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ABSTRACT

Uncertainty quantification is a fundamental aspect of seismic analysis, enhancing the
reliability of results obtained from seismic data. This practice enables a more informed
and responsible approach to decision-making in various engineering and geoscience appli-
cations. We establish a recurrent neural network with rules that enforce the integration of
rock physics modeling and elastic wave propagation. The network is then trained using the
wavefield projected onto a measurement surface as labeled data, which is compared with
observed seismic data. This training process involves the direct prediction of rock physics
properties through Full Waveform Inversion (FWI). Utilizing the Automatic Differential
method, we accurately and efficiently construct gradients through inspection and the use of
the computational graph. The inverse Hessian, closely related to the posterior covariance
operator, is then approximated using these gradients, providing uncertainty estimations for
the rock physics variables. Our workflow is applied to address two geophysical inverse
problems: seismic reservoir characterization and time-lapse CO2 monitoring.

INTRODUCTION

The retrieval of physical properties of the earth using seismic data has been subject to
intensive research for the last decades (Aki and Richards, 2002; Sen, 2006; Menke, 2018).
In parallel, because of the increase in computational power, complex forward modeling has
become more affordable. One of the methods that potentially allows to extract more infor-
mation from seismic data is Full Waveform Inversion (FWI) (Tarantola, 1986; Pratt et al.,
1998; Virieux and Operto, 2009). In FWI an attempt is made to construct elastic models of
the subsurface matching not only arrival times and amplitudes, but the full amplitude and
phase information of the measured waveform data. Theoretically, it can provide models of
physical parameters with a higher spatial resolution than other methods such as travel-time
tomography (Schuster, 2017).

Reservoir characterization usually requires integrating different types of data. The un-
certainty associated with this process comes from several sources: measurement errors in
seismic and well-log data, data processing, approximate wave propagation model, and the
rock physics transformation from elastic properties to reservoir properties. One funda-
mental reason for quantifying uncertainty is to report error bars along with interpretation
results. A more practical reason is for risk analysis and optimal decision-making (Bosch
et al., 2010). For an inverse problem, when quantifying uncertainty a user seeks to deter-
mine the posterior probability distribution of model variables conditioned on the measured
data. Due to the high dimensionality of the model space paired with the computational costs
of the forward problem, stochastic methods such as Monte Carlo are generally infeasible
for FWI, causing the development of uncertainty quantification in FWI lagged consider-
ably behind. Most proposed approaches in this area are based on low-rank estimates of the
posterior covariance matrix, for example, the inverse Hessian (Bui-Thanh et al., 2013; Liu
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and Peter, 2019). New approaches are also emerging (Gebraad et al., 2020; Keating and
Innanen, 2021).

THEORY

Forward modeling

The forward operator for the prediction of the seismic response includes a rock physics
model that maps rock and fluid properties (e.g., porosity, mineral volumes, and fluid satu-
rations) to elastic properties (e.g., P- and S-wave velocity, and density) and a wave propa-
gation model that computes seismic data. The general forward model is expressed symbol-
ically as follows

dseis = fseis(frpm(mr)) + e, (1)

where the rock physics relation frpm in our study is based on granular media theory and
Gaussian’s equation (Mavko et al., 2020); the wave propagation model fseis we consider is
isotropic-elastic wave equations. The seismic data dseis are in terms of particle velocities,
mr are rock physics properties, and e are data errors.

RNN-FWI

Conventional seismic Full Waveform Inversion (FWI) is a complex data-fitting proce-
dure aimed at extracting essential information from seismic records. The key components
include an efficient forward modeling method for simulating synthetic data and a descent-
based local optimization method for updating the model (Tarantola, 1986; Virieux and Op-
erto, 2009). In general, FWI is designed to determine elastic properties, from which the
rock properties of interest can be derived. The rock physics FWI approach by Hu et al.
(2021) allows direct inversion of seismic data for rock properties and shares the same nu-
merical structure as conventional elastic FWI.

Studies by (Sun et al., 2020; Zhang et al., 2020) have demonstrated the effective sim-
ulation of seismic wave propagation using a specialized recurrent neural network (RNN).
Importantly, it has been shown that the training process of such a network is equivalent to
performing FWI. At the heart of RNN-FWI is the Automatic Differentiation method, facil-
itating the construction of gradients through inspection and utilization of the computational
graph. This observation motivates us to extend the analysis of RNN-FWI beyond those pre-
viously explored. For instance, we aim to delve into the complexities of the multi-physics
inverse problem, as represented in Equation 1.

Relation of Hessian to the posterior covariance

According to Bayesian inference, the solution to an inverse problem yields the posterior
probability density, which is defined as

P (m|dobs) ∝ P (dobs|m)P(m), (2)

where P (dobs|m) is the likelihood and P (m) is prior probability density. Assuming Gaus-
sian noise with zero mean and covariance C−1

d , and Gaussian prior with center mprior and
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covariance C−1
m , equation 2 is then

P (m|dobs) ∝ exp(−S(m)), (3)

where S(m) is the misfit function:

2 S(m) = (dobs − g(m))tC−1
d (dobs − g(m)) + (m−mprior)

tC−1
m (m−mprior), (4)

If the equation d = g(m) solving the forward problem is linear, i.e., d = Gm, the
misfit function is quadratic in m, and the posterior probability is also Gaussian (Tarantola,
2005):

P (m|dobs) ∝ exp

(
−1

2
(m− m̂)tC−1

M (m− m̂)

)
, (5)

with the posterior mean and covariance matrix given by

m̂ = mprior + (GtC−1
d G+C−1

m )−1GtC−1
d (dobs −Gmprior), (6)

and
CM = (GtC−1

d G+C−1
m )−1, (7)

If g(m) is not a linear function of m, P (m|dobs) is not Gaussian. One simplistic ap-
proach is to linearize the forward operator around the maximum a posteriori model mMAP:

g(m) = g(mMAP) + G̃(m−mMAP), (8)

where G̃ = ∂g(m)
∂m

is the Fréchet derivative. As the MAP solution is the point minimizing
the misfit function in equation 4, we face here the typical problem of nonlinear least-squares
minimization. Using, for instance, RNN-FWI to update the model until convergence, we
obtain mMAP and then use a linearization of g(m) around mMAP to estimate the posterior
covariance:

CM = (G̃tC−1
d G̃+C−1

m )−1 = (Hd +C−1
m )−1, (9)

where Hd = G̃tC−1
d G̃ is the Gauss-Newton approximation of the data misfit Hessian.

The most trivial use of the posterior covariance matrix CM is to interpret the square
roots of the diagonal elements (variance) as ’uncertainty bars’ on the estimated model pa-
rameters, and the comparison of these posterior uncertainties with the prior uncertainties
(as represented by Cm) shows which parameters have been resolved and by how much.

NUMERICAL EXAMPLES

Reservoir characterization

To investigate the multi-physics RNN-FWI approach for characterizing hydrocarbon
units, we introduce a geologically realistic reservoir model, focusing on a selected section
of the elastic Marmousi2 model (see Figure 1). The model spans 2 km in width, 2 km in
depth, with a grid spacing of 20 m. In this model, we assign rock physics properties to each
cell, assuming a rock frame comprising quartz and clay saturated with water and gas. This
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results in three model unknowns: porosity, clay content, and water saturation. Notably, a
gas sand trap is incorporated into the model, situated at a depth of 0.76 km and laterally
positioned at 0.8 km. This gas sand trap is characterized by a higher porosity of 0.3, a lower
clay content of 0.15, and a reduced water saturation of 0.35.

We adopt an acquisition geometry employing receivers that mimic a simultaneous sur-
face seismic and vertical seismic profile (VSP) configuration. Specifically, there are a total
of 10 evenly distributed sources at the top of the model, illuminating receivers on both the
top and sides of the model. The initial rock property models are smoothed versions of the
true models.

Our high-resolution inversion results reveal the accurate depiction of relevant reservoir
structures, allowing for the identification of the gas sand within the recovered models. Fig-
ure 2 presents an examination of absolute errors and standard deviations for these recovered
models. Our criterion for successful uncertainty quantification is that the standard deviation
should align well with the absolute model error. In this context, the estimated uncertainty
proves satisfactory. Furthermore, the uncertainty results exhibit a strong correlation with
the expected sensitivity of the rock physics variables. Porosity, being the most sensitive,
displays the smallest uncertainty, while saturation, being the least sensitive, exhibits the
overall largest uncertainty. In Figure 3, the velocity and density models corresponding the
true and inverted rock property models are plotted. The true models are accurately recov-
ered, with relatively larger uncertainties observed around the gas trap. Figure 4 illustrates
the success of our inversion in reproducing the seismic data.
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FIG. 1. True, initial, and inverted models of porosity, clay content, and water saturation.
.
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FIG. 2. Errors and standard deviations for the inverted models.
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FIG. 3. Corresponding true and inverted P-wave velocity, S-wave velocity, and density models.
Bottom panels: uncertainty (standard deviation) in the inverted models.
.
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FIG. 4. Vertical components of the observed, initial, and inverted seismic data (particle velocity).
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Time-lapse CO2 monitoring

Next, we implement the proposed approach on a synthetic model (Figure 5) generated
from the Johansen dataset (Eigestad et al., 2009; Bergmo et al., 2011). This model, derived
from a simplified geometry of the original geomodel (Hu et al., 2023), highlights signif-
icantly higher porosity values in the Johansen formation compared to the overburden and
underburden shales, both exhibiting very low porosity (0.1). Assuming an initial water sat-
uration (prior to injection) of 1 throughout the model, we calculate the CO2 saturation for
the monitor survey by employing a fluid flow simulator.

In Figure 6, we compute the corresponding velocity and density models, assuming
knowledge of the rock physics relation. With CO2 replacing water, several notable changes
occur. The P-wave velocity of the saturated rock decreases due to the lower bulk modulus
of CO2, while the density also decreases due to the lower density of CO2. However, the S-
wave velocity experiences a slight increase, as the fluid effect predominantly influences the
density in the S-wave velocity expression. The impact of the fluid substitution is also well
illustrated in the synthetic data (Figure 7). Summarizing the inversion results in Figure 8,
both the porosity and CO2 saturation models are accurately recovered, with the saturation
model exhibiting relatively larger uncertainty than the porosity model. The deeper parts of
these models have larger uncertainty, likely stemming from the illumination effect.
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FIG. 5. True reservoir models: porosity (assuming constant in time) and CO2 saturations before
and after injection.
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FIG. 6. True baseline, monitor, and time-lapse models of P- and S-wave velocities plus density.
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CONCLUSION

We formulated a multi-physics RNN-FWI approach through the integration of rock
physics relations and elastic wave equations. The presented methodology offers a promis-
ing avenue for advancing seismic analysis by integrating machine learning techniques into
traditional FWI frameworks. The ability to quantify uncertainties in rock physics variables
enhances result interpretability, supporting more robust decision-making in subsurface ex-
ploration and monitoring.
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