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ABSTRACT

In the traditional viscoelastic Full Waveform Inversion (FWI) approach based on the
generalized standard linear solid (GSLS) model, the quality factor, denoted as Q, is not
directly inverted. Instead, it is first converted into a set of relaxation variables. Thus, the
viscoelastic FWI process involves inverting for both elastic and relaxation models and sub-
sequently translating the relaxation variables back into the Q model to achieve the final
inversion results. This indirect approach is necessitated partly because the relationship be-
tween the Q values and relaxation variables is complex, and the functions that map between
these two domains are not straightforward inverses of each other. In this report, we propose
a novel method where a Multi-Layer Perceptron (MLP) is pre-trained to learn the mapping
from Q values to relaxation variables. This trained MLP is then integrated into a Recur-
rent Neural Network (RNN)-based GSLS viscoelastic FWI framework, creating a com-
plete computational graph. This graph connects Q models, relaxation variables, and elastic
models directly to the synthetic data, thereby enabling the direct inversion of the Q model.
Additionally, we employ the Monte Carlo dropout technique within the neural network to
quantify the uncertainty associated with the MLP’s learning process for mapping Q values
to relaxation variables. In our assumption of a constant Q model, this uncertainty quantifi-
cation reflects the relaxation variables’ limited capacity to accurately represent a constant
Q model. The potential of extending this approach to variable Q models is straightforward.
The impact of this limited capacity, which is effectively a modeling error, on the forward
modeling data is also examined. For our experiments, we employ simple layered models
as well as subsets of the Marmousi models. Our observations suggest that this modeling
error primarily affects the attenuation models. The findings of this study have significant
implications for improving the accuracy and reliability of viscoelastic FWI, particularly in
how we understand and handle the inherent uncertainties in modeling complex subsurface
properties.

STANDARD LINEAR SOLID VISCOELASTIC FORWARD MODELING

Numerous numerical methods have been developed for the time domain forward mod-
eling of viscoelastic wavefields. Day and Minster (1984) explored the incorporation of elas-
ticity into 2-D time-domain modeling methods using a Padé approximation. Meanwhile,
the generalized standard linear solid (SLS) method was proposed by Emmerich and Korn
(1987). This method, rooted in rheological modeling, utilizes the finite difference method
to enhance computational efficiency. Robertsson et al. (1994) introduced a staggered grid
finite difference method, focusing on a single layer of SLS, to simulate viscoelastic wave-
fields. Using the SLS for viscoelastic wavefield modeling, the quality factor Q is often
converted into stress and strain relaxation times for forward modeling calculations. Each
SLS layer possesses unique stress and strain relaxation times. Consequently, determining
these times based on the corresponding Q value becomes a pivotal step in modeling vis-
coelastic wavefields. To solve this issue, Fichtner and van Driel (2014) introduced a method
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that Q can be directly used for the forward modeling of viscoelastic wavefields.

Besides the Standard Linear Solid (SLS) model, alternative methods are available for
modeling viscoelastic wavefields. Many of these alternatives necessitate the use of frac-
tional derivatives. For instance, Zhu and Carcione (2014) developed a time-domain differ-
ential equation to model seismic wave propagation in constant Q viscoelastic media. This
was achieved using fractional spatial derivatives, focusing on Laplacian differential opera-
tors of fractional order. Building on this, Zhou et al. (2023) enhanced the fractional spatial
derivative Q modeling methods. They introduced a wavenumber-time domain viscoelastic
k-space equation, employing the eigenvalue decomposition method and solutions to matrix
differential equations.

Utilizing fractional derivative spatial derivatives to model viscoelastic wavefields can
be seen as a "memory effect" modeling approach. Such methods capture the hereditary
properties intrinsic to viscoelastic materials, providing flexibility when modeling various
wave propagation behaviours, especially within intricate geological structures. However,
the computation of fractional derivatives can be intricate. And while they may describe cer-
tain behaviours mathematically, their physical interpretation isn’t always straightforward.
The quality factor Q for the GSLS model can be obtained as follows:

QGSLS(ω, τε1, τσ1, . . . ) =
1− L+

∑L
l=1

1+ω2τεlτσl

1+ω2τσl
2∑L

l=1
ω(τεl−τσl)
1+ω2τσl

2

, (1)

where QGSLS(ω, τε1, τσ1, . . . ) is the Q model as a function of the frequency and relaxation
parameters: τεl, and τσl, representing the strain and stress relaxation times of the lth SLS
mechanism, where l ∈ {1, L}. L is the maximum number of SLS mechanisms. Several
methods have been developed to evaluate strain and stress relaxation times to approximate
a Q model, with a certain degree of accuracy, i.e., Blanch et al. (1995) introduced the τ -
method, which reduces the number of the relaxation parameters. An empirical interpolation
method has been introduced by Liu and Archuleta (2006) to model the constant Q model.
Fan et al. (2016) introduce a global optimization method to optimize the following objective
function to obtain the relaxation variables for the constant Q model:

τε1, τσ1, . . . = argmin
τε1,τσ1,...

√√√√ 1

N − 1

N∑
n=1

[
1

QGSLS (ωn, τε1, τσ1, . . . )
− 1

Qtrue(ωn)

]2
, (2)

where the ωn is the discrete angular frequency and Qtrue(ωn) representing the true rela-
tionship of how Q varies with respect to frequency ωn. Post optimization, the relaxation
variables are saved in the table, which can be used for modeling whenever needed.

Mapping Q with relaxation variables with neural networks

Here, I train a neural network in which the input of the neural network is the Q value,
and the outputs are the desired relaxation times.

N (Q; θ) = τεnn1
, τσnn1

, τεnn2
, τσnn2

, · · · , τεnnL
, τσnnL

, (3)
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where N is the functional mapping Q value into the relaxation time in the form of the neu-
ral network parameterized by the neural network parameter θ, and τεnnl

, and τσnnl
are Q

corresponding strain and stress relaxation times for the lth SLS mechanism. Then, accord-
ing to equation 1, frequency-dependent Q modelled with the relaxation variables generated
with the neural network N is demoted as Qnn which has the formulation of:

Qnn(ω,N (Q; θ)) =
1− L+

∑L
l=1

1+ω2τεnnl
τσnnl

1+ω2τ2σnnl∑L
l=1

ω(τεnnl
−τσnnl

)
1+ω2τ2σnnl

(4)

During the training of the neural network, similar to equation (2), I set the objective
function for neural network training as:

θ∗ = argmin
θ

√√√√ 1

N − 1

N∑
n=1

[
1

Qnn (ωn,N (Q; θ))
− 1

Qtrue(ωn)

]2
. (5)

Unlike the method introduced by Fan et al. (2016), which stores the relaxation variables
for each discrete Q value in a large table, a well-trained network provides a continuous
mapping function relating the Q values to the relaxation variables. This means that the
neural network can map any Q value on the real axis within the range of interest to its cor-
responding relaxation variables. Furthermore, the proposed method meets our expectation
of directly updating the Q value during inversion. During the inversion process, Q can take
any value on the real axis due to the fine step length used in optimization, and a well-trained
network can readily generate the corresponding relaxation variables for modeling.

During training, I generate 2100 random Q values within the range of 1 ∼ 1000. Two
thousand of these values are used as training label data, while the remaining one hundred
are used as testing data. I employ a dense network with Tanh() activation functions for the
hidden layers and a Sigmoid() activation functions for the output layers. I test the network
to generate relaxation variables under 2, 3, and 4 SLS mechanisms to obtain the constant
Q model, which implies that the Q values are constant with respect to the frequency band-
width of exploration seismic. An example of the dense network used to generate the relax-
ation variables for 2 SLS mechanisms is described in Table ??. The networks for training
the 3 and 4 SLS mechanisms are obtained by increasing the dimension of the weight in the
neural network. I use the Adam algorithm as the optimizer with a learning rate of 10−4.
The stopping condition is set such that if the testing loss decreases to 10−3 of its initial
value, training will stop. The training and testing loss with respect to the training epoch is
plotted in Figure 1. The prediction stopped after around 11300 epochs, and the convergence
property is promising.

In Figure 2, I plot the predicted Qnn(ωn,N (Q; θ)) for different Q values using two lay-
ers of the SLS mechanism and compare them with the constant Q model, where Qtrue(ωn) =
Q. The corresponding relaxation stress and strain times are generated with the well-trained
neural network. In Figure 2(a), we compare Q = 30. I forward propagate the well-trained
neural network 1000 times to generate different Qnn(ωn,N (30; θ)) models with a dropout
rate of 0.5 in the neural network. The predicted lines are plotted as black lines in Figure
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FIG. 1. Training and testing loss for the training the Dense network using two layers of SLS mech-
anisms for constant Q model.

FIG. 2. Using two layers of SLS mechanism to predict constant Q models, where the relaxation
stress and strain time are generated with the well-trained neural network.

FIG. 3. Using three layers of SLS mechanism to predict constant Q models, where the relaxation
stress and strain time are generated with the well-trained neural network.

2(a). The mean model of these lines is plotted as the yellow line, and the constant Q model,
which is the target of training, is plotted as the red line. Within the exploration seismic fre-
quency bandwidth of interest, i.e., 10Hz ∼ 40Hz, the mean predicted line matches the
constant Q line with an acceptable error. However, for frequencies beyond our interests,
the prediction lines deviate from the target constant Q model. Similar observations can be
seen from the predictions of other Q values. Figure 2(b), (c), and (d) show the comparisons
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FIG. 4. Using four layers of SLS mechanism to predict constant Q models, where the relaxation
stress and strain time are generated with the well-trained neural network.

for Q values of 80, 115, and 170, respectively. We can see that the predictions provide
promising results within the seismic frequency bandwidth of interest.

In Figure 3, I plot the predicted Qnn(ωn,N (Q; θ)) for different Q values using three
layers of the SLS mechanism and compare them with the constant Q model. Figure 3(a)
shows the prediction for Q = 30. Compared with Figure 2(a), we can see that with three
layers of the SLS mechanism, we can better predict the constant Q model across all the
frequencies used here. Within the frequency bandwidth of interest, the predicted lines
align well with the constant Q model. Similar observations can be seen from the prediction
results for other Q values, which are plotted in Figures 3(b), (c), and (d).

In Figure 4, I plot the prediction results for the 4 layers of SLS. The neural network
can also generate relaxation variables that can be used to generate the constant Q model as
described by equation (3). Compared with the predictions using 3 and 4 layers of SLS, I
did not observe a significant improvement in predicting the constant Q model.

Phase velocity dispersion relationship

According to O’connell and Budiansky (1978), the elastic modulus can be written as the
complex value function of frequency in which the real and imaginary part of the complex
value is related by Q, with the form of:

Q(ω) =
ℜ[M(ω)]

ℑ[M(ω)]
, (6)

where the ℜ and ℑ represent the real and complex part of the complex modulus M(ω).
With the well-trained neural network, which can generate the corresponding relaxation
variables, we can determine the relaxed modulus MP for a reference frequency fr, a refer-
ence velocity v0 at this reference frequency and density. According to Fan et al. (2016), the
relaxed modulus can be formulated as:

MR(ω) = ρv20

√
Φ2

1 + Φ2
2 + Φ1

2(Φ2
1 + Φ2

2)
, (7)
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where

Φ1 = 1− L+
L∑
l=1

1 + ω2τεlτσl

1 + ω2τ 2σl

(8)

Φ2 =
L∑
l=1

ω(τεl − τσl
)

1 + ω2τ 2σl

(9)

The phase velocity dispersion formula can be calculated as:

vp(ω) = v0

√√
Φ2

1 + Φ2
2 + Φ1

2(Φ2
1 + Φ2

2)
, (10)

FIG. 5. Phase velocity variation with respect to a frequency band of 1Hz − 100Hz with Q values
of 60, 80, 100. (a) Reference frequency 10Hz. (b) Reference frequency 20Hz. (c) Reference
frequency 30Hz.

In Figure 5, I display how the phase velocity varies with frequencies, 1Hz ∼ 100Hz,
for different Q values, i.e., Q = 60, 80, and 100. Each Q value has its corresponding
relaxation variables generated with the neural network, which are used in equation (10) to
model each dispersion curve. In Figure 5(a), I choose a reference frequency of 10Hz. We
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can see that the three lines intersect with each other at the 10Hz frequency on the horizontal
axis and a phase velocity of 3 km/s on the vertical axis. This demonstrates the correctness
of our calculation since a phase velocity of 3 km/s is the reference velocity I choose at 10Hz
for modeling, and each dispersion curve satisfies this condition. Also, low Q values tend
to generate large velocity dispersion, which is consistent with a linear viscoelastic model.
Similar observations can be seen in Figure 5(b) and 5(c) when we use different reference
frequencies. Again, the curves intersect with each other at the corresponding reference
frequencies: 20 km/s for Figure 5(b), and 30Hz for Figure 5(c) and a phase velocity of
3 km/s. For the same Q value, different reference frequencies cause the dispersion curves
to shift up and down, which coincides with the dispersion curves given by Fan et al. (2016)
in Figure 4(a).

Generalized standard linear solid viscoelastic wave equation

Following Robertsson et al. (1994), the viscoelastic wave equation for the standard
linear solid model can be formulated as:

ρ
∂vx
∂t

=
∂σxx

∂x
+

∂σxz

∂x
+ fx,

ρ
∂vz
∂t

=
∂σxz

∂z
+

∂σzz

∂z
+ fz,

∂σxx

∂t
= ρV 2

p Θ
P
L

(
∂vx
∂x

+
∂vz
∂z

)
− 2ρV 2

s Θ
S
L

∂vz
∂z

+RP +RS
xx,

∂σzz

∂t
= ρV 2

p Θ
P
L

(
∂vx
∂x

+
∂vz
∂z

)
− 2ρV 2

s Θ
S
L

∂vx
∂x

+RP +RS
zz,

∂σxz

∂t
= ρV 2

s Θ
S
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(
∂vz
∂x

+
∂vx
∂z

)
+RS

xz,
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∂t

= − 1
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rPl + ρV 2
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)(
∂vx
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+
∂vz
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= − 1

τSσl
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s

(
τSεl
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− 1

)
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∂z
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[
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s

(
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∂x
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∂rSxzl
∂t

= − 1

τSσl

[
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s
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∂x

+
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,

(11)

where:

ΘP
L = 1−

L∑
l=1

(
1− τPεl

τPσl

)
,

ΘS
L = 1−

L∑
l=1

(
1− τSεl

τSσl

)
,

(12)
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and

RP =
L∑
l=1

rPl ,

RS
xx =

L∑
l=1

rSxxl,

RS
zz =

L∑
l=1

rSzzl,

RS
xz =

L∑
l=1

rSxzl,

(13)

The detailed derivation can be seen in Robertsson et al. (1994) and Fan et al. (2016). In
equation (13), rPl is the relaxation field related to P-wave for the lth SLS relaxation mech-
anism. rSxxl is the relaxation field for the stress field σxx in the lth relaxation mechanism.
rSzzl is the relaxation field for the stress field σzz in the lth relaxation mechanism. rSxzl is
the relaxation field for the stress field σxz in the lth relaxation mechanism. This equation
is the viscoelastic wave equation I use in this study. I use L = 2 in this study for forward
modeling and inversion. Although I can see that with L = 3 and L = 4, I have the relax-
ation variables generated with the neural network that can better approximate the constant
Q model. However, each relaxation mechanism has its own relaxation fields. The more
relaxation mechanisms I use, the more relaxation fields I introduce into the forward mod-
eling and inversion, dramatically increasing the computational cost of the inversion. Due
to the limited computational resources available, I use L = 2 in all our numerical tests.

FIG. 6. The influence of different levels attenuation on the phase and amplitude of x and z com-
ponents of seismic records. (a) Z components of a seismic record. (b) X components of a seismic
record. Reference frequency fr = 40Hz.

The choice of the reference frequency for modeling viscoelastic seismic waves should
be made carefully. As seen in Figure 5, the choices of reference frequencies influence the
phase velocity. If the reference frequency is not chosen properly, it can lead to unrealistic
phase effects in wave propagation within viscoelastic media. I illustrate how the choice of
reference frequency affects the phase of seismic records in Figures 6, 7, and 8. The seismic
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FIG. 7. The influence of different levels attenuation on the phase and amplitude of x and z com-
ponents of seismic records. (a) Z components of a seismic record. (b) X components of a seismic
record. Reference frequency fr = 13Hz.

FIG. 8. The influence of different levels attenuation on the phase and amplitude of x and z com-
ponents of seismic records. (a) Z components of a seismic record. (b) X components of a seismic
record. Reference frequency fr = 10Hz.

records are obtained from the viscoelastic media described in Table ??. The models used
are two-layer models with the same Vp, Vs, and ρ models, but different Q values. In each
model, Qp and Qs have the same attenuation values. The source wavelet is a Ricker wavelet
with a main frequency of 13Hz. In Figure 6, I use a reference frequency of 40Hz, which
is larger than the main frequency of the source wavelet. In Figures 6 (a) and (b), I plot
traces of the seismic records for the velocity field recorded in the Z and X components,
respectively. As the Q value decreases, the total energy of the records decreases, and the
higher frequency components of the records are more attenuated due to higher attenuation
levels. The amplitude decaying and the phase delay effect satisfy our expectation of how
wavefields propagate in the viscoelastic media Blanch et al. (1995), which is that we expect
the wavefield would lose more energy as we increase the attenuation level and the high-
frequency components of the records are will be more attenuated compared with the low-
frequency componients. In Figure 7, I plot the seismic records recorded using a reference
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frequency of 13Hz, which is the same as the main frequency of the source wavelet. I
observe similar amplitude decay as the attenuation level increases, as seen in Figure 6,
but there are almost no phase delays with this reference frequency. In Figure 8, I plot the
records recorded using a reference frequency of 9Hz. The amplitude decay phenomenon
is similar to the aforementioned figures. However, the phase of the records with higher
attenuation levels moves forward compared to those with lower attenuation levels, which
is not realistic for viscoelastic seismic wavefield propagation. Therefore, I recommend that
the reference frequency should be slightly larger than the main frequency of the source
wavelet used for modeling.

VISCOELASTIC FWI

Overall inversion diagram

Stage 1: Generating Observed data

True elastic

models

True Q

models

NN (MC dropout on)

Mean relaxation

variables

Relaxation

variables

𝐷𝑜𝑏𝑠

Stage 2: Viscoelastic FWI Stage 3:Modeling error evaluation

Forward NN

propagating

multiple times

Initial elastic

models

Initial Q

models

NN (MC dropout off)

𝐷𝑠𝑦𝑛

FWI

Loss

FWI

loop

Update

Update

𝐷𝑜𝑏𝑠

Inverted elastic

models

Inverted Q

models

NN (MC dropout on)

𝐷𝑡𝑒𝑠𝑡

𝐷𝑜𝑏𝑠

Error

evaluation

loss

Error

evaluation

loop

Modeling

Relaxation

variables

Modeling

Test relaxation

variables

Modeling

FIG. 9. This study follows an overall numerical testing diagram comprising three stages. In the first
stage, I use the mean relaxation variables obtained from forward propagating the neural network
multiple times to compute the observed data. In the second stage, I perform viscoelastic Full
Waveform Inversion (FWI) using relaxation variables obtained from a single realization of the neural
network, resulting in the inverted elastic and Q models. In the third stage, by forward propagating
the neural network multiple times, I generate one realization of the test relaxation variables. I collect
corresponding synthetic data Dtest with misfit values close to the final FWI loss. By repeating
this process several times, I obtain a data set for Dtest. The standard deviation of the collected
Dtest dataset is considered as the modeling error. These errors arise from the inability of a single
realization of the relaxation variables to represent the constant Q model.

In this section, I perform viscoelastic FWI and attempt to quantify the modeling er-
ror arising from the limited capability of the relaxation variables to represent a constant
Q model. Our numerical test comprises three stages, and the overall inversion diagram is
depicted in Figure 9. In the first stage, I generate the observed data assuming that Q is
frequency-independent within the bandwidth of interest. During the observed data gener-
ation, I forward propagate the well-trained neural network to produce a set of relaxation
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variables using the true Q model by enabling the Monte Carlo (MC) dropout in the neural
network. As shown in Figures 2, 3, and 4, forward propagation of the well-trained neural
network allows the mean relaxation variable to provide a more accurate evaluation of the
constant Q model. I use the true elastic model and the mean relaxation variables to compute
the observed data Dobs.

In stage 2, I calculate the viscoelastic FWI. In this study, I use the recurrent neural
network work-based inversion strategy, which uses the automatic differential method to
update the elastic models and the Q models directly. During the second stage, I do not
enable the Monte Carlo (MC) dropout in the neural network and use a single realization of
the relaxation variables from the neural network for inversion. Consequently, the relaxation
variables are generated differently from stage 1. If we were to enable the MC dropout, it
would increase the nonlinearity between the data and the Q model. Since Full Waveform
Inversion (FWI) is already a highly nonlinear inversion method, introducing additional
nonlinearity would render the inversion unstable. In contrast to stage 1, where I forward
calculated the relaxation variables multiple times, I compute only one realization of the
relaxation variables in stage 2 to reduce the computational cost. As a result, the forward
modeling used in inversion and data generation differs, ensuring that I do not commit the
inverse crime in our numerical test.

In the third stage, I aim to assess the modeling error arising from the limited ability of
a single realization of the relaxation field to represent the constant Q model. I achieve this
by "turning on" the Monte Carlo (MC) dropout switch of the neural network and letting
the neural network generate different relaxation variables and evaluate the corresponding
synthetic data. In more detail, I first use the inverted Q model as input to realize the
relaxation variables, referred to as the test relaxation variables. Using the inverted elastic
models and the test relaxation variables, I obtain the synthetic data Dtest and compute the
misfit between Dtest and Dobs, which I refer to as the error evaluation loss. If the error
evaluation loss is equivalent to or within the acceptable range of the final FWI loss, then
Dtest is considered synthetic data that differs from the final FWI synthetic data Dsyn but does
not affect the final FWI loss due to the variation of the relaxation variables. Such Dtest will
be collected into a dataset for quantifying the modeling error. Subsequently, I allow the
neural network to generate another realization of the test relaxation variable and evaluate
a new Dtest. By repeating this process several times, I obtain a dataset of Dtest values that
differ solely due to the variation of the relaxation variables but have misfit values close
to the final FWI loss. I consider the standard deviation of the collected Dtest dataset as
the modeling errors. These errors arise from the inability of a single realization of the
relaxation variable to represent the constant Q model.

Simple layers model viscoelastic FWI

Stage 1

In this section, I calculate viscoelastic FWI on a simple layered model. The true elastic
models for Vp, Vs, and ρ are shown in Figures 10 (a), (d), and (g), respectively. These
models feature a simple layered structure with a box-shaped anomaly located at the cen-
ter. The true attenuation models Qp and Qs are depicted in Figures 11 (a) and (b). The
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model dimensions are 40 × 100 with a grid length of dx = dz = 20m. In this test, I use
a Ricker wavelet as the source wavelet with a central frequency of 13Hz. The reference
frequency fr is set to 30Hz. I employ L = 2 layers of the Standard Linear Solid (SLS)
model for the inversion. As I directly invert both the elastic parameters and the attenuation
models, following the suggestions of Song et al. (2021) and Zhang et al. (2021), I incorpo-
rate total variation regularization into the objective function to mitigate cross-talk between
parameters. The initial models for Vp, Vs, and ρ are shown in Figures 11 (b), (e), and (h),
respectively, while the initial models for Qp and Qs are depicted in Figures 11 (b) and (e),
respectively. The initial models are obtained by smoothing the true models using the Gaus-
sian smoothing method. The maximum recording time is set to 1 s with a time interval of
0.002 s. We set the maximum number of iterations to 300, and we use the Adam algorithm
as the optimization method.

Stage 2

The forward modeling of the viscoelastic wavefields is performed using the theory-
guided recurrent neural network, and the gradients are efficiently computed using the auto-
matic differentiation method (Sun et al., 2020; Wang et al., 2021; Sun et al., 2021; Zhang
et al., 2020, 2021). This inversion approach eliminates the need to reconstruct the back-
propagation operators introduced by Fabien-Ouellet et al. (2017) when the wave equation
is not self-adjoint. The inversion results for the elastic models Vp, Vs, and ρ are shown in
Figures 11 (c), (f), and (i), respectively. Compared to the true models, I observe that the
positions of the layers of the elastic models have been updated at the correct location. The
anomaly located at the center of the elastic model has also been updated with the correct
shape and value. The box anomalies of the attenuation models have also been updated with
acceptable errors at the four edges of the anaomaly. Despite not committing the inverse
crime, I still achieve acceptable inversion results compared to the true models.

FIG. 10. Layers model Vp, Vs, and ρ viscoelastic FWI. (a), (d) and (g) are the true models for Vp,
Vs, and ρ. (b), (e) and (h) are the initial models. (c), (f) and (i) are the inversion results for Vp, Vs,
and ρ, respectively.
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FIG. 11. Layers model Qp, Qs viscoelastic FWI. (a) and (d) are the true models for Qp and Qs,
respectively. (b), (e) are the initial models for Qp and Qs, respectively. (c) and (f) are the inversion
results for for Qp and Qs, respectively.

Stage 3

Next, I will quantify the modeling error, corresponding to the calculation in stage 3 of
Figure 9. The MC dropout rate I am using here is 0.5, and I will calculate the loop of the
modeling error evaluation in stage 3 for 100. The error evaluation loss values evaluated
are plotted as the blue dots in Figure 12. The yellow line represents the FWI loss value at
the last iteration. Suppose the error evaluation loss is located within the neighbourhood of
FWI loss Ů(FWIloss, ±2%FWIloss). In that case, the corresponding Dtest will be collected
to the data set of the modeling error, and the Dtest with error evaluation loss beyond this
range of loss will be discarded. In Figure 12, 5 Dtest are discarded, and the remaining 95
are taken into consideration.

FIG. 12. The loss values of 100 times modeling error evaluation for the layers model, plotted as blue
points. The yellow line represents FWI objective function value at the last iteration. If the elastic
models evaluated with the modeling error detection calculation falls between the upper and lower
bound of the FWI final loss, these elastic models will be considered for further consideration.

I display the observed data, synthetic data from the final iteration of FWI, evaluated
modeling error, and the absolute error between the observed data and synthetic data from
the final iteration of FWI for a shot located at 1000m in the model in Figure 13 (a), (b),
(c), and (d), respectively. The modeling error evaluation results, shown in Figure 13 (c),
are obtained by calculating the standard deviation of the 95 Dtest synthetic data set. I do
not expect Figure 13 (c) to fully reflect the features of Figure 13 (d), as this is not a fair
comparison. Figure 13 (d) contains all the data errors in the inversion calculation. From
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Figure 13 (c), I observe that the major evaluated error is located at the direct wave and
the reflection wave arriving at around 0.3 s. This reflection error coincides with the error
displayed in the absolute error in Figure 13 (d), which, to some extent, aligns with our
expectation of quantifying the error caused by the insufficient ability of a single realization
of the relaxation variables to model the constant Q model. The modeling error evaluation
for another shot located at 1800m in the model is shown in Figure 13 (e), (f), (g), and (h).
I can also observe that Figure 13 (g) reflects the main features of the absolute errors in
Figure 13 (h). To further observce the estimated modeling error, clearly, I plot two traces
of the mean and the scaled standard deviation record calculated from the collected Dtest,
in Figure 14 which the location of the traces are marked in Figures 13(b). The standard
deviation record are scaled to a factor λscale = 10 to let the change of the records caused
by the variation of the relaxation variables be better observed. I can see that the variation
of the relaxation variables has caused the records to change in amplitude and phase.

FIG. 13. Modeling error evaluation of the layers model. (a) The observed record at 1000m of the
model. (b) Synthetic data from the final iteration of FWI. (c) The standard deviation record of the
collected Dtest, which is regarded as the modeling error. (d) Absolute error between (a) and (b). (e)
The observed record at 1800m of the model. (f) Synthetic data from the final iteration of FWI. (g)
The standard deviation record of the collected Dtest. (h) Absolute error between (e) and (f).

Next, I use the collected 95 Dtest data sets to perform one iteration of FWI updates for
the elastic and attenuation models. As a result, I obtain 95 updated elastic and attenuation
models. I plot the standard deviation of these updated models for Vp, Vs, ρ, Qp, and Qs in
Figure 15, (a), (b), (c), (d), and (e), respectively. I interpret these standard deviation models
as the inversion result errors caused by the modeling error. More specifically, these figures
represent how the insufficient ability of the relaxation variable to quantify a constant Q
model influences the FWI results. I observe no noticeable updates for the Vp, Vs, and ρ
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FIG. 14. Examples of the mean and scaled standard deviation of two traces calculated from the
collected 95 Dtest data sets. (a) The 400m record from Figure 13 (b). (b) The 800m record from
Figure 13 (b). The scaling factor λscale = 10.

models. However, the updates for Qp and Qs are more easily discernible. This suggests
that such an inability primarily affects the evaluation of the attenuation models. I also note
that the major errors are located at the four edges of the box anomaly, which aligns well
with the observations of the inversion error seen in Figure 11.

FIG. 15. Standard deviation models of 95 updated models for Vp (a), Vs (b), ρ (c), Qp (d), and Qs

(e). These Standard deviation models represent how the insufficient ability of relaxation variables
to quantify a constant Q model will influence the FWI results.

Marmousi model viscoelastic FWI

Stage 1

In this section, I calcualte viscoelastic FWI on a portion of the Marmousi model, where
a reservoir is situated in the upper center of the model. The true models for Vp, Vs, and ρ
are shown in Figure 16. The true attenuation models for Qp and Qs are depicted in Figure
17 (a) and (d), respectively. The model dimensions are 80 × 160, with a grid spacing of
dx = dz = 20m. I use L = 2 layers of the SLS mechanism and forward propagate the
relaxation variables 1000 times to obtain the mean relaxation variables for generating the
observed data. The source wavelets are Ricker wavelets with a central frequency of 13Hz,
and the reference frequency used here is 40Hz. The maximum recording time is 1.5 s with
a time interval of 0.002 s. The initial models for Vp, Vs, and ρ are plotted in Figures 16 (b),
(e), and (h). The initial models for the attenuation models are plotted in figures 17 (b), and
(e), respectively. The initial models are obtained by smoothing the true models with the
Gaussian smoothing method.
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Stage 2

As in the simple layers model inversion case, I use total variation regularization in the
objective function to mitigate artifacts caused by cross-talk between parameters. I employ
the Adam algorithm for optimization and set the maximum iteration number to 300. The
relaxation variables during the inversion are obtained with a single forward realization of
the neural network. The inversion results for the elastic models Vp, Vs, and ρ are shown in
Figures 16 (c), (f), and (i), respectively. The inversion results for the attenuation models
Qp and Qs are displayed in Figures 17 (c) and (f). Compared to the true models, I obtain
promising inversion results for both the elastic and attenuation models. Acceptable model
errors are located in the lower right corner of the elastic models. The inversion results for
Qs also exhibit some difficulty in accurately describing the shape of the central reservoir.

FIG. 16. Part of the Marmousi model Vp, Vs, and ρ viscoelastic FWI. (a), (d) and (g) are the true
models for Vp, Vs, and ρ. (b), (e) and (h) are the initial models. (c), (f) and (i) are the inversion
results for Vp, Vs, and ρ, respectively.

FIG. 17. Part of the Marmousi model Qp, Qs viscoelastic FWI. (a) and (d) are the true models for
Qp and Qs, respectively. (b), (e) are the initial models for Qp and Qs, respectively. (c) and (f) are
the inversion results for for Qp and Qs, respectively.
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Stage 3

Next, I will quantify the modeling error, corresponding to the calculation in stage 3
of Figure 9. The MC dropout rate I set here is 0.43, and I will calculate the loop of the
modeling error evaluation in stage 3 for 100. The error evaluation loss is plotted as the blue
dots in Figure 18, and the final FWI loss is plotted as the horizontal yellow line is Figure
18. As in the simple layers model case, I set the upper and lower loss bound as the ±2%
in the neighbourhood of the final FWI loss. I evaluate 100 relaxation variables, and 87 of
them have data misfit values which are within the acceptable range. Thus, 87 Dtest will be
collected to evaluate the modeling error. The standard deviation of the model collected are
regarded as the modeling error evaluated.

In Figure the first row of 19, I display the modeling error evaluated for the shot located
at 1000m of the model. I plot the observed data, synthetic data at the final iteration of FWI,
the standard deviation of the model error, and the absolute error between the observed data
and the final synthetic data in Figure 19 (a), (b), (c), and (d), respectively. I can see that the
modeling error evaluated in Figure 19(c) has reflected the main feature of the data error in
Figure 19, especially for the reflection waves arived at around 0.4s of the records. Again, I
should not expect the modeling error evaluated has the ability to capture all the features of
the absolute data error, as Figure 19 (d) includes all the errors in inversion. An example of
the modeling error evaluation for another shot, which is located in the 1800m in distance of
the model, has been plotted in the second row of Figure 19. I can also see that the modeling
error plot can also capture the main feature of the data error. To further observe how the
modeling error influence the Dtest, I plot two traces of the records in Figure 20, where the
trace location is marked in Figure 19(b). In Figure 20, the black lines are the synthetic
records for the last iteration of FWI, and the gray area represents the change of the range
of the signal due to the change of the relaxation variables, quantified by the scaled standard
deviation.

FIG. 18. The loss values of 100 times modeling error evaluation, plotted as blue points. The yellow
line represents FWI objective function value at the last iteration. If the elastic models evaluated with
the modeling error detection calculation falls between the upper and lower bound of the FWI final
loss, these elastic models will be considered.

Next, I use each of the collected 87 Dtest datasets to calculate a one-iteration FWI up-
date. As a result, I obtain 87 updated models for Vp, Vs, ρ, Qp, and Qs. I plot the standard
deviation of these updated models for Vp, Vs, ρ, Qp, and Qs in Figure 21 (a), (b), (c), (d),
and (e), respectively. These figures represent the impact of the relaxation variable’s limited
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FIG. 19. Modeling error evaluation of the layers model. (a) The observed record at 1000m of the
model. (b) Synthetic data from the final iteration of FWI. (c) The standard deviation record of the
collected Dtest, which is regarded as the modeling error. (d) Absolute error between (a) and (b). (e)
The observed record at 1800m of the model. (f) Synthetic data from the final iteration of FWI. (g)
The standard deviation record of the collected Dtest. (h) Absolute error between (e) and (f).

FIG. 20. Synthetic records at the last iteration of FWI and its variation caused by the modeling error
evaluation. (a) The 400m record of Figure 19 (b). (b) The 800m record of Figure 19 (b). The scaling
factor λscale = 10.

ability to quantify a constant Q model on the FWI results for the elastic Marmousi model
section. Similar to the simple layers model case, I do not observe significant variation
in the updates of the elastic model at the observable scale. In contrast, the variations in
the updates for the attenuation models are readily apparent. This again suggests that such
an inability primarily affects the evaluation of the attenuation models, consistent with our
observations in the previous numerical test.

CONCLUSION

In this report, we train a neural network to map the attenuation factor Q to the relaxation
times for different numbers of the SLS mechanism. I observe that the mean Q spectrum,
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FIG. 21. Standard deviation models of 87 updated models for Vp (a), Vs (b), ρ (c), Qp (d), and Qs

(e). These Standard deviation models represent how the inability of relaxation variables to quantify
a constant Q model will influence the FWI results.

calculated using the relaxation variables generated by the well-trained neural network, can
more accurately represent the constant Q model within the seismic frequency bandwidth.
The well-trained network can map any Q value to its corresponding relaxation variable,
enabling us to directly update the Q model when incorporating the network into the RNN-
based inversion framework.

The observed data are generated using the mean relaxation variables obtained from
multiple forward propagations of the well-trained neural network, providing a better ap-
proximation of the constant Q model. During the inversion, I calculate only one realization
of the relaxation variables to maintain the same computational cost. This means that the
forward modeling used to obtain the observed data and during the inversion calculation are
different, releasing the inverse crime problem that I am facing in the synthetic inversion
tests.

After the inversion, by enabling the Monte Carlo dropout method in the neural network,
I can evaluate the modeling error caused by the relaxation variables’ insufficient ability
to model the constant Q model. The overall scale of the modeling error for the seismic
records is small, but it can influence the amplitude and phase of the records. The evaluated
modeling error can reflect the main features of the absolute error between the observed data
and the synthetic data. This modeling error has a greater impact on the evaluation of the
attenuation models than on the elastic models.
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