjp7unB6xZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n85OnZATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9K/8lMs4MSjZfFE/EcREZPo36XGFzIixJZQpbm8lbEgVZcamU7AheIsvL5NGpeydlSu356XqRRZHHo7gGE7Bg0uowg3UoA4MBvAMr/DmCOfFeXc+5q05J5s5hD9wPn8AB92Nlw==</latexit>

y1
<latexit sha1_base64="xB298n/l6NF3lRhOxS9Dmiq8Ne8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vjw4rGi/YA2ls120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtJ1Sax/LBjBP0IzqQPOSMGivdjx+9XqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2naEPwFl9eJs1qxTuvVO8uyrXLPI4CHMMJnIEHV1CDW6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEJY42Y</latexit>

y0
<latexit sha1_base64="pKckdP4HlU6u61rExecNbqsZYuw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vjw4rGi/YA2ls120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtJ1Sax/LBjBP0IzqQPOSMGivdjx/dXqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2naEPwFl9eJs1qxTuvVO8uyrXLPI4CHMMJnIEHV1CDW6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEH342X</latexit>

x0
<latexit sha1_base64="Sf8ThEaeL4kh7rPLvHPHQUhUSKg=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRqEcSLx4xyiOBlcwOA0yYnd3M9BrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxG11O/+ci1EZG6x3HM/ZAOlOgLRtFKd08PbrdYcsvuDGSZeBkpQYZat/jV6UUsCblCJqkxbc+N0U+pRsEknxQ6ieExZSM64G1LFQ258dPZqRNyYpUe6UfalkIyU39PpDQ0ZhwGtjOkODSL3lT8z2sn2L/yU6HiBLli80X9RBKMyPRv0hOaM5RjSyjTwt5K2JBqytCmU7AheIsvL5NGpeydlSu356XqRRZHHo7gGE7Bg0uowg3UoA4MBvAMr/DmSOfFeXc+5q05J5s5hD9wPn8ABlmNlg==</latexit>

x1
<latexit sha1_base64="NVZHiFeiJfltMt7e+GM9Tad9pIY=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRqEcSLx4xyiOBlcwODUyYnd3MzBrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoeuo3H1FpHsl7M47RD+lA8j5n1Fjp7unB6xZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n85OnZATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9K/8lMs4MSjZfFE/EcREZPo36XGFzIixJZQpbm8lbEgVZcamU7AheIsvL5NGpeydlSu356XqRRZHHo7gGE7Bg0uowg3UoA4MBvAMr/DmCOfFeXc+5q05J5s5hD9wPn8AB92Nlw==</latexit>

y1
<latexit sha1_base64="xB298n/l6NF3lRhOxS9Dmiq8Ne8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vjw4rGi/YA2ls120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtJ1Sax/LBjBP0IzqQPOSMGivdjx+9XqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2naEPwFl9eJs1qxTuvVO8uyrXLPI4CHMMJnIEHV1CDW6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEJY42Y</latexit>

y0
<latexit sha1_base64="pKckdP4HlU6u61rExecNbqsZYuw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vjw4rGi/YA2ls120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtJ1Sax/LBjBP0IzqQPOSMGivdjx/dXqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2naEPwFl9eJs1qxTuvVO8uyrXLPI4CHMMJnIEHV1CDW6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEH342X</latexit>

e
0
(x

)
<latexit sha1_base64="yCjGrLcZbRlBQVavwE8xotzbCa4="></latexit>

e1(x)
<latexit sha1_base64="j2xYGdxh0YuHiRY13jM12R31lO0="></latexit>

x0
<latexit sha1_base64="Sf8ThEaeL4kh7rPLvHPHQUhUSKg=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRqEcSLx4xyiOBlcwOA0yYnd3M9BrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxG11O/+ci1EZG6x3HM/ZAOlOgLRtFKd08PbrdYcsvuDGSZeBkpQYZat/jV6UUsCblCJqkxbc+N0U+pRsEknxQ6ieExZSM64G1LFQ258dPZqRNyYpUe6UfalkIyU39PpDQ0ZhwGtjOkODSL3lT8z2sn2L/yU6HiBLli80X9RBKMyPRv0hOaM5RjSyjTwt5K2JBqytCmU7AheIsvL5NGpeydlSu356XqRRZHHo7gGE7Bg0uowg3UoA4MBvAMr/DmSOfFeXc+5q05J5s5hD9wPn8ABlmNlg==</latexit>

x1
<latexit sha1_base64="NVZHiFeiJfltMt7e+GM9Tad9pIY=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRqEcSLx4xyiOBlcwODUyYnd3MzBrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoeuo3H1FpHsl7M47RD+lA8j5n1Fjp7unB6xZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n85OnZATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9K/8lMs4MSjZfFE/EcREZPo36XGFzIixJZQpbm8lbEgVZcamU7AheIsvL5NGpeydlSu356XqRRZHHo7gGE7Bg0uowg3UoA4MBvAMr/DmCOfFeXc+5q05J5s5hD9wPn8AB92Nlw==</latexit>

y1
<latexit sha1_base64="xB298n/l6NF3lRhOxS9Dmiq8Ne8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vjw4rGi/YA2ls120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtJ1Sax/LBjBP0IzqQPOSMGivdjx+9XqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2naEPwFl9eJs1qxTuvVO8uyrXLPI4CHMMJnIEHV1CDW6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEJY42Y</latexit>

y0
<latexit sha1_base64="pKckdP4HlU6u61rExecNbqsZYuw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vjw4rGi/YA2ls120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtJ1Sax/LBjBP0IzqQPOSMGivdjx/dXqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2naEPwFl9eJs1qxTuvVO8uyrXLPI4CHMMJnIEHV1CDW6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEH342X</latexit>

(a)
<latexit sha1_base64="saaIi+UlXKL/giWzuzroS8uMGX4="></latexit>

(b)
<latexit sha1_base64="kgZ0DXHRFi5DaFLDSmtUSsebz2A="></latexit>

(c)
<latexit sha1_base64="etBLRdSEncBH3bJFli01x3eaKeY="></latexit>

(d)
<latexit sha1_base64="DYUVUnsyrBYfBkM5Fw3o08n/6s4="></latexit>

a
0
(x

)
<latexit sha1_base64="HBOJJ9pnw1pVCAgUBBJu3P31kr0="></latexit>

a1(x)
<latexit sha1_base64="xWly352f22s7algkMOkjCp9pLfk="></latexit>

a
0
(x

)
<latexit sha1_base64="8FCibxfIpgGsNX2Y2g4QfcVnIgM="></latexit>

a1(x)
<latexit sha1_base64="FK2t1u0S9PxtvNDcn9KiLZSQMW0="></latexit>

a
<latexit sha1_base64="8KEzXC4t1nqgiWij2kmz1Ee06TU=">AAACDHicbVDLSsNAFJ3UV42vqks3g6XgqiRV0GVRFy4r2Ac0sUymk3bo5MHMTbGEfoAbf8WNC0Xc+gHu/BsnbRbaemDgcM65zL3HiwVXYFnfRmFldW19o7hpbm3v7O6V9g9aKkokZU0aiUh2PKKY4CFrAgfBOrFkJPAEa3ujq8xvj5lUPArvYBIzNyCDkPucEtBSr1SuOMAeIL2emhVnTGQ85GZlcm+ZqRMQGHo+JlOdsqrWDHiZ2DkpoxyNXunL6Uc0CVgIVBClurYVg5sSCZwKNjWdRLGY0BEZsK6mIQmYctPZMVNc0Uof+5HULwQ8U39PpCRQahJ4OpltqBa9TPzP6ybgX7gpD+MEWEjnH/mJwBDhrBnc55JREBNNCJVc74rpkEhCQfdn6hLsxZOXSatWtU+rtduzcv0yr6OIjtAxOkE2Okd1dIMaqIkoekTP6BW9GU/Gi/FufMyjBSOfOUR/YHz+AMK6mis=</latexit>

a
<latexit sha1_base64="8KEzXC4t1nqgiWij2kmz1Ee06TU=">AAACDHicbVDLSsNAFJ3UV42vqks3g6XgqiRV0GVRFy4r2Ac0sUymk3bo5MHMTbGEfoAbf8WNC0Xc+gHu/BsnbRbaemDgcM65zL3HiwVXYFnfRmFldW19o7hpbm3v7O6V9g9aKkokZU0aiUh2PKKY4CFrAgfBOrFkJPAEa3ujq8xvj5lUPArvYBIzNyCDkPucEtBSr1SuOMAeIL2emhVnTGQ85GZlcm+ZqRMQGHo+JlOdsqrWDHiZ2DkpoxyNXunL6Uc0CVgIVBClurYVg5sSCZwKNjWdRLGY0BEZsK6mIQmYctPZMVNc0Uof+5HULwQ8U39PpCRQahJ4OpltqBa9TPzP6ybgX7gpD+MEWEjnH/mJwBDhrBnc55JREBNNCJVc74rpkEhCQfdn6hLsxZOXSatWtU+rtduzcv0yr6OIjtAxOkE2Okd1dIMaqIkoekTP6BW9GU/Gi/FufMyjBSOfOUR/YHz+AMK6mis=</latexit>a

<latexit sha1_base64="8KEzXC4t1nqgiWij2kmz1Ee06TU=">AAACDHicbVDLSsNAFJ3UV42vqks3g6XgqiRV0GVRFy4r2Ac0sUymk3bo5MHMTbGEfoAbf8WNC0Xc+gHu/BsnbRbaemDgcM65zL3HiwVXYFnfRmFldW19o7hpbm3v7O6V9g9aKkokZU0aiUh2PKKY4CFrAgfBOrFkJPAEa3ujq8xvj5lUPArvYBIzNyCDkPucEtBSr1SuOMAeIL2emhVnTGQ85GZlcm+ZqRMQGHo+JlOdsqrWDHiZ2DkpoxyNXunL6Uc0CVgIVBClurYVg5sSCZwKNjWdRLGY0BEZsK6mIQmYctPZMVNc0Uof+5HULwQ8U39PpCRQahJ4OpltqBa9TPzP6ybgX7gpD+MEWEjnH/mJwBDhrBnc55JREBNNCJVc74rpkEhCQfdn6hLsxZOXSatWtU+rtduzcv0yr6OIjtAxOkE2Okd1dIMaqIkoekTP6BW9GU/Gi/FufMyjBSOfOUR/YHz+AMK6mis=</latexit>

e1(y)
<latexit sha1_base64="fI9USDE/XUgUMEfV1+4EvG0Kdyc=">AAACHnicbZDJSsRAEIY77sZt1KOXxiGglyFxPwp68DiCo8JkHDo9Faexs9BdGQwhT+LFV/HiQRHBk76NPQvi9kPDx19VdNUfpFJodN0Pa2x8YnJqembWnptfWFyqLK+c6yRTHBo8kYm6DJgGKWJooEAJl6kCFgUSLoKbo379ogdKiyQ+wzyFVsSuYxEKztBY7cqu4yPcYnFc2o7fYyrtCtvJr1zbKfyIYTcIKSvtL4ay7W3km+1K1a25A9G/4I2gSkaqtytvfifhWQQxcsm0bnpuiq2CKRRcQmn7mYaU8Rt2DU2DMYtAt4rBeSV1jNOhYaLMi5EO3O8TBYu0zqPAdPbX1L9rffO/WjPD8KBViDjNEGI+/CjMJMWE9rOiHaGAo8wNMK6E2ZXyLlOMo0nUNiF4v0/+C+dbNW+7tnW6Uz3cG8UxQ9bIOtkgHtknh+SE1EmDcHJHHsgTebburUfrxXodto5Zo5lV8kPW+yc+aaCn</latexit>

e1(y)
<latexit sha1_base64="fI9USDE/XUgUMEfV1+4EvG0Kdyc=">AAACHnicbZDJSsRAEIY77sZt1KOXxiGglyFxPwp68DiCo8JkHDo9Faexs9BdGQwhT+LFV/HiQRHBk76NPQvi9kPDx19VdNUfpFJodN0Pa2x8YnJqembWnptfWFyqLK+c6yRTHBo8kYm6DJgGKWJooEAJl6kCFgUSLoKbo379ogdKiyQ+wzyFVsSuYxEKztBY7cqu4yPcYnFc2o7fYyrtCtvJr1zbKfyIYTcIKSvtL4ay7W3km+1K1a25A9G/4I2gSkaqtytvfifhWQQxcsm0bnpuiq2CKRRcQmn7mYaU8Rt2DU2DMYtAt4rBeSV1jNOhYaLMi5EO3O8TBYu0zqPAdPbX1L9rffO/WjPD8KBViDjNEGI+/CjMJMWE9rOiHaGAo8wNMK6E2ZXyLlOMo0nUNiF4v0/+C+dbNW+7tnW6Uz3cG8UxQ9bIOtkgHtknh+SE1EmDcHJHHsgTebburUfrxXodto5Zo5lV8kPW+yc+aaCn</latexit>

e 0
(y

)
<latexit sha1_base64="h2HkusY3aoTaAtD1+qo+hcripkI=">AAACHnicbZDJSsRAEIY77sZt1KOXxiGglyFxPwp68DiCo8JkHDo9Faexs9BdGQwhT+LFV/HiQRHBk76NPQvi9kPDx19VdNUfpFJodN0Pa2x8YnJqembWnptfWFyqLK+c6yRTHBo8kYm6DJgGKWJooEAJl6kCFgUSLoKbo379ogdKiyQ+wzyFVsSuYxEKztBY7cqu4yPcYnFc2o7fYyrtCtvJr1zbKfyIYTcIKSvtL4ay7W7km+1K1a25A9G/4I2gSkaqtytvfifhWQQxcsm0bnpuiq2CKRRcQmn7mYaU8Rt2DU2DMYtAt4rBeSV1jNOhYaLMi5EO3O8TBYu0zqPAdPbX1L9rffO/WjPD8KBViDjNEGI+/CjMJMWE9rOiHaGAo8wNMK6E2ZXyLlOMo0nUNiF4v0/+C+dbNW+7tnW6Uz3cG8UxQ9bIOtkgHtknh+SE1EmDcHJHHsgTebburUfrxXodto5Zo5lV8kPW+yc84qCm</latexit>

e 0
(y

)
<latexit sha1_base64="h2HkusY3aoTaAtD1+qo+hcripkI=">AAACHnicbZDJSsRAEIY77sZt1KOXxiGglyFxPwp68DiCo8JkHDo9Faexs9BdGQwhT+LFV/HiQRHBk76NPQvi9kPDx19VdNUfpFJodN0Pa2x8YnJqembWnptfWFyqLK+c6yRTHBo8kYm6DJgGKWJooEAJl6kCFgUSLoKbo379ogdKiyQ+wzyFVsSuYxEKztBY7cqu4yPcYnFc2o7fYyrtCtvJr1zbKfyIYTcIKSvtL4ay7W7km+1K1a25A9G/4I2gSkaqtytvfifhWQQxcsm0bnpuiq2CKRRcQmn7mYaU8Rt2DU2DMYtAt4rBeSV1jNOhYaLMi5EO3O8TBYu0zqPAdPbX1L9rffO/WjPD8KBViDjNEGI+/CjMJMWE9rOiHaGAo8wNMK6E2ZXyLlOMo0nUNiF4v0/+C+dbNW+7tnW6Uz3cG8UxQ9bIOtkgHtknh+SE1EmDcHJHHsgTebburUfrxXodto5Zo5lV8kPW+yc84qCm</latexit>

a1(y)
<latexit sha1_base64="bWgR2hh3iFjwFxwrjwNuvIfnqMU="></latexit>

a1(y)
<latexit sha1_base64="ThQ9snPaZ46kxqMAo7VvpHKw8Ck="></latexit>

a 0
(y

)
<latexit sha1_base64="Vo/hJ4wH5Eu5yHsccSwCcbASW8I="></latexit>

a
0 (y

)
<latexit sha1_base64="5QVxpOV7zkQ+iXjle5GjiMVqfXQ="></latexit>

FIG. 2. Positions and vector components referred to orthogonal (x) and oblique (y) coordinate
systems. (a) The coordinate axes and their basis vectors; note, the e0(x), e1(x), e0(y) and e1(y)
are all unit vectors, but the arrows in the y system (grey) have been lengthened for illustration
purposes. (b) An arbitrary vector a can be resolved into components in either system. These
components can be either of (c) contravariant type, with grey and blue bars indicating their size, or
(d) covariant type, again with black and grey bars indicating their size. Notice the black bars are
unchanged from (c) to (d), but the grey bars are. This reflects the different numerical values taken
on by covariant and contravariant components when axes are oblique.

Raising and lowering indices

A vector expressed in terms of its contravariant components can be easily re-expressed in
terms of its covariant components. Let us develop this algebraically. The contravariant
components of a are the weights involved in its construction, namely:

a = a0(y)e0(y) + a1(y)e1(y). (23)

Whereas, the covariant components are the projections of a onto the basis vectors:

a0(y) = a · e0(y), a1(y) = a · e1(y). (24)

Substituting equation (23) into (24), we obtain

a0(y) = a0(y)e0(y) · e0(y) + a1(y)e1(y) · e0(y) = a0(y) + sin θ a1(y)

a1(y) = a0(y)e0(y) · e1(y) + a1(y)e1(y) · e1(y) = sin θ a0(y) + a1(y),
(25)

using e1(y) · e0(y) = e0(y) · e1(y) = cos(90− θ) = sin θ, per Figure 2a. Equations (25) in
matrix form are [

a0(y)
a1(y)

]
=

[
1 sin θ

sin θ 1

] [
a0(y)
a1(y)

]
. (26)
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Comparing the vectors on either side of this relationship we surmise that the matrix / tensor

gµν(y) =

[
1 sin θ

sin θ 1

]
(27)

in equation (25) is a machine for lowering the index of a vector. In indicial notation, we
thus have the formal index-lowering procedure:

aµ(y) = gµν(y)a
ν(y). (28)

The inverse of gµν(y) is also of interest. Calculating it explicitly we obtain

(gµν(y))
−1 =

1

cos2 θ

[
1 − sin θ

− sin θ 1

]
. (29)

To be a valid mathematical quantity, this inverse must be able to act on both sides of equa-
tion (28), which means it must act on a vector with a lowered index, and produce a result
with a single upper free index. This is suggestive that it itself must have two upper indices;
in fact it is conventionally expressed as, simply:

(gµν(y))
−1 = gµν(y). (30)

This produces the formal index-raising procedure:

aµ(y) = gµν(y)aν(y). (31)

In our example oblique system, then, the processes of index-lowering (i.e., transformation
from contravariant to covariant components) and the process of index-raising (i.e., trans-
formation from covariant to contravariant components), occur via

gµν(y) =

[
1 sin θ

sin θ 1

]
, gµν(y) =

1

cos2 θ

[
1 − sin θ

− sin θ 1

]
, (32)

respectively. Since contravariant and covariant components are equal in the orthogonal x
system, we can add to this the trivial case

gµν(x) =

[
1 0
0 1

]
, gµν(x) =

[
1 0
0 1

]
. (33)

The metric tensor

The squared length of the vector a:

|a|2 = aµaµ, (34)

appears to call for both the contravariant and covariant components of a to be used in
combination. To calculate |a|2 in terms of contravariant components only, we can use the
“index lowering” tensor gµν on the second of the two quantities in equation (34):

|a|2 = aµ(gµνa
ν) =

[
a0(y) a1(y)

] [ 1 sin θ
sin θ 1

] [
a0(y)
a1(y)

]
. (35)
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To do so in terms of covariant components only, we can instead use the “index raising”
tensor gµν on the first of the two quantities:

|a|2 = (gµνaν)aµ =
1

cos2 θ
[a0(y) a1(y)]

[
1 − sin θ

− sin θ 1

] [
a0(y)
a1(y)

]
. (36)

In the x system all this is trivial, because both gµν(x) and gµν(x) are identity operators.
But, in the y system, where the contravariant and covariant components are numerically
different, the detailed forms of these g tensors are a critical part of the calculation, respon-
sible for ensuring that |a|2 itself is preserved. In fact, everything we need to know in order
to assign measures, or metrics, in a coordinate system y is included in gµν(y) and gµν(y).
They are referred to for this reason as metric tensors.

Individual indices of tensors can be raised and lowered in the same way as those of as well
as vectors. For instance,

sµνα = gνη sµαη. (37)

One might observe that gµν and gµν are themselves tensors, and then ask if it were possible
to use gµν to raise one of the indices of gµν . The answer is yes, in fact

gµαgαν = gµν . (38)

But recall that the two-upper-index and two-lower-index metric tensors are just inverses of
one another, which means that a g tensor with one lower and one upper index is the identity
operator, or Kronecker delta:

gµν =

{
1 µ = ν
0 µ 6= ν

=

[
1 0
0 1

]
= δµν . (39)

Scalar functions

Consider a scalar field φ, which is a number assigned to every possible vector in some
space. For instance, in a 2D environment like the one we have been considering, we can
define a φ = φ(xµ) = φ(x0, x1), which assigns a number φ to every possible position
vector xµ in the plane. The vector xµ points to a unique position on the plane, and if we
point to the same position with a vector in a different coordinate system, say yµ, we must
wind up with the same number φ. So, although it itself is not a vector, φ, and in particular
the way φ varies with position, is nevertheless subject to transformation rules.

Gradients

We might ask how φ varies when we take the small but finite step δxµ. From a Taylor’s
series expansion in the 2D environment, we have, to first order,

φ(xµ + δxµ) = φ(xµ) +
∂φ

∂x0
δx0 +

∂φ

∂x1
δx1. (40)
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The variation of φ is defined as δφ(xµ) = φ(xµ + δxµ)− φ(xµ), so from equation (40) and
using the comma and summation notation we have

δφ(xµ) = φ,µδx
µ, (41)

with φ,µ = ∂φ/∂xµ being the gradient of φ. Notice that, if displacements like δxµ are the
prototypes for contravariant vectors, then the need for δφ to be a scalar forces the gradient
to be expressed as a covariant vector. Gradients are in fact the prototypes for covariant
vectors. This means in moving from one oblique coordinate system to another, the gradient
transforms according to the rule in equation (20):

φ,µ(y) =
∂xν

∂yµ
∂φ

∂xν
= xν,µφ,ν(x), φ,µ(x) =

∂yν

∂xµ
∂φ

∂yν
= yν,µφ,ν(y). (42)

CONCLUSIONS

Let us finalize this paper by summarizing the transformation rules. The above x,y-centric
terminology needs to be translated to vector/tensor rules in the terms we will use in the
companion papers in this report. First, as a reference coordinate system, rather than x we
adopt the label s. Reference sets of parameters representing geophysical unknowns will
be organized into position vectors sµ in such systems (“model vectors”). These reference
systems can be considered to be Cartesian or non-Cartesian as needed. Although in the
earlier review, and in many tensor texts, indices start from 0, we will also now move to
a numbering system starting at 1. We will consider transformations from objects in s to
counterparts in a second system, which we will assume is non-Cartesian. This system
will be labelled r, rather than y. Under transformation model vectors will be denoted
rµ. Similarly to the rule set out in (15), displacements in the s system will be related to
displacements in the r system through

δsµ = sµ,νδr
ν = tµνδr

ν . (43)

The coefficients of the transformation are, as before, the derivatives sµ,ν = ∂sµ/∂rν , but for
convenience we will write them as components of the tensor tµν . All subsequent rules for
transformation of contravariant and covariant components from either system to its coun-
terpart then follow. We will include both general expressions and explicit 2D examples.

To transform the contravariant components of a vector a from r to s, use:

aµ(s) = tµνa
ν(r), or

[
a1(s)
a2(s)

]
=

[
t11 t12
t21 t22

] [
a1(r)
a2(r)

]
. (44)

To transform the contravariant components of a vector a from s to r, use:

aµ(r) = (t−1)µνa
ν(s), or

[
a1(r)
a2(r)

]
=

[
t11 t12
t21 t22

]−1 [
a1(s)
a2(s)

]
. (45)

CREWES Research Report — Volume 32 (2020) 9



K. Innanen

To transform the covariant components of a vector a from r to s, use:

aµ(s) = (t−1)νµaν(r), or
[
a1(s)
a2(s)

]
=

([
t11 t12
t21 t22

]−1
)T [

a1(r)
a2(r)

]
. (46)

To transform the covariant components of a vector a from s to r, use:

aµ(r) = tνµaν(s), or
[
a1(r)
a2(r)

]
=

[
t11 t12
t21 t22

]T [
a1(s)
a2(s)

]
. (47)

The transformation matrix itself can be derived for particular systems s and r based on its
definition tµν = sµ,ν , but it may be more helpful to design it geometrically. If one supposes
that the reference s system is Cartesian and the r system is not, and one has a sense of the
desired basis vectors of the r system, as resolved in the s system, then organizing these as
columns of an N×N matrix we correctly generate tµν .
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