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ABSTRACT

Full-waveform inversion (FWI) can reconstruct high-resolution underground velocity
and lithology structures even under complex geological backgrounds, and has been widely
developed. But a reliable real-data inversion generally needs accurate source wavelet in-
formation, which is still one of the major challenges in FWI. In this paper, a robust source-
independent FWI method is developed, which is demonstrated via synthetic tests of differ-
ent starting models, different true models, different levels of random noises, and different
types of source wavelets. It does not require any prior source wavelet information. It does
not require an accurate starting model, even a 1D starting model is feasible to output an
accurate wavelet estimate. It is stable for random noises. A good estimate of the source
wavelet can be obtained from a poorly converged model based on the new proposed wavelet
estimation equation. All in all, the performance of the new source-independent FWI in the
synthetic data tests is close to that of the known-source-wavelet FWI.

INTRODUCTION

Full-waveform inversion (FWI), simultaneously using the kinematic and dynamic in-
formation of pre-stack seismic data, can reconstruct high-resolution underground velocity
and lithology structures even under complex geological backgrounds, and has been widely
developed (Lailly et al., 1983; Tarantola, 1984; Mora, 1987; Bunks et al., 1995; Pratt et al.,
1998; Pratt, 1999; Shin et al., 2001; Sirgue and Pratt, 2004; Virieux and Operto, 2009;
Fichtner, 2010; Wu et al., 2014; Warner and Guasch, 2016). But a reliable real-data inver-
sion generally needs accurate source wavelet information, which is still one of the major
challenges in FWI. The effective source wavelet in a field seismic survey is a cooperation
of the source, the subsurface medium, and the receivers. Whereas, the coupling between
the source and the subsurface medium, and the coupling between the receivers and the
subsurface medium are normally ill-informed (Lee and Kim, 2003).

To avoid the requirement of inputting an accurate source wavelet in the conventional
known-source-wavelet (KSW) FWI method, several source-independent methods have been
proposed, including the deconvolution-based method, the convolution-based method, and
the iterative estimation of source signature (IES) method (Zhang et al., 2016). The deconvolution-
based method is proposed by Lee and Kim (2003) using a single reference trace to nor-
malize the wavelet information in the wavefield, and Zhou and Greenhalgh (2003) con-
ducting the normalization with the average amplitude of the entire common shot gather.
The convolution-based method is proposed in frequency domain by Cheong et al. (2004)
and Choi et al. (2005) and in time domain by Choi and Alkhalifah (2011), in which the
observed wavefield is convolved with the reference trace selected from the synthetic seis-
mogram, and the synthetic wavefield is convolved with the reference trace selected from
the observed seismogram; the source wavelet difference between the observed wavefield
and the synthetic wavefield is eliminated, since both have a double source wavelet, i.e., the
convolution between source wavelets of the observed wavefield and the synthetic seismo-
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gram. But in both deconvolution- and convolution-based methods, the extra calculation for
the gradient is required, which is more complicated than that in the conventional KSW FWI
(Virieux and Operto, 2009). A more straightforward way is the IES method (Song et al.,
1995; Pratt, 1999) which is more commonly used in practice. Unfortunately, all methods
mentioned above are sensitive to noise (Xu et al., 2006; Choi and Alkhalifah, 2011; Choi
and Min, 2012). Zhang et al. (2016) suppress the noises induced by the convolution process
by using a time window on the reference traces for the convolution-based method, which
can also simplify the gradient calculation in this method; however, carefully selecting the
reference traces and the time window in this method makes it too complicated.

In this paper, we will propose a new source-independent method, which is based on the
frame of the IES method but employs a new source wavelet estimation formula. It reserves
the merit of easy operation of the conventional IES method but overcomes its demerit of
requiring an accurate initial starting model. And the new method is more stable on noise.
In the synthetic data test using the modified acoustic Marmousi model, the performance of
the new source-independent method is similar to that of the KSW method.

THEORY

A standard FWI (Lailly et al., 1983; Tarantola, 1984) in time domain is normally mini-
mizing the time-domain L2 norm misfit function:

E(m) =
1

2
||dobs − F(m,w)||22, (1)

where dobs is the observed data or recorded wavefields, F(·) is a forward modeling operator
based on the wave equation to generate the synthetic data that depends on the updating
model m (e.g., P-wave velocity), and the source wavelet w.

By a linearized optimization (e,g, steepest descent method, conjugate gradient method,
etc.), the model is updated iteratively as:

mk = mk−1 + δmk, (2)

where k is the iteration number, and

δmk = −µkg(mk−1,wk−1), (3)

in which g(mk−1,wk−1) is the opposite updating direction of model in iteration k, which
depends on the updated model mk−1 and the source wavelet wk−1 in iteration k−1, and µk

is the corresponding step-length. For different optimizations, it has different calculations,
for instance, in the steepest descent method, g represents the gradient of the misfit function
(equation 1) with respect to m and w, which is the zero-lag cross-correlation between
forward wavefileds and backward wavefields of data residuals. For the first iteration, a
starting model m0 and a starting source wavelet w0 have to be prepared. The starting
model can be obtained by velocity analysis or tomography.

In the KSW FWI, w is treated as a known variable, set before the inversion process-
ing, and kept constant during the inversion. For a numerical FWI example, m0 is mostly
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assumed to be accurate. Realistically, it needs to be estimated from the field data, which
is difficult to be accurate. In contrast, in the IES FWI, w is considered as an unknown
variable updated during the inversion by (Song et al., 1995; Pratt, 1999):

ŵk(ω) =

∑n
i=1 d̂obs(ω, i)conj(Ĝ

k
syn(ω, i))∑n

i=1 Ĝ
k
syn(ω, i)conj(Ĝ

k
syn(ω, i))

, (4)

where ŵ is w in frequency domain, d̂ is dobs in frequency domain, ω is the angular fre-
quency, i is the trace (or receiver) number, n is the total number of traces, conj(·) is the
conjugate operator, and Ĝk

syn is the frequency-domain synthetic green’s function calculated
by F using Dirac function as the input soure wavelet and mk as the input model. The equa-
tion above is derived by assuming mk is the true model. However, noises in ŵ are not only
raised from the inaccurate model, but also from the data noise and the imperfect forward
modeling (e.g., Green’s function is calculated imprecisely).

To supress the noises in the source wavelet estimated by equation 4, we propose a new
equation to update the wavelet, which is:

ŵk(ω) =
1

n

n∑
i=1

d̂obs(ω, i)conj(Ĝ
k
syn(ω, i))

Ĝk
syn(ω, i)conj(Ĝ

k
syn(ω, i))

. (5)

Different from equation 4 in which only one source wavelet is calculated for entire traces,
equation 5 calculates one source wavelet for each trace first, then takes the average of all
wavelets. It assumes that the noises, in the wavelets calculated for different traces, from
all kinds of sources are zero-mean, so they can be suppressed after taking the average. A
similar equation can be seen in Fu and Innanen (2022), which is employed to eliminate the
source wavelet non-repeatability in time-lapse seismic data.

Note, the elements in equations 4 and 5 are in the frequency domain, for the case of per-
forming a time-domain FWI, all related data should be converted to the frequency domain
by Fourier transfer, and then calculate the wavelet frequency by frequency, and finally use
the inverse Fourier transfer to obtain the time-domain source wavelet. A unit source will
be used to calculate the Green’s functions. And the estimated wavelet should be properly
scaled because of the imperfect forward modeling. In this study, we will typically use a
time-domain constant-density acoustic finite-difference method as the forward modeling
operator, the steepest descent method as the optimization, and the gradient is precondi-
tioned with the diagonal approximation of the Hessian matrix (Shin et al., 2001). In the
following text, for convenience, we will call equation 4 "the old equation", and equation
5 "the new equation". Accordingly, the IES FWI method using equation 4 is referred to
as "the old method", and the IES FWI method using equation 5 is referred to as "the new
method".

NUMERICAL EXAMPLES

Tests using different starting models

In this subsection, a true modified acoustic Marmousi model (Figure 1a) and four dif-
ferent starting models including starting model 1 (Figure 1b), starting model 2 (Figure 1c),
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FIG. 1. (a) True model (P-wave velocity) and acquisition geometries, (b) starting model 1, (c)
starting model 2, (d) starting model 3, (e) starting model 4. Models 1 to 4 become smoother and
smoother, and starting model 4 is 1D. The dash lines and asterisks in (a) are the locations of
receivers and sources, respectively.
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FIG. 2. The final estimated source wavelets of the old method ( the IES FWI method using equation
4) and the new method ( the IES FWI method using equation 5) using starting models 1 (a), 2 (b),
3 (c), and 4 (d), respectively. In each panel, the black line is the true source wavelet, the dashed
line is estimated from the old method, and the gray line is estimated from the new method.
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FIG. 3. The first column is the final inverted results of the KSW method (using the true wavelet)
using starting models 1 (a), 2 (b), 3 (c), and 4 (d), respectively. The second column is the final
inverted results of the old method using starting models 1 (e), 2 (f), 3 (g), and 4 (h), respectively.
The third column is the final inverted results of the new method using starting models 1 (i), 2 (j), 3
(k), and 4 (o), respectively.
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starting model 3 (Figure 1d), and starting model 4 (Figure 1e) are employed to test the
new method, have it be compared with the old method and the KSW method. The starting
models become less accurate as the number increases, starting models 1-3 are produced by
directly smoothing the true model, and the starting model 4 is 1D. And the acquisition ge-
ometry is displayed in Figure 1a. The true model is of a size of 188-by-327, with spacing of
10m. And on its top, ten sources are evenly spread, and 327 receivers are separately set on
each surface grid of the model. The true source wavelet used to generate the corresponding
synthetic observed data is an 8Hz minimum phase wavelet (the black line in Figure 2).

The final estimated source wavelets of the old and new methods using starting models
1, 2, 3, and 4, respectively, are plotted in Figure 2a-d. And the corresponding final inverted
models of the old method and the new method are plotted in Figure 3e-o, and results of
the KSW method using different starting models are plotted in Figure 3a-d as references.
In Figure 4a-d, traces extracted at distances 1.5km and 2.5km from the results shown in
Figure 3a-o are plotted. And curves of the data misfit versus the iteration number for the
three different methods using starting models 1, 2, 3, and 4, respectively, are plotted in
Figure 5a-d.

From Figures 2-5, we observe the source wavelets estimated from the new method
are apparently better than that from the old method and are very close to the true source
wavelet. With the accuracy decreasing of the starting model, the inverted results of the old
method get worse and become farther from the ones of the KSW method. In contrast, the
results of the new method are less impacted by the accuracy of the starting models and are
very close to the results of the KSW method. And the data misfits of the new method also
have much better convergence than that of the old method, they can converge to a level as
low as that of the KSW method.

In Figure 6, the evolution of estimated wavelets of the new method using starting model
3 is displayed. We observe the source wavelet estimate is already very good at iteration 5,
and the inverted result of iteration 5 is plotted in Figure 7, which is poorly converged. It
means that using a smooth model is good enough to calculate a relatively accurate source
wavelet via the new equation.

Tests on noisy data sets

In this subsection, the same true model (1a) as the last subsection and starting model
3 (1d) are used to implement the tests. Different from the noise-free data applied in the
last subsection, three noisy synthetic observed data sets with SNRs (signal-to-noise ratios)
of 5dB, 2dB, and 1dB, respectively, will be employed here. And the central common shot
gathers of them are plotted in Figure 8a-c, respectively.

The final estimated source wavelets of the old and new methods using data sets with
SNRs of 5dB, 2dB, and 1dB, respectively, are plotted in Figure 9a-c. And the corresponding
final inverted models of the old method and the new method are plotted in Figure 10d-i,
and results of the KSW method using data with different noise levels are plotted in Figure
10a-c as references. In Figure 11a-c, traces extracted at distances 1.5km and 2.5km from
the results shown in Figure 10a-i are plotted. And curves of the data misfit versus the
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FIG. 4. Traces extracted at distances 1.5km and 2.5km from the results shown in Figure 3. (a), (b),
(c), and (d) are inverted traces of different methods using starting models 1, 2, 3, and 4, respectively.
In each panel, the solid black line is the true model, the dashed blue line is the starting model, the
solid blue line is the result of the KSW method, the solid green line is the result of the old method,
and the solid red line is the result of the new method.
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FIG. 5. Curves of the data misfit versus the iteration number for different methods using starting
models 1 (a), 2 (b), 3 (c), and 4 (d), respectively. In each panel, the black line is the data misfit
curve for the KSW method, the dashed line is the data misfit curve of the old method, and the gray
line is the data misfit curve of the new method.
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FIG. 6. The evolution of estimated wavelets of the new method. The black line and the dashed line
in each panel are the true wavelet and the estimated wavelet at a certain iteration, respectively.
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FIG. 7. The result of the new method at iteration 5, and the corresponding estimated source wavelet
is plotted in Figure 6.
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FIG. 8. Noisy shot gathers. (a) SNR=5dB, (b) SNR=2dB, and (c) SNR=1dB.
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FIG. 9. The final estimated source wavelets of the old method and the new method using noisy
data of SNR = 5dB (a), SNR = 2dB (b), and SNR = 1dB (c), respectively. In each panel, the black
line is the true source wavelet, the dashed line is estimated from the old method, and the gray line
is estimated from the new method.

iteration number for the three different methods using data sets with three different noise
levels are, respectively, plotted in Figure 12a-c. From Figures 9-12, we observe the new
method has obviously better performance than the old method, is still close to the KSW
method, and can stably output source wavelets that match the true wavelet well, when the
estimated source wavelets of the old method come with serious perturbation because of the
noises.

Tests using different source wavelets

In this subsection, an acoustic overthrust model (Figure 13a) and a smooth starting
model (Figure 13b) are employed to test the new method, the old method, and the KSW
method. Different from the model in Figure 1a the overthrust model has no water layer,
hence, the impact of shot footprints on the inversion will be taken into account in the
following tests. And the acquisition geometry is displayed in Figure 13a. The true model
is of a size of 152-by-310, with spacing of 15m. And on its top, 13 sources are evenly
spread, and 310 receivers are separately set on each surface grid of the model. The true
source wavelets used to generate the synthetic observed data sets are, respectively, an 8Hz
minimum phase wavelet (wavelet 1, the black line in Figure 14a), an 8Hz Ricker wavelet
(wavelet 2, the black line in Figure 14b), an 1Hz-3Hz-15-20Hz Ormsby wavelet (wavelet
3, the black line in Figure 14c).
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FIG. 10. The first column is the final inverted results of the KSW method using starting models 3
and noisy data of SNR = 5dB (a), SNR = 2dB (b), and SNR = 1dB (c), respectively. The second
column is the final inverted results of the old method using starting models 3 and noisy data of SNR
= 5dB (d), SNR = 2dB (e), and SNR = 1dB (f), respectively. The third column is the final inverted
results of the new method using starting models 3 and noisy data of SNR = 5dB (g), SNR = 2dB
(h), and SNR = 1dB (i), respectively.

The final estimated source wavelets of the old and new methods using observed data
sets generated with wavelets 1, 2, and 3, respectively, are plotted in Figure 14a-c. And
the corresponding final inverted models of the old method and the new method are plotted
in Figure 15d-i, and results of the KSW method using data with different wavelets are
plotted in Figure 15a-c as references. In Figure 16a-c, traces extracted at distances 1.5km
and 2.5km from the results shown in Figure 15a-i are plotted. And curves of the data
misfit versus the iteration number for the three different methods using data with different
wavelets, respectively, are plotted in Figure 17a-d.

From Figures 14-17, we observe the three source wavelets estimated from the new
method are still better than that from the old method and are close to the three true source
wavelets. The inverted results and the data misfits of the new method are still superior to
that of the old method, and they are still very similar to that of the KSW method. Moreover,
the results have demonstrated good adaption of the new method on different wavelets and
different models.

Implementation of elastic FWI

The new method is also expended to elastic FWI in this subsection. In Figure 18a-f,
true and starting models are displayed. And the inverted results of the old and new methods
are plotted in Figure 19a-f. From the results, we can obviously observe that the new method
is superior to the old method, and its results can match the true models well. And for more
details about the frequency-domain elastic algorithm please refer to Fu et al. (2020).
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FIG. 11. Traces extracted at distances 1.5km and 2.5km from the results shown in Figure 10. (a),
(b), and (c) are inverted traces of different methods using noisy data of SNR = 5dB, SNR = 2dB,
and SNR = 1dB, respectively. In each panel, the solid black line is the true model, the dashed blue
line is the starting model, the solid blue line is the result of the KSW method, the solid green line is
the result of the old method, and the solid red line is the result of the new method.
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FIG. 12. Curves of the data misfit versus the iteration number for different methods using starting
model 3 and noisy data of SNR = 5dB (a), SNR = 2dB (b), and SNR = 1dB (c), respectively. In each
panel, the black line is the data misfit curve for the KSW method, the dashed line is the data misfit
curve of the old method, and the gray line is the data misfit curve of the new method.
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FIG. 13. (a) True overthrust model (P-wave velocity) and acquisition geometries, (b) starting model.
The dash lines and asterisks in (a) are the locations of receivers and sources, respectively.
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FIG. 14. The final estimated source wavelets of the old and new methods using observed data
of the true overthrust model. The data are obtained by using wavelet 1 (a), wavelet 2 (b), and
wavelet 3 (c), respectively. In each panel, the black line is the true source wavelet, the dashed line
is estimated from the old method, and the gray line is estimated from the new method.
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FIG. 15. The first column is the final inverted results of the KSW method using observed data with
wavelet 1 (a), wavelet 2 (b), and wavelet 3 (c), respectively. The second column is the final inverted
results of the old method using observed data with wavelet 1 (d), wavelet 2 (e), and wavelet 3 (f),
respectively. The third column is the final inverted results of the old method using observed data
with wavelet 1 (g), wavelet 2 (h), and wavelet 3 (i), respectively.
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FIG. 16. Traces extracted at distances 1.5km and 2.5km from the results shown in Figure 15.
(a), (b), and (c) are inverted traces of different methods using data with wavelet 1, wavelet 2, and
wavelet 3, respectively. In each panel, the solid black line is the true model, the dashed blue line
is the starting model, the solid blue line is the result of the KSW method, the solid green line is the
result of the old method, and the solid red line is the result of the new method.
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FIG. 17. Curves of the data misfit versus the iteration number for different methods using data with
wavelet 1 (a), wavelet 2 (b), and wavelet 3 (c), respectively. In each panel, the black line is the data
misfit curve for the KSW method, the dashed line is the data misfit curve of the old method, and the
gray line is the data misfit curve of the new method.
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FIG. 18. (a) True P-wave velocity and acquisition geometries, (b) true S-wave velocity, (c) true
density, (d) starting model of P-wave velocity, (e) starting model of S-wave velocity, (f) starting model
of density. The dash lines and stars in (a) are the locations of receivers and sources, respectively.
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FIG. 19. Inverted results of the old method, (a) P-wave velocity, (b) S-wave velocity, (c) density, and
inverted results of the new method, (d) P-wave velocity, (e) S-wave velocity, (f) density.
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CONCLUSION

A robust source-independent FWI method has been developed in this paper, which has
been demonstrated via tests of different starting models, different true models, different
levels of random noise, and different source wavelets. It does not require any prior source
wavelet information. It does not require an accurate starting model, even a 1D starting
model is feasible to output an accurate wavelet estimate. It is stable for random noises. A
good estimate of the source wavelet can be obtained from a poorly converged model based
on the new proposed wavelet estimation equation. All in all, the performance of the new
source-independent FWI in the tests is close to that of that of the KSW FWI.
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