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ABSTRACT

Classical Markov Chain Monte Carlo (MCMC) methods, while widely used for Bayesian
inference, often suffer from computational demands and inefficiencies, particularly when
dealing with high-dimensional parameter spaces. However, the Hamiltonian Monte Carlo
(HMC) approach represents a notable advancement in the field of Monte Carlo (MC) meth-
ods. By simulating Hamiltonian dynamics through numerical integration and incorporating
a Metropolis acceptance step, HMC avoids the limitations of random walks typically as-
sociated with MCMC. This results in a decent acceptance rate, enabling more efficient
parameter space exploration. Additionally, the ability to generate plausible model can-
didates during the integration process opens up access to the null space, which can be
particularly valuable in inversion problems such as full-waveform inversion (FWI) where
the model space is complex and multidimensional. In this report, we delve into the fun-
damental workings of HMC, shedding light on its mechanics and advantages. We present
results from numerical experiments that showcase the special features of HMC. Our find-
ings suggest that HMC holds significant promise as a robust tool for improving uncertainty
quantification in applications of FWI, where accurately characterizing uncertainties is cru-
cial for obtaining reliable model estimates.

INTRODUCTION

The challenges encountered in the domain of full-waveform inversion (FWI) predomi-
nantly stem from the inherent complexities associated with sparse and imprecise data, in-
herent observational errors, and imperfections present in forward modeling theories (Parker,
1977). Consequently, the resultant FWI problems often give rise to an ensemble of feasible
models that can account for the observed data while accommodating their inherent uncer-
tainties. To tackle these inverse problems effectively, it becomes imperative to explore and
characterize this ensemble of plausible models comprehensively, a concept initially intro-
duced by Backus and Gilbert (1967, 1968)).

Nevertheless, approximating the posterior distribution frequently demands the sampling
of the model space. The sampling process can become exorbitantly resource-intensive con-
tingent upon two crucial factors: firstly, the computational expense entailed in solving the
forward problem, and secondly, the dimensionality of the model space itself—an issue
often denoted as the "curse of dimensionality" and expounded upon by Bellman (2003).
In response to these computational challenges, researchers have diligently endeavored to
devise suitable simplifications and implement strategic sampling methodologies. These
efforts have yielded a range of sophisticated techniques, including advanced sampling ap-
proaches devised by Mosegaard and Tarantola (1995), the utilization of parallel temper-
ing methods pioneered by |Geyer| (1991); \Geyer and Thompson| (1995), and the innovative
neighborhood algorithm introduced by Sambridge| (1999). Furthermore, trans-dimensional
sampling strategies, as elucidated by Bodin and Sambridge (2009) and |Dosso et al.| (2014),
along with the application of principal component rotations to uncouple model parameters
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as proposed by |Dettmer et al.| (2008), have significantly enriched the arsenal of available
tools for addressing this challenge.

Notably, the "No-Free-Lunch Theorems" articulated by [Wolpert and Macready, (1997)
offer valuable guidance in the selection of appropriate sampling methods. These theorems
posit that the superiority of any given sampling strategy can be ascribed solely to the infu-
sion of prior information. This principle underscores the significance of incorporating prior
knowledge, such as the derivative of the target probability density concerning model pa-
rameters. This, in turn, has led to the development and application of Hamiltonian Monte
Carlo (HMC) Brooks et al.| (2011). HMC, initially recognized as Hybrid Monte Carlo,
amalgamates elements from two distinct methodologies: (1) gradient-based optimization,
which efficiently identifies optima but lacks comprehensive uncertainty information, and
(2) derivative-free MCMC methods, which neglect potentially valuable derivative informa-
tion. HMC endeavors to harness the strengths of both approaches by simulating a Hamil-
tonian dynamics system, wherein the Hamiltonian function encompasses the cumulative
potential and kinetic energy of the system. Leveraging derivatives from both the potential
and kinetic energy components, HMC facilitates targeted exploration of plausible regions
within the model space, ultimately resulting in more efficient sampling. This approach
has found widespread application in diverse fields, ranging from neural networks and ma-
chine learning (Neal, [1996; Bishop and Nasrabadi, 2006} Gutmann and Hyvirinen, 2012)
to molecular simulations (e.g., (Dubbeldam et al., 2016)), nuclear physics (e.g., (Elhatisari
et al., 2015)), genomics (e.g., (Honkela et al., [2015)), signal processing (e.g., (Wei et al.,
2015))) and quantum mechanics (e.g. (Seah et al.,|[2018))).

This report’s primary objective is to introduce HMC as a specific tool tailored to address
the challenges posed by FWI, a problem renowned for its high degree of nonlinearity. FWI
benefits significantly from the adjoint method, enabling the straightforward computation
of parameter derivatives—a feature that aligns seamlessly with HMC'’s requirements. It is
worth noting that FWI, particularly in the frequency domain, exhibits nuanced characteris-
tics that warrant further in-depth discussion and exploration.

THEORY
Hamiltonian dynamics

Hamiltonian dynamics (Hamilton, |1834) can be conceptually understood by fictitiously
visualizing a frictionless particle moving along a 2D surface with varying heights. In this
scenario, the system’s state is described by the position of this particle q (2D vector) and
its generalized momentum P (also a 2D vector). While moving, this particle’s potential
energy can be represented by U (q), and its Kinetic energy is given by P'M *p=  where
M is the mass matrix of this particle. A generalization of this matrix is making the off-
diagonal entries zeros while keeping the diagonal members equal to some preset values,
but there are more constrained settings in some more complex problems (Fichtner et al.,
2021). In any situation, the mass matrix is positive definite. When the surface is flat, the
particle moves at a constant velocity equal to M 1p. However, if the surface inclines,
the momentum allows the particle to continue, resulting in decreased kinetic energy and
increased potential energy. Eventually, when the kinetic energy reaches zero, this particle
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will slide back down the slope, increasing kinetic energy and decreasing potential energy.
During the whole process, this particle is governed by a "gravitational” force that is parallel
to r U (qg), which is regarded as the steepest descent direction. Such mechanics can be
described by a Hamiltonian equatibh(p; q), such that

H (p;q) = U(q)+ K (p): (1)

This equation describes the total energy of a mechanic system. It holds for any coordinate
systems as long as their link to a Cartesian set of coordinates is independent of time or
velocity (Morin, 2008).

The partial derivatives of the Hamiltonian determine hepandp change over timd,
according to Hamilton's equations:

dg _ @H
@ @p @)
dp _ @H
FCT: )
wherei = 1; 2;:::; n denotes the index in the n-dimensional vector.
The derivatives can be further represented as:

dq 1

— = o 4

G- M (4)
dp _ @U
@ @d ©

Notably, several essential features of Hamiltonian dynamics help in the MCMC construc-
tion.

(1) Reversibility. By negating the time derivatives in equatigns 2[and 3, and referring to
the quadratic form of the kinetic energy, the reverse time mapping can be achieved.
Consider a simple 1D case as an example:

f P
U@= 5K (P =5 (6)
The general form off andp can be analytically acquired:
g(t)=rcos(t+) ;p(t)= rsin(t+) ; (7

wherer denotes radian, and is a constant. The Hamiltonian dynamics in this situ-
ation is a clockwise rotation, while the time reversal is a counterclockwise rotation.

The reversibility of Hamiltonian dynamics plays a signi cant role in demonstrating
that MCMC updates, which rely on these dynamics, preserve the desired distribu-
tion. This is particularly important because proving the reversibility of the Markov
Chain transitions is the most straightforward way to establish the invariance of the
distribution (Kelly,/1979). However, achieving reversibility in the MCMC transitions
necessitates using reversible dynamics when proposing new states.
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(2)

(3)

Conservation. Conceptually, the value of the Hamiltonian equation is always con-
stant, also known as the Hamiltonian invariant. Taking the time derivative of equation
1 gives:

dH _ X dq@H, dn @H _ X @HEH @HOH _

dt @p@y @u@p ®

dd = dt@g dt@p

i=1 i=1

When a proposal is found by Hamiltonian dynamics, the conservation property en-
sures acceptance when using Metropolis updates, in which the acceptance probability
is given by comparing the probability densities of the current g@(e) ; p (t)) and

the proposed stafg (t + t);p(t+ t)):

Pacceptance = Min [Lexp(H (q(t);p (1)) H(q(t+ t);p(t+ 1)): (9

When the Hamiltonian is conserved, the proposed state has the same energy as the
current state (shown in equation 8). As a result, the difference in Hamiltonian is
zero, thus making the acceptance probability equdl. tdn practice, even though

the simulation of the Hamiltonian is imperfect, the proposed state generally has a
high acceptance rate, contributing to ef cient exploration of the state space during
the HMC sampling process.

This property also leads to the nullspace exploration, which we will discuss in a later
section.

Volume preservation. Hamiltonian dynamics preserve volunig;p) space (also
called phase space) (Gibbs, 1885). Taking the divergence of the vector eld de ned
by equation 2 and equation 3 gives:

i _X  @dq, @ _X @@H @eH

dt ., @u@p @p@q

ot~ . @adt = @pdt 00 (10

Volume preservation plays a crucial role in MCMC algorithms because it allows
for a simpli ed calculation of acceptance probabilities during Metropolis updates.
When proposing new states using non-Hamiltonian dynamics, it becomes necessary
to compute the determinant of the Jacobian matrix for the mapping de ned by those
dynamics. However, this computation can be impractical or infeasible in some in-
stances. By employing Hamiltonian dynamics, which inherently preserve volume,
this additional computation is avoided, leading to more ef cient MCMC updates
(Brooks et al., 2011).

HMC construction in inversion problems

The fundamental idea behind HMC involves sampling from an auxiliary distribution
in a phase space with twice the original space's dimensions. The auxiliary distribution is
known as the canonical distribution (Davey, 2009), and this extended phase space is de-
noted agp; m), wherep represents momentum variables andepresents the variables
of interest (e.g., model parameters). Furthermore, arti cial momentum variables are in-
troduced to align with the quantity of position variables. In a more intuitive sense, the
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concept of HMC views a modeh as analogous to a particle in mechanics. This parti-
cle moves from its present position to a new position following a Hamiltonian trajectory
(Brooks et al., 2011; Betancourt, 2018). The geometry of the trajectory is controlled by the
mis t that is interpreted as potential energy as well as the kinetic enerdg§ and mass

of the particle, namely the arti cially introduced auxiliary quantities (Fichtner et al., 2018).
Replacingg in equations 2 and 3 wit thus gives:

dmi _ @H

T - @p, (11)
dp _ @H,

The potential energy is derived by negating the logarithm of the probability density linked
to the inversion variables:

U(m)= Ilog n (mjd); (13)

whered is the observed data. Thus, the canonical distribution is de ned as:
. 1
c(p;m)=exp[ H(p;m)]= n(mjd)exp EpTM ' (14)

An intuitive interpretation of equation 14 is that the canonical distribution is the product
of the posterior and a Gaussian distribution of the momentaNote that through the
exploration of the model space, the momentum component in the phase space is ignored or
marginalized (Fichtner et al., 2018).

In many inversion problems including FWI, a plausible assumption of the prior infor-
mation is the Gaussian uncertainties (e.g., (Tarantola, 2005; Dettmer et al., 2010; Dosso
et al., 2014; Fichtner et al., 2018; Fu and Innanen, 2022)). Consequently, the posterior,
thus the potential energy in HMC can be de ned as follows:

. 1
U (m) = |09 m (de) = é (dobs dsyn)T CDl (dobs dsyn) + COﬂStZ; (15)

whereCp is the covariance matrix of datadsy, is the synthetic data following some
physics rules, for example, acoustic/elastic wave equations.

Numerical simulation of HMC

To facilitate the computer implementation of Hamilton's equations, it is necessary to
discretize them into several time steps. The leapfrog method (ISERLES, 1986), is a widely
employed technique for solving ordinary differential equations (ODES) that govern the dy-
namics of a system. When it comes to solving Hamiltonian problems, the leapfrog method
has been established as the most ef cient and accurate integration technique (Brooks et al.,
2011). Rather than directly calculating the next state of the system based on the current
state, this method employs an alternating approach, updating the positions and velocities of
the variables in separate steps. In the leapfrog method, the vamaldesip are updated
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over a time interval of length using half-time steps. This means that the position is up-
dated at + t=, while the momentum is updatedtat t, wheret denotes the time step.
The total number of steps is given by: . During each step, the updates are performed as
follows:

(1) Update the momentum in the neéetstep using the gradient of potential enetdy

with respect to the position variabhe at the current momenp t + % =p(t)

AN
(2) Afullupdate form using the gradient of kinetic ener¢ly with respect to momentum
at the updated half time ste;% m(t+ t)=m(t)+ t %ﬁt7 .

(3) Complete the momentum at the latter half step using the gradient of kiheti¢he
momentt+ t:p(t+ t)=p t+ 3+ Ft Y. .

In accordance with this procedure, the leapfrog method provides a precise approximation of
a particle's motion over time. The essential advantage of the leapfrog method is its second-
order accuracy, which implies that the error in the approximation diminishes quadratically
as the time step size decreases (Leimkuhler and Reich, 2005). This property makes it
widely utilized in the simulation of physical systems that demand accuracy and computa-
tional ef ciency.

Nevertheless, it is important to acknowledge that the leapfrog method may encounter
dif culties when applied to certain types of systems, particularly those exhibiting highly
nonlinear behavior or scenarios where precise energy conservation is crucial. In such cases,
it becomes necessary to carefully ne-tune the values of the time stept séred the total
step length_ (Fichtner et al., 2021).

Inversion nullspace exploration

HMC provides the capability to access the nullspace, which is derived from the conser-
vation property outlined in equation 8. To achieve this, we initially consider a reasonable
modelmg that minimizes the mis t functionaF (m) associated with a general inverse
problem. Since non-uniqueness exists, there is at least one alternative model, denoted as
Mo+ m, which also remains plausible. The generalized nullspace is formed by the ensem-
ble of candidate models (Deal and Nolet, 2007). The condition for plausibility is that the
increase in mis t associated with this alternative model remains below a speci ed tolerance

0, such that

F(mo+ m) F(mo)+ ; (16)

Recall the arti cial mechanical system described by the Hamiltonian shown in equation 1.
In this context, we replace the mis t functional with the potential energy:

H [m (t0) 1P (to)] = F [ (to)] + 3p () M P (to): a7)
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In this context, we de ne the current stage as the point where the mis t functiereg-
proximately reaches its minimum value, thatris(ty) = mg, andp (tg) = po. Thus,

1
H (mo;po) = F (mg) + Eng 1po: (18)

Next, assume that the Hamiltonian is propagated to the next timdstept , where the
phase space pair can be representethby; p ¢ ), this gives:

1
H(mt;pt)=F(mt)+§thM 'y (19)

If the momentum in the pre-propagated stpges chosen to be, then the conservation of
HamiltonianH (mg;po) = H (m¢;p ), and the positive-de niteness ™ imply that

F(m¢) F(mo)+ : (20)

Based on this concept, we can conclude that all the model candidates along the trajectory
de ned by the Hamiltonian are situated within the inversion nullspace. It can be inferred
that the choice of the initial momentum vector, nam@dy plays a crucial role in exploring

the inversion nullspace. In fagpo contains valuable information about the directional
tolerance because the perturbation of the model veutas proportional toM *po (as
indicated in equation 11, and also discussed more detailedly in Fichtner et al. (2018)). In
the practical implementation of Hamiltonian, the choicegfis dependent oM , which

can be designed to inject speci c features into the model candidates (Fichtner et al., 2021).

HMC in FWI

By combining the components elucidated in the preceding sections, we can outline
a fundamental work ow for implementing Hamiltonian Monte Carlo (HMC) in the con-
text of Full-Waveform Inversion (FWI) problems. Irrespective of the dimensionality, the
subsurface structures to be estimated can be succinctly represented as a one-dimensional
vector, constituting the model vector denotedhvas The momentum vectop, is derived
from a multi-dimensional normal distribution with zero means and a covariance rivafrix
expressed ad (0;M).

To compute the potential energyy; we employ Equation 15. As outlined in Algorithm
1, we present a pseudo-code that offers a more intuitive depiction of a single iteration of
the HMC algorithm. In this code, the input data is represented, @nd the current and
new (proposed) states are distinguished by subsaigtandnew, respectively.
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Algorithm 1. HMC iterations
1. for M =1 to nsamplesio
2. Randomly generatge.,,;, N (O;M);

3: Pnew = Pecur

4 Mpew = Meyr

5 U(Mey)= log m, (Meyrjd)

6: K (Peur) = b M2 b

7 H (Peurs Meur) = U (Meur) + K (Peur)
8: Pnew = Pnew tw

90 forN=1toL 1do

10: Mpew = Mpew + 11 K (Prew)
11 Pnew = Prew tr U(Mpew)
12:  end for

130 Mpew = Mpew + 11 K (Prew)

141 Pnew = Prew t et UU;"EW)

150 Prnew =  Pnew

16:  U(Mpew) = 109 mpe, (Mpewjd)

— T M 1 new
170 K (Pnew) = Puce 2 e

18: H (Prew; Mnew) = U (Mpew) + K (Prew)
19: if randnum exp( (Hnew Hecur)) then

20: Mecur = Mpew
21: else

22: Meyr = Meyr
23: endif

24: end for

NUMERICAL EXPERIMENTS

In this section, we showcase two primary types of experiments. The initial experiment
centers around sampling from a 100-dimensional distribution with varying standard de-
viations by reproducing the representative example from Brooks et al. (2011), while the
second experiment revolves around acoustic FWI incorporating a certain P-wave veloc-
ity model. It is essential to acknowledge that the comparison in the rst test lacks fairness,
given the existence of diverse MC variants that can match the numerical ef ciency of HMC.
By demonstrating the outcomes obtained from classical random-walk MCMC and HMC in
the rsttest, our objective is to illustrate the typical behaviors of HMC, thus highlighting its
advantage in leveraging the information of the optimization problem itself and emphasizing
its computational advancements. In the second numerical experiment, although we utilize
a simpli ed diagonal data covariance matrix, our aim is to demonstrate the feasibility of
HMC in accurately quantifying the uncertainty in FWI.

100D distribution problem

The model space we sample from is a 100-dimensional multivariate Gaussian distribu-
tion with means of zero and standard deviations=nfo(n = 1;2;:::; 100). The variables
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are independent of each other. The standard deviations of the random-walk proposals are
drawn uniformly from(0:0176 0:0264)in every iteration. For the implementation of HMC,

we assume the mass matrix to be identical. Wel@@®samples and = 150 for propagat-

ing the HMC, with t randomly chosen fror0:0104 0:0156) To make the computational
efforts comparable, we regald0steps in MCMC as one iteration, wittDOOtotal itera-

tions. Identical random seeds and the accordingly generated initial models are used in both
tests.

Figure 1 (a) and (b) depict the variations in sample mean and standard deviation in re-
lation to the original standard deviations. The initial variables with comparatively smaller
standard deviations are adequately sampled due to less restriction in those dimensions.
However, the subsequent diverging pattern demonstrates that both the mean and standard
deviation of the samples deviate, indicating that the samples do not conform to the desired
distributions. The investigation into the exploration of the model space through random-
walk sampling is illustrated in Figure 1 (c)-(e), focusing on the rst, middle, and last dimen-
sions. The rst dimension demonstrates proper sampling, while in the middle dimension,
the sample trajectory exhibits uctuations while remaining centered around a mean of zero.
In the last dimension, which is the least constrained, the level of uctuation is more pro-
nounced. Additionally, Figure 1 (d) and (e) provides additional evidence indicating that a
considerable number of random walks are required to achieve independence or near inde-
pendence. This observation points to the low ef ciency of MCMC sampling. It is worth
noting that the acceptance rate is approxima2&lp signifying that a substantial majority
of samples are discarded out of a totall6y 000

Figure 2 presents the HMC results, demonstrating a more ef cient sampling process.
This ef ciency is evident not only from the close alignment between data points and ref-
erence lines in subplots (a) and (b), but also from the exploration of the model space il-
lustrated in subplots (c)-(e). In Figure 2 (c), the model space exploration with HMC is
comparable to that of random-walk MCMC. However, in Figures 2 (d) and (e), HMC suc-
cessfully reaches models that are distant from the initial ones. Another key indicator of the
improved ef ciency is the acceptance rate, which is approximad@Bein this case, re-
ecting a higher rate of accepting proposed samples. This acceptance rate signi es a more
effective and ef cient sampling process facilitated by HMC.

Figure 3 illustrates the outcomes derived from Markov MCMC and HMC simulations.
It presents the rsROsample trajectories generated by both methods. In the case of MCMC
simulations, we include only evedy5h sample for the sake of comparison. The starting
point for both MCMC and HMC simulations is identical, denoted by blue circles in both
panels of Figure 3 (a) and (b). As the sampler approaches the point of minimum mis t,
represented by the red stars, it becomes evident that the HMC trajectory converges more
rapidly towards the target distribution, while the MCMC particles require additional iter-
ations to approach the target distribution closely. In the initial few samples, the MCMC
approach, characterized by a random walker, may not guarantee adequate sampling from
the intended target distribution.
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FIG. 1. Results from classical MCMC sampling. (a) variation of sample means with model standard
deviations. (b) variation of standard deviations with model standard deviations. (c)-(e) exploration of
the model space in varying iterations, speci cally focusing on the rst, middle, and last dimensions,

respectively.

FIG. 2. Results from HMC sampling. (a) variation of sample means with model standard devia-
tions. (b) variation of standard deviations with model standard deviations. (c)-(e) exploration of the
model space in varying iterations, speci cally focusing on the rst, middle, and last dimensions,

respectively.
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FIG. 3. Initial 20 MCMC and HMC walker trajectories projected onto the 50th and 10Qth dimensions.
(a) Trajectories of MCMC. (b) Trajectories of HMC.

The results obtained from MCMC and HMC simulations are compared, as presented
in Figure 4 and Figure 5. Speci cally, we focus on analyzing the moderate and least con-
strained dimensions, namely tBéth and10Gh dimensions. The MCMC sampling results
reveal a distorted shape compared to the desired distribution, visually depicted by ovals.
The two dimensions' marginal distributions exhibit skewness relative to their respective tar-
get distributions. This is evident by intuitively observing the distance between the centers
of the marginal distributions and the reference lines (represented by blue and green lines),
which indicate the supposed model means. Conversely, the HMC walkers demonstrate a
favorable sampling behavior. This can be observed from the distribution of the accepted
models, which appears to be more aligned with the desired target distribution. Additionally,
the marginal distributions generated by HMC are less skewed than those obtained through
MCMC sampling.

In our subsequent numerical experiment, we intentionally introduced a correlation fac-
tor 0.45 to dimensions 50 and 100. Consequently, we slightly shifted the initial starting
point away from the optimum to rigorously assess its behavior when the objective function
takes a more elliptical shape. The acceptance rate and parameter variations in this scenario
closely resemble those depicted in the previous situation. Thus, we will exclusively present
the trajectories of the walker and the accepted samples projected onto dimensions 50 and
100, as showcased in Figure 6, Figure 7, and Figure 8, respectively. The comprehensive
depiction of the MCMC walker's dependence behavior can be observed in Figure 6 (a). Itis
evident that the walker progresses slowly from the initial position to the nal position, with
each step appearing to rely on the previous one. In contrast, the HMC method enables the
walker to cover a signi cant distance in the initial steps, resulting in a more ef cient explo-
ration of the model space. A notable contrast between Figure 7 and Figure 8 underscores
the superiority of HMC in situations where variables exhibit correlated behavior. While
MCMC vyields a distribution that is skewed, HMC produces a distribution aligns with our
desired outcome.
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FIG. 4. Accepted samples of MCMC projected onto the 50th and 10Gh dimensions, and the
marginal distributions.

FIG. 5. Accepted samples of HMC projected onto the 50th and 100th dimensions, and the marginal
distributions.
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FIG. 6. Initial 20 MCMC and HMC walker trajectories projected onto the 50th and 100th dimensions.
(a) Trajectories of MCMC. (b) Trajectories of HMC.

FIG. 7. Accepted samples of MCMC projected onto the 50th and 10h dimensions, and the
marginal distributions.
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FIG. 8. Accepted samples of HMC projected onto the 50th and 100th dimensions, and the marginal
distributions.

Acoustic HMC-FWI

In this section, we present an acoustic FWI using HMC in the frequency domain. We
arti cially create a structure with varying P-wave velocity to be estimated (refer to Figure
9). The horizontal and vertical grids are chosen td6@and50, respectively, with a grid
interval of20 m. Regarding the acquisition syste# seismic sources with an interval of
2 grids on the top96 receivers with an interval dof grids on the model's surface, ad@&
receivers with an interval df grids on the model's left and right side. The synthetic data
is discretized into a set @& frequencies, spanning frohto 15Hz. The gradient of the
objective function is calculated by the adjoint methods. In our inversion process, we con-
sider the physical parameter to be inverted, namely the P-wave velocity, as independently
and identically distributed (lID) following a Gaussian distribution. In addition, we assume
that the data covariance matrix is identical. In line with our discussions on adaptive tuning
(Li and Innanen, 2023), we implement a dynamic integration length, which is randomly
chosen from the range of 30 to 50. We set the starting time step, denoted@? times
the maximum value within the model vector, and scale it by dimension . The ad-
justment of the time step is based on the acceptance rate within the sampling subset. If
the acceptance rate falls bel®8% we decreasd by a factor of0:8. Conversely, when
the acceptance rate within a subset excé&d4 we increase the time step by reciprocal
of 0:8. As depicted in Figure 9, the initial model for HMC-FWI was stochastically gener-
ated from a uniform distribution. This distribution is centered at the smoothed model, with
boundaries extending from -150 to +150 relative to the smoothed m8a@€)00samples
are generated in this problem.
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