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Summary

When we:
• Discretize a computational volume and select parameter classes in FWI
• Parameterize AVO in terms of (IP, IS, 𝜌), instead of (VP, VS, 𝜌)

…we are overlaying a coordinate system onto model space.
When we change that parameterization, we are transforming from one 
coordinate system to another.
This can be made precise using tensor analysis.  E.g., (IP, IS, 𝜌)→(VP, VS, 𝜌) is a 
transform between contravariant vectors in oblique/rectilinear coordinate systems

We can use this idea to seek new parameterizations.  Here we focus on a class of 
transformations to systems with favourable optimization properties.
Plan:

• Confirm that FWI re-parameterization ↔ oblique-rectilinear coordinate transformation 
• Formulate a coordinate transform problem constrained by NxN Hessian operators
• Investigate consequences for inversion
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Vectors and tensors in non-Cartesian coordinate systems

x0
<latexit sha1_base64="Sf8ThEaeL4kh7rPLvHPHQUhUSKg=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRqEcSLx4xyiOBlcwOA0yYnd3M9BrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxG11O/+ci1EZG6x3HM/ZAOlOgLRtFKd08PbrdYcsvuDGSZeBkpQYZat/jV6UUsCblCJqkxbc+N0U+pRsEknxQ6ieExZSM64G1LFQ258dPZqRNyYpUe6UfalkIyU39PpDQ0ZhwGtjOkODSL3lT8z2sn2L/yU6HiBLli80X9RBKMyPRv0hOaM5RjSyjTwt5K2JBqytCmU7AheIsvL5NGpeydlSu356XqRRZHHo7gGE7Bg0uowg3UoA4MBvAMr/DmSOfFeXc+5q05J5s5hD9wPn8ABlmNlg==</latexit>

x1
<latexit sha1_base64="NVZHiFeiJfltMt7e+GM9Tad9pIY=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRqEcSLx4xyiOBlcwODUyYnd3MzBrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoeuo3H1FpHsl7M47RD+lA8j5n1Fjp7unB6xZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n85OnZATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9K/8lMs4MSjZfFE/EcREZPo36XGFzIixJZQpbm8lbEgVZcamU7AheIsvL5NGpeydlSu356XqRRZHHo7gGE7Bg0uowg3UoA4MBvAMr/DmCOfFeXc+5q05J5s5hD9wPn8AB92Nlw==</latexit>

a
<latexit sha1_base64="8KEzXC4t1nqgiWij2kmz1Ee06TU=">AAACDHicbVDLSsNAFJ3UV42vqks3g6XgqiRV0GVRFy4r2Ac0sUymk3bo5MHMTbGEfoAbf8WNC0Xc+gHu/BsnbRbaemDgcM65zL3HiwVXYFnfRmFldW19o7hpbm3v7O6V9g9aKkokZU0aiUh2PKKY4CFrAgfBOrFkJPAEa3ujq8xvj5lUPArvYBIzNyCDkPucEtBSr1SuOMAeIL2emhVnTGQ85GZlcm+ZqRMQGHo+JlOdsqrWDHiZ2DkpoxyNXunL6Uc0CVgIVBClurYVg5sSCZwKNjWdRLGY0BEZsK6mIQmYctPZMVNc0Uof+5HULwQ8U39PpCRQahJ4OpltqBa9TPzP6ybgX7gpD+MEWEjnH/mJwBDhrBnc55JREBNNCJVc74rpkEhCQfdn6hLsxZOXSatWtU+rtduzcv0yr6OIjtAxOkE2Okd1dIMaqIkoekTP6BW9GU/Gi/FufMyjBSOfOUR/YHz+AMK6mis=</latexit>

e 0
(x
)

<latexit sha1_base64="yCjGrLcZbRlBQVavwE8xotzbCa4="></latexit>

e1(x)
<latexit sha1_base64="j2xYGdxh0YuHiRY13jM12R31lO0="></latexit>
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y1
<latexit sha1_base64="xB298n/l6NF3lRhOxS9Dmiq8Ne8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vjw4rGi/YA2ls120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtJ1Sax/LBjBP0IzqQPOSMGivdjx+9XqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2naEPwFl9eJs1qxTuvVO8uyrXLPI4CHMMJnIEHV1CDW6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEJY42Y</latexit>

y0
<latexit sha1_base64="pKckdP4HlU6u61rExecNbqsZYuw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vjw4rGi/YA2ls120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtJ1Sax/LBjBP0IzqQPOSMGivdjx/dXqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2naEPwFl9eJs1qxTuvVO8uyrXLPI4CHMMJnIEHV1CDW6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEH342X</latexit>

a
<latexit sha1_base64="8KEzXC4t1nqgiWij2kmz1Ee06TU=">AAACDHicbVDLSsNAFJ3UV42vqks3g6XgqiRV0GVRFy4r2Ac0sUymk3bo5MHMTbGEfoAbf8WNC0Xc+gHu/BsnbRbaemDgcM65zL3HiwVXYFnfRmFldW19o7hpbm3v7O6V9g9aKkokZU0aiUh2PKKY4CFrAgfBOrFkJPAEa3ujq8xvj5lUPArvYBIzNyCDkPucEtBSr1SuOMAeIL2emhVnTGQ85GZlcm+ZqRMQGHo+JlOdsqrWDHiZ2DkpoxyNXunL6Uc0CVgIVBClurYVg5sSCZwKNjWdRLGY0BEZsK6mIQmYctPZMVNc0Uof+5HULwQ8U39PpCRQahJ4OpltqBa9TPzP6ybgX7gpD+MEWEjnH/mJwBDhrBnc55JREBNNCJVc74rpkEhCQfdn6hLsxZOXSatWtU+rtduzcv0yr6OIjtAxOkE2Okd1dIMaqIkoekTP6BW9GU/Gi/FufMyjBSOfOUR/YHz+AMK6mis=</latexit>

e1(y)
<latexit sha1_base64="fI9USDE/XUgUMEfV1+4EvG0Kdyc=">AAACHnicbZDJSsRAEIY77sZt1KOXxiGglyFxPwp68DiCo8JkHDo9Faexs9BdGQwhT+LFV/HiQRHBk76NPQvi9kPDx19VdNUfpFJodN0Pa2x8YnJqembWnptfWFyqLK+c6yRTHBo8kYm6DJgGKWJooEAJl6kCFgUSLoKbo379ogdKiyQ+wzyFVsSuYxEKztBY7cqu4yPcYnFc2o7fYyrtCtvJr1zbKfyIYTcIKSvtL4ay7W3km+1K1a25A9G/4I2gSkaqtytvfifhWQQxcsm0bnpuiq2CKRRcQmn7mYaU8Rt2DU2DMYtAt4rBeSV1jNOhYaLMi5EO3O8TBYu0zqPAdPbX1L9rffO/WjPD8KBViDjNEGI+/CjMJMWE9rOiHaGAo8wNMK6E2ZXyLlOMo0nUNiF4v0/+C+dbNW+7tnW6Uz3cG8UxQ9bIOtkgHtknh+SE1EmDcHJHHsgTebburUfrxXodto5Zo5lV8kPW+yc+aaCn</latexit>

e 0
(y
)

<latexit sha1_base64="h2HkusY3aoTaAtD1+qo+hcripkI=">AAACHnicbZDJSsRAEIY77sZt1KOXxiGglyFxPwp68DiCo8JkHDo9Faexs9BdGQwhT+LFV/HiQRHBk76NPQvi9kPDx19VdNUfpFJodN0Pa2x8YnJqembWnptfWFyqLK+c6yRTHBo8kYm6DJgGKWJooEAJl6kCFgUSLoKbo379ogdKiyQ+wzyFVsSuYxEKztBY7cqu4yPcYnFc2o7fYyrtCtvJr1zbKfyIYTcIKSvtL4ay7W7km+1K1a25A9G/4I2gSkaqtytvfifhWQQxcsm0bnpuiq2CKRRcQmn7mYaU8Rt2DU2DMYtAt4rBeSV1jNOhYaLMi5EO3O8TBYu0zqPAdPbX1L9rffO/WjPD8KBViDjNEGI+/CjMJMWE9rOiHaGAo8wNMK6E2ZXyLlOMo0nUNiF4v0/+C+dbNW+7tnW6Uz3cG8UxQ9bIOtkgHtknh+SE1EmDcHJHHsgTebburUfrxXodto5Zo5lV8kPW+yc84qCm</latexit>
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y1
<latexit sha1_base64="xB298n/l6NF3lRhOxS9Dmiq8Ne8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vjw4rGi/YA2ls120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtJ1Sax/LBjBP0IzqQPOSMGivdjx+9XqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2naEPwFl9eJs1qxTuvVO8uyrXLPI4CHMMJnIEHV1CDW6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEJY42Y</latexit>

y0
<latexit sha1_base64="pKckdP4HlU6u61rExecNbqsZYuw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vjw4rGi/YA2ls120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtJ1Sax/LBjBP0IzqQPOSMGivdjx/dXqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2naEPwFl9eJs1qxTuvVO8uyrXLPI4CHMMJnIEHV1CDW6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEH342X</latexit>

a
<latexit sha1_base64="8KEzXC4t1nqgiWij2kmz1Ee06TU=">AAACDHicbVDLSsNAFJ3UV42vqks3g6XgqiRV0GVRFy4r2Ac0sUymk3bo5MHMTbGEfoAbf8WNC0Xc+gHu/BsnbRbaemDgcM65zL3HiwVXYFnfRmFldW19o7hpbm3v7O6V9g9aKkokZU0aiUh2PKKY4CFrAgfBOrFkJPAEa3ujq8xvj5lUPArvYBIzNyCDkPucEtBSr1SuOMAeIL2emhVnTGQ85GZlcm+ZqRMQGHo+JlOdsqrWDHiZ2DkpoxyNXunL6Uc0CVgIVBClurYVg5sSCZwKNjWdRLGY0BEZsK6mIQmYctPZMVNc0Uof+5HULwQ8U39PpCRQahJ4OpltqBa9TPzP6ybgX7gpD+MEWEjnH/mJwBDhrBnc55JREBNNCJVc74rpkEhCQfdn6hLsxZOXSatWtU+rtduzcv0yr6OIjtAxOkE2Okd1dIMaqIkoekTP6BW9GU/Gi/FufMyjBSOfOUR/YHz+AMK6mis=</latexit>

e1(y)
<latexit sha1_base64="fI9USDE/XUgUMEfV1+4EvG0Kdyc=">AAACHnicbZDJSsRAEIY77sZt1KOXxiGglyFxPwp68DiCo8JkHDo9Faexs9BdGQwhT+LFV/HiQRHBk76NPQvi9kPDx19VdNUfpFJodN0Pa2x8YnJqembWnptfWFyqLK+c6yRTHBo8kYm6DJgGKWJooEAJl6kCFgUSLoKbo379ogdKiyQ+wzyFVsSuYxEKztBY7cqu4yPcYnFc2o7fYyrtCtvJr1zbKfyIYTcIKSvtL4ay7W3km+1K1a25A9G/4I2gSkaqtytvfifhWQQxcsm0bnpuiq2CKRRcQmn7mYaU8Rt2DU2DMYtAt4rBeSV1jNOhYaLMi5EO3O8TBYu0zqPAdPbX1L9rffO/WjPD8KBViDjNEGI+/CjMJMWE9rOiHaGAo8wNMK6E2ZXyLlOMo0nUNiF4v0/+C+dbNW+7tnW6Uz3cG8UxQ9bIOtkgHtknh+SE1EmDcHJHHsgTebburUfrxXodto5Zo5lV8kPW+yc+aaCn</latexit>

e 0
(y
)

<latexit sha1_base64="h2HkusY3aoTaAtD1+qo+hcripkI=">AAACHnicbZDJSsRAEIY77sZt1KOXxiGglyFxPwp68DiCo8JkHDo9Faexs9BdGQwhT+LFV/HiQRHBk76NPQvi9kPDx19VdNUfpFJodN0Pa2x8YnJqembWnptfWFyqLK+c6yRTHBo8kYm6DJgGKWJooEAJl6kCFgUSLoKbo379ogdKiyQ+wzyFVsSuYxEKztBY7cqu4yPcYnFc2o7fYyrtCtvJr1zbKfyIYTcIKSvtL4ay7W7km+1K1a25A9G/4I2gSkaqtytvfifhWQQxcsm0bnpuiq2CKRRcQmn7mYaU8Rt2DU2DMYtAt4rBeSV1jNOhYaLMi5EO3O8TBYu0zqPAdPbX1L9rffO/WjPD8KBViDjNEGI+/CjMJMWE9rOiHaGAo8wNMK6E2ZXyLlOMo0nUNiF4v0/+C+dbNW+7tnW6Uz3cG8UxQ9bIOtkgHtknh+SE1EmDcHJHHsgTebburUfrxXodto5Zo5lV8kPW+yc84qCm</latexit>

co
va

ria
nt
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y1
<latexit sha1_base64="xB298n/l6NF3lRhOxS9Dmiq8Ne8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vjw4rGi/YA2ls120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtJ1Sax/LBjBP0IzqQPOSMGivdjx+9XqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2naEPwFl9eJs1qxTuvVO8uyrXLPI4CHMMJnIEHV1CDW6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEJY42Y</latexit>

y0
<latexit sha1_base64="pKckdP4HlU6u61rExecNbqsZYuw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vjw4rGi/YA2ls120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtJ1Sax/LBjBP0IzqQPOSMGivdjx/dXqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2naEPwFl9eJs1qxTuvVO8uyrXLPI4CHMMJnIEHV1CDW6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEH342X</latexit>

a
<latexit sha1_base64="8KEzXC4t1nqgiWij2kmz1Ee06TU=">AAACDHicbVDLSsNAFJ3UV42vqks3g6XgqiRV0GVRFy4r2Ac0sUymk3bo5MHMTbGEfoAbf8WNC0Xc+gHu/BsnbRbaemDgcM65zL3HiwVXYFnfRmFldW19o7hpbm3v7O6V9g9aKkokZU0aiUh2PKKY4CFrAgfBOrFkJPAEa3ujq8xvj5lUPArvYBIzNyCDkPucEtBSr1SuOMAeIL2emhVnTGQ85GZlcm+ZqRMQGHo+JlOdsqrWDHiZ2DkpoxyNXunL6Uc0CVgIVBClurYVg5sSCZwKNjWdRLGY0BEZsK6mIQmYctPZMVNc0Uof+5HULwQ8U39PpCRQahJ4OpltqBa9TPzP6ybgX7gpD+MEWEjnH/mJwBDhrBnc55JREBNNCJVc74rpkEhCQfdn6hLsxZOXSatWtU+rtduzcv0yr6OIjtAxOkE2Okd1dIMaqIkoekTP6BW9GU/Gi/FufMyjBSOfOUR/YHz+AMK6mis=</latexit>

e1(y)
<latexit sha1_base64="fI9USDE/XUgUMEfV1+4EvG0Kdyc=">AAACHnicbZDJSsRAEIY77sZt1KOXxiGglyFxPwp68DiCo8JkHDo9Faexs9BdGQwhT+LFV/HiQRHBk76NPQvi9kPDx19VdNUfpFJodN0Pa2x8YnJqembWnptfWFyqLK+c6yRTHBo8kYm6DJgGKWJooEAJl6kCFgUSLoKbo379ogdKiyQ+wzyFVsSuYxEKztBY7cqu4yPcYnFc2o7fYyrtCtvJr1zbKfyIYTcIKSvtL4ay7W3km+1K1a25A9G/4I2gSkaqtytvfifhWQQxcsm0bnpuiq2CKRRcQmn7mYaU8Rt2DU2DMYtAt4rBeSV1jNOhYaLMi5EO3O8TBYu0zqPAdPbX1L9rffO/WjPD8KBViDjNEGI+/CjMJMWE9rOiHaGAo8wNMK6E2ZXyLlOMo0nUNiF4v0/+C+dbNW+7tnW6Uz3cG8UxQ9bIOtkgHtknh+SE1EmDcHJHHsgTebburUfrxXodto5Zo5lV8kPW+yc+aaCn</latexit>

e 0
(y
)

<latexit sha1_base64="h2HkusY3aoTaAtD1+qo+hcripkI=">AAACHnicbZDJSsRAEIY77sZt1KOXxiGglyFxPwp68DiCo8JkHDo9Faexs9BdGQwhT+LFV/HiQRHBk76NPQvi9kPDx19VdNUfpFJodN0Pa2x8YnJqembWnptfWFyqLK+c6yRTHBo8kYm6DJgGKWJooEAJl6kCFgUSLoKbo379ogdKiyQ+wzyFVsSuYxEKztBY7cqu4yPcYnFc2o7fYyrtCtvJr1zbKfyIYTcIKSvtL4ay7W7km+1K1a25A9G/4I2gSkaqtytvfifhWQQxcsm0bnpuiq2CKRRcQmn7mYaU8Rt2DU2DMYtAt4rBeSV1jNOhYaLMi5EO3O8TBYu0zqPAdPbX1L9rffO/WjPD8KBViDjNEGI+/CjMJMWE9rOiHaGAo8wNMK6E2ZXyLlOMo0nUNiF4v0/+C+dbNW+7tnW6Uz3cG8UxQ9bIOtkgHtknh+SE1EmDcHJHHsgTebburUfrxXodto5Zo5lV8kPW+yc84qCm</latexit>

co
nt
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y1
<latexit sha1_base64="xB298n/l6NF3lRhOxS9Dmiq8Ne8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vjw4rGi/YA2ls120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtJ1Sax/LBjBP0IzqQPOSMGivdjx+9XqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2naEPwFl9eJs1qxTuvVO8uyrXLPI4CHMMJnIEHV1CDW6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEJY42Y</latexit>
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<latexit sha1_base64="pKckdP4HlU6u61rExecNbqsZYuw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vjw4rGi/YA2ls120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtJ1Sax/LBjBP0IzqQPOSMGivdjx/dXqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2naEPwFl9eJs1qxTuvVO8uyrXLPI4CHMMJnIEHV1CDW6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEH342X</latexit>

a
<latexit sha1_base64="8KEzXC4t1nqgiWij2kmz1Ee06TU=">AAACDHicbVDLSsNAFJ3UV42vqks3g6XgqiRV0GVRFy4r2Ac0sUymk3bo5MHMTbGEfoAbf8WNC0Xc+gHu/BsnbRbaemDgcM65zL3HiwVXYFnfRmFldW19o7hpbm3v7O6V9g9aKkokZU0aiUh2PKKY4CFrAgfBOrFkJPAEa3ujq8xvj5lUPArvYBIzNyCDkPucEtBSr1SuOMAeIL2emhVnTGQ85GZlcm+ZqRMQGHo+JlOdsqrWDHiZ2DkpoxyNXunL6Uc0CVgIVBClurYVg5sSCZwKNjWdRLGY0BEZsK6mIQmYctPZMVNc0Uof+5HULwQ8U39PpCRQahJ4OpltqBa9TPzP6ybgX7gpD+MEWEjnH/mJwBDhrBnc55JREBNNCJVc74rpkEhCQfdn6hLsxZOXSatWtU+rtduzcv0yr6OIjtAxOkE2Okd1dIMaqIkoekTP6BW9GU/Gi/FufMyjBSOfOUR/YHz+AMK6mis=</latexit>

e1(y)
<latexit sha1_base64="fI9USDE/XUgUMEfV1+4EvG0Kdyc=">AAACHnicbZDJSsRAEIY77sZt1KOXxiGglyFxPwp68DiCo8JkHDo9Faexs9BdGQwhT+LFV/HiQRHBk76NPQvi9kPDx19VdNUfpFJodN0Pa2x8YnJqembWnptfWFyqLK+c6yRTHBo8kYm6DJgGKWJooEAJl6kCFgUSLoKbo379ogdKiyQ+wzyFVsSuYxEKztBY7cqu4yPcYnFc2o7fYyrtCtvJr1zbKfyIYTcIKSvtL4ay7W3km+1K1a25A9G/4I2gSkaqtytvfifhWQQxcsm0bnpuiq2CKRRcQmn7mYaU8Rt2DU2DMYtAt4rBeSV1jNOhYaLMi5EO3O8TBYu0zqPAdPbX1L9rffO/WjPD8KBViDjNEGI+/CjMJMWE9rOiHaGAo8wNMK6E2ZXyLlOMo0nUNiF4v0/+C+dbNW+7tnW6Uz3cG8UxQ9bIOtkgHtknh+SE1EmDcHJHHsgTebburUfrxXodto5Zo5lV8kPW+yc+aaCn</latexit>

e 0
(y
)

<latexit sha1_base64="h2HkusY3aoTaAtD1+qo+hcripkI=">AAACHnicbZDJSsRAEIY77sZt1KOXxiGglyFxPwp68DiCo8JkHDo9Faexs9BdGQwhT+LFV/HiQRHBk76NPQvi9kPDx19VdNUfpFJodN0Pa2x8YnJqembWnptfWFyqLK+c6yRTHBo8kYm6DJgGKWJooEAJl6kCFgUSLoKbo379ogdKiyQ+wzyFVsSuYxEKztBY7cqu4yPcYnFc2o7fYyrtCtvJr1zbKfyIYTcIKSvtL4ay7W7km+1K1a25A9G/4I2gSkaqtytvfifhWQQxcsm0bnpuiq2CKRRcQmn7mYaU8Rt2DU2DMYtAt4rBeSV1jNOhYaLMi5EO3O8TBYu0zqPAdPbX1L9rffO/WjPD8KBViDjNEGI+/CjMJMWE9rOiHaGAo8wNMK6E2ZXyLlOMo0nUNiF4v0/+C+dbNW+7tnW6Uz3cG8UxQ9bIOtkgHtknh+SE1EmDcHJHHsgTebburUfrxXodto5Zo5lV8kPW+yc84qCm</latexit>

x0
<latexit sha1_base64="Sf8ThEaeL4kh7rPLvHPHQUhUSKg=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRqEcSLx4xyiOBlcwOA0yYnd3M9BrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxG11O/+ci1EZG6x3HM/ZAOlOgLRtFKd08PbrdYcsvuDGSZeBkpQYZat/jV6UUsCblCJqkxbc+N0U+pRsEknxQ6ieExZSM64G1LFQ258dPZqRNyYpUe6UfalkIyU39PpDQ0ZhwGtjOkODSL3lT8z2sn2L/yU6HiBLli80X9RBKMyPRv0hOaM5RjSyjTwt5K2JBqytCmU7AheIsvL5NGpeydlSu356XqRRZHHo7gGE7Bg0uowg3UoA4MBvAMr/DmSOfFeXc+5q05J5s5hD9wPn8ABlmNlg==</latexit>

x1
<latexit sha1_base64="NVZHiFeiJfltMt7e+GM9Tad9pIY=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRqEcSLx4xyiOBlcwODUyYnd3MzBrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoeuo3H1FpHsl7M47RD+lA8j5n1Fjp7unB6xZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n85OnZATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9K/8lMs4MSjZfFE/EcREZPo36XGFzIixJZQpbm8lbEgVZcamU7AheIsvL5NGpeydlSu356XqRRZHHo7gGE7Bg0uowg3UoA4MBvAMr/DmCOfFeXc+5q05J5s5hD9wPn8AB92Nlw==</latexit>

e 0
(x
)

<latexit sha1_base64="yCjGrLcZbRlBQVavwE8xotzbCa4="></latexit>

e1(x)
<latexit sha1_base64="j2xYGdxh0YuHiRY13jM12R31lO0="></latexit>
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Vectors and tensors in non-Cartesian coordinate systems


t00 t01
t10 t11

�

<latexit sha1_base64="T1cUtSBziljm5lNZknBn18pZ9tk="></latexit>

e0(y)
<latexit sha1_base64="h2HkusY3aoTaAtD1+qo+hcripkI=">AAACHnicbZDJSsRAEIY77sZt1KOXxiGglyFxPwp68DiCo8JkHDo9Faexs9BdGQwhT+LFV/HiQRHBk76NPQvi9kPDx19VdNUfpFJodN0Pa2x8YnJqembWnptfWFyqLK+c6yRTHBo8kYm6DJgGKWJooEAJl6kCFgUSLoKbo379ogdKiyQ+wzyFVsSuYxEKztBY7cqu4yPcYnFc2o7fYyrtCtvJr1zbKfyIYTcIKSvtL4ay7W7km+1K1a25A9G/4I2gSkaqtytvfifhWQQxcsm0bnpuiq2CKRRcQmn7mYaU8Rt2DU2DMYtAt4rBeSV1jNOhYaLMi5EO3O8TBYu0zqPAdPbX1L9rffO/WjPD8KBViDjNEGI+/CjMJMWE9rOiHaGAo8wNMK6E2ZXyLlOMo0nUNiF4v0/+C+dbNW+7tnW6Uz3cG8UxQ9bIOtkgHtknh+SE1EmDcHJHHsgTebburUfrxXodto5Zo5lV8kPW+yc84qCm</latexit>

e1(y)
<latexit sha1_base64="fI9USDE/XUgUMEfV1+4EvG0Kdyc=">AAACHnicbZDJSsRAEIY77sZt1KOXxiGglyFxPwp68DiCo8JkHDo9Faexs9BdGQwhT+LFV/HiQRHBk76NPQvi9kPDx19VdNUfpFJodN0Pa2x8YnJqembWnptfWFyqLK+c6yRTHBo8kYm6DJgGKWJooEAJl6kCFgUSLoKbo379ogdKiyQ+wzyFVsSuYxEKztBY7cqu4yPcYnFc2o7fYyrtCtvJr1zbKfyIYTcIKSvtL4ay7W3km+1K1a25A9G/4I2gSkaqtytvfifhWQQxcsm0bnpuiq2CKRRcQmn7mYaU8Rt2DU2DMYtAt4rBeSV1jNOhYaLMi5EO3O8TBYu0zqPAdPbX1L9rffO/WjPD8KBViDjNEGI+/CjMJMWE9rOiHaGAo8wNMK6E2ZXyLlOMo0nUNiF4v0/+C+dbNW+7tnW6Uz3cG8UxQ9bIOtkgHtknh+SE1EmDcHJHHsgTebburUfrxXodto5Zo5lV8kPW+yc+aaCn</latexit>

y to x, contravariant

x0
<latexit sha1_base64="Sf8ThEaeL4kh7rPLvHPHQUhUSKg=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRqEcSLx4xyiOBlcwOA0yYnd3M9BrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxG11O/+ci1EZG6x3HM/ZAOlOgLRtFKd08PbrdYcsvuDGSZeBkpQYZat/jV6UUsCblCJqkxbc+N0U+pRsEknxQ6ieExZSM64G1LFQ258dPZqRNyYpUe6UfalkIyU39PpDQ0ZhwGtjOkODSL3lT8z2sn2L/yU6HiBLli80X9RBKMyPRv0hOaM5RjSyjTwt5K2JBqytCmU7AheIsvL5NGpeydlSu356XqRRZHHo7gGE7Bg0uowg3UoA4MBvAMr/DmSOfFeXc+5q05J5s5hD9wPn8ABlmNlg==</latexit>

x1
<latexit sha1_base64="NVZHiFeiJfltMt7e+GM9Tad9pIY=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRqEcSLx4xyiOBlcwODUyYnd3MzBrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoeuo3H1FpHsl7M47RD+lA8j5n1Fjp7unB6xZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n85OnZATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9K/8lMs4MSjZfFE/EcREZPo36XGFzIixJZQpbm8lbEgVZcamU7AheIsvL5NGpeydlSu356XqRRZHHo7gGE7Bg0uowg3UoA4MBvAMr/DmCOfFeXc+5q05J5s5hD9wPn8AB92Nlw==</latexit>

y1
<latexit sha1_base64="xB298n/l6NF3lRhOxS9Dmiq8Ne8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vjw4rGi/YA2ls120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtJ1Sax/LBjBP0IzqQPOSMGivdjx+9XqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2naEPwFl9eJs1qxTuvVO8uyrXLPI4CHMMJnIEHV1CDW6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEJY42Y</latexit>

y0
<latexit sha1_base64="pKckdP4HlU6u61rExecNbqsZYuw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vjw4rGi/YA2ls120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtJ1Sax/LBjBP0IzqQPOSMGivdjx/dXqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2naEPwFl9eJs1qxTuvVO8uyrXLPI4CHMMJnIEHV1CDW6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEH342X</latexit>

e 0
(x
)

<latexit sha1_base64="yCjGrLcZbRlBQVavwE8xotzbCa4="></latexit>

e1(x)
<latexit sha1_base64="j2xYGdxh0YuHiRY13jM12R31lO0="></latexit>

e1(y)
<latexit sha1_base64="fI9USDE/XUgUMEfV1+4EvG0Kdyc=">AAACHnicbZDJSsRAEIY77sZt1KOXxiGglyFxPwp68DiCo8JkHDo9Faexs9BdGQwhT+LFV/HiQRHBk76NPQvi9kPDx19VdNUfpFJodN0Pa2x8YnJqembWnptfWFyqLK+c6yRTHBo8kYm6DJgGKWJooEAJl6kCFgUSLoKbo379ogdKiyQ+wzyFVsSuYxEKztBY7cqu4yPcYnFc2o7fYyrtCtvJr1zbKfyIYTcIKSvtL4ay7W3km+1K1a25A9G/4I2gSkaqtytvfifhWQQxcsm0bnpuiq2CKRRcQmn7mYaU8Rt2DU2DMYtAt4rBeSV1jNOhYaLMi5EO3O8TBYu0zqPAdPbX1L9rffO/WjPD8KBViDjNEGI+/CjMJMWE9rOiHaGAo8wNMK6E2ZXyLlOMo0nUNiF4v0/+C+dbNW+7tnW6Uz3cG8UxQ9bIOtkgHtknh+SE1EmDcHJHHsgTebburUfrxXodto5Zo5lV8kPW+yc+aaCn</latexit>

e 0
(y
)

<latexit sha1_base64="h2HkusY3aoTaAtD1+qo+hcripkI=">AAACHnicbZDJSsRAEIY77sZt1KOXxiGglyFxPwp68DiCo8JkHDo9Faexs9BdGQwhT+LFV/HiQRHBk76NPQvi9kPDx19VdNUfpFJodN0Pa2x8YnJqembWnptfWFyqLK+c6yRTHBo8kYm6DJgGKWJooEAJl6kCFgUSLoKbo379ogdKiyQ+wzyFVsSuYxEKztBY7cqu4yPcYnFc2o7fYyrtCtvJr1zbKfyIYTcIKSvtL4ay7W7km+1K1a25A9G/4I2gSkaqtytvfifhWQQxcsm0bnpuiq2CKRRcQmn7mYaU8Rt2DU2DMYtAt4rBeSV1jNOhYaLMi5EO3O8TBYu0zqPAdPbX1L9rffO/WjPD8KBViDjNEGI+/CjMJMWE9rOiHaGAo8wNMK6E2ZXyLlOMo0nUNiF4v0/+C+dbNW+7tnW6Uz3cG8UxQ9bIOtkgHtknh+SE1EmDcHJHHsgTebburUfrxXodto5Zo5lV8kPW+yc84qCm</latexit>
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Vectors and tensors in non-Cartesian coordinate systems


t00 t01
t10 t11

�

<latexit sha1_base64="T1cUtSBziljm5lNZknBn18pZ9tk=">AAACNHicbVDLSgMxFM3Ud31VXboJFsVVmamCLlwIbgQ3FawWOmPJpHfa0ExmSO4IZehHufFD3IjgQhG3foNpOwtfB8I9nHNvknvCVAqDrvvslGZm5+YXFpfKyyura+uVjc1rk2SaQ5MnMtGtkBmQQkETBUpopRpYHEq4CQdnY//mDrQRibrCYQpBzHpKRIIztFKncuFLiLBN/RB6QuVMazYc5ZyPKHbcW5fu2erZ6vsTwSsEj/qgukU79bXo9THoVKpuzZ2A/iVeQaqkQKNTefS7Cc9iUMglM6btuSkG9lYUXMKo7GcGUsYHrAdtSxWLwQT5ZOkR3bVKl0aJtkchnajfJ3IWGzOMQ9sZM+yb395Y/M9rZxgdB7lQaYag+PShKJMUEzpOkHaFBo5yaAnjWti/Ut5nmnG0OZdtCN7vlf+S63rNO6j VLw+rpydFHItkm+yQfeKRI3JKzkmDNAkn9+SJvJI358F5cd6dj2lrySlmtsgPOJ9fDwmpPA==</latexit>

transformation of contravariant components from y to x


t00 t01
t10 t11

��1

<latexit sha1_base64="OEX+Tc/T03MAWj75FvP1mPLAQKM="></latexit>


t00 t01
t10 t11

�T

<latexit sha1_base64="p7YbWSE8uLEbsDojdgTWCjUTBBQ="></latexit>

 
t00 t01
t10 t11

��1
!T

<latexit sha1_base64="rAQhonztNXwwCbMgMzjzRridW9E="></latexit>
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Vectors and tensors in non-Cartesian coordinate systems


t00 t01
t10 t11

�

<latexit sha1_base64="T1cUtSBziljm5lNZknBn18pZ9tk=">AAACNHicbVDLSgMxFM3Ud31VXboJFsVVmamCLlwIbgQ3FawWOmPJpHfa0ExmSO4IZehHufFD3IjgQhG3foNpOwtfB8I9nHNvknvCVAqDrvvslGZm5+YXFpfKyyura+uVjc1rk2SaQ5MnMtGtkBmQQkETBUpopRpYHEq4CQdnY//mDrQRibrCYQpBzHpKRIIztFKncuFLiLBN/RB6QuVMazYc5ZyPKHbcW5fu2erZ6vsTwSsEj/qgukU79bXo9THoVKpuzZ2A/iVeQaqkQKNTefS7Cc9iUMglM6btuSkG9lYUXMKo7GcGUsYHrAdtSxWLwQT5ZOkR3bVKl0aJtkchnajfJ3IWGzOMQ9sZM+yb395Y/M9rZxgdB7lQaYag+PShKJMUEzpOkHaFBo5yaAnjWti/Ut5nmnG0OZdtCN7vlf+S63rNO6j VLw+rpydFHItkm+yQfeKRI3JKzkmDNAkn9+SJvJI358F5cd6dj2lrySlmtsgPOJ9fDwmpPA==</latexit>

transformation of contravariant components from x to y


t00 t01
t10 t11

��1

<latexit sha1_base64="OEX+Tc/T03MAWj75FvP1mPLAQKM="></latexit>


t00 t01
t10 t11

�T

<latexit sha1_base64="p7YbWSE8uLEbsDojdgTWCjUTBBQ="></latexit>

 
t00 t01
t10 t11

��1
!T

<latexit sha1_base64="rAQhonztNXwwCbMgMzjzRridW9E="></latexit>
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Vectors and tensors in non-Cartesian coordinate systems


t00 t01
t10 t11

�

<latexit sha1_base64="T1cUtSBziljm5lNZknBn18pZ9tk=">AAACNHicbVDLSgMxFM3Ud31VXboJFsVVmamCLlwIbgQ3FawWOmPJpHfa0ExmSO4IZehHufFD3IjgQhG3foNpOwtfB8I9nHNvknvCVAqDrvvslGZm5+YXFpfKyyura+uVjc1rk2SaQ5MnMtGtkBmQQkETBUpopRpYHEq4CQdnY//mDrQRibrCYQpBzHpKRIIztFKncuFLiLBN/RB6QuVMazYc5ZyPKHbcW5fu2erZ6vsTwSsEj/qgukU79bXo9THoVKpuzZ2A/iVeQaqkQKNTefS7Cc9iUMglM6btuSkG9lYUXMKo7GcGUsYHrAdtSxWLwQT5ZOkR3bVKl0aJtkchnajfJ3IWGzOMQ9sZM+yb395Y/M9rZxgdB7lQaYag+PShKJMUEzpOkHaFBo5yaAnjWti/Ut5nmnG0OZdtCN7vlf+S63rNO6j VLw+rpydFHItkm+yQfeKRI3JKzkmDNAkn9+SJvJI358F5cd6dj2lrySlmtsgPOJ9fDwmpPA==</latexit>

transformation of covariant components from y to x


t00 t01
t10 t11

��1

<latexit sha1_base64="OEX+Tc/T03MAWj75FvP1mPLAQKM="></latexit>


t00 t01
t10 t11

�T

<latexit sha1_base64="p7YbWSE8uLEbsDojdgTWCjUTBBQ="></latexit>

 
t00 t01
t10 t11

��1
!T

<latexit sha1_base64="rAQhonztNXwwCbMgMzjzRridW9E="></latexit>
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Vectors and tensors in non-Cartesian coordinate systems


t00 t01
t10 t11

�

<latexit sha1_base64="T1cUtSBziljm5lNZknBn18pZ9tk=">AAACNHicbVDLSgMxFM3Ud31VXboJFsVVmamCLlwIbgQ3FawWOmPJpHfa0ExmSO4IZehHufFD3IjgQhG3foNpOwtfB8I9nHNvknvCVAqDrvvslGZm5+YXFpfKyyura+uVjc1rk2SaQ5MnMtGtkBmQQkETBUpopRpYHEq4CQdnY//mDrQRibrCYQpBzHpKRIIztFKncuFLiLBN/RB6QuVMazYc5ZyPKHbcW5fu2erZ6vsTwSsEj/qgukU79bXo9THoVKpuzZ2A/iVeQaqkQKNTefS7Cc9iUMglM6btuSkG9lYUXMKo7GcGUsYHrAdtSxWLwQT5ZOkR3bVKl0aJtkchnajfJ3IWGzOMQ9sZM+yb395Y/M9rZxgdB7lQaYag+PShKJMUEzpOkHaFBo5yaAnjWti/Ut5nmnG0OZdtCN7vlf+S63rNO6j VLw+rpydFHItkm+yQfeKRI3JKzkmDNAkn9+SJvJI358F5cd6dj2lrySlmtsgPOJ9fDwmpPA==</latexit>

transformation of covariant components from x to y


t00 t01
t10 t11

��1

<latexit sha1_base64="OEX+Tc/T03MAWj75FvP1mPLAQKM="></latexit>


t00 t01
t10 t11

�T

<latexit sha1_base64="p7YbWSE8uLEbsDojdgTWCjUTBBQ="></latexit>

 
t00 t01
t10 t11

��1
!T

<latexit sha1_base64="rAQhonztNXwwCbMgMzjzRridW9E="></latexit>
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Model re-parameterization as a coordinate transform

Assertion:
• All model space re-parameterizations are coordinate transforms between oblique, 

rectilinear coordinate systems

To justify the assertion:
• Show that it is true in several very different examples, then generalize
• Approach: assume model (“position”) vectors to be contravariant, then see if 

gradients of a scalar function of these vectors transform as covariant vectors.

True for:
• All AVO re-parameterizations
• Changes in FWI parameter classes (e.g., velocity-density to modulus-density)
• Model space preconditioning (e.g., Harlan, Fomel, Claerbout) 

Show now:
• Changes in FWI parameter classes
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Model re-parameterization as a coordinate transform

[@x, @z] ·
✓
s⇢


@xu
@zu

�◆
+ !2su = f

<latexit sha1_base64="0a1eLiWUCO74Ky5HgcBI3CDjWBg="></latexit>

Au = f
<latexit sha1_base64="fSuQrNYWBiVDjsMkJ1JCJNe9180="></latexit>

!
<latexit sha1_base64="ZCVUHMSEiMkvRM8/npA8aiIJ3KA="></latexit>
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a21 a22 a23 a24
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3

775

2
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u1

u2

u3

u4

3

775 =

2

664

f1
f2
f3
f4

3

775

<latexit sha1_base64="GKXLqHDsgpJrKscs9paayT0mEpY="></latexit>

Au = f
<latexit sha1_base64="fSuQrNYWBiVDjsMkJ1JCJNe9180="></latexit> !

<latexit sha1_base64="ZCVUHMSEiMkvRM8/npA8aiIJ3KA="></latexit>

s⇢ =
1

⇢
<latexit sha1_base64="DtmEJ+EMhFMK/mHj3DPg93epa7g="></latexit>

s =
1


<latexit sha1_base64="ptojAfDlEVyPTAmvDsCgn9fFc+E="></latexit>

!2s3 � 2s⇢3 � s⇢4
<latexit sha1_base64="6NlJfNirocB2AP8DrAiq1hAn8Tc="></latexit>

x1
<latexit sha1_base64="AsOqUFYhTFUQH5DbzHmvQ6EpchU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vjw4rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxTuvVO8uyrXLPI4CHMMJnIEHV1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEJYo2Y</latexit>

x2
<latexit sha1_base64="h2EB+FN+AngrKofRAS7Pt4vUcrs=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vjw4rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/WqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindeqd5dlGuXeRwFOIYTOAMPrqAGt1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QMK5o2Z</latexit>

z1
<latexit sha1_base64="KVf8vU3CjH9g1gwxszZe80WnqvI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vjw4rGi/YA2lM120y7dbMLuRKihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxTuvVO8uyrXLPI4CHMMJnIEHV1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEMbo2a</latexit>

z2
<latexit sha1_base64="HIP5s4vlJNHFVveT8lGm6bCwaqY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vjw4rGi/YA2lM120y7dbMLuRKihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGuXeRwFOIYTOAMPrqAGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMN8o2b</latexit>

1
<latexit sha1_base64="TtIgPQprnJE4HSS++PuM3etxya8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPe+uMuQ==</latexit>

2
<latexit sha1_base64="jk/1fpohXujb3eq/tOFNvjxoFrw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ffW+Mug==</latexit>

3
<latexit sha1_base64="LNUgVcgcWmrkAqMqFwJgrNe8JZM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbBRI9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9ovltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyVy1XGlel2m0WRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH7zjLs=</latexit>

4
<latexit sha1_base64="WqJ6Lk3Ioj0kJGz21f+UCQW7454=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaRRI9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9ovltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1WuNKql2m0WRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AIB3jLw=</latexit>

u, s⇢, s
<latexit sha1_base64="ZSKx3V70/QoINB/d+4Xnwn5GzXo=">AAAB+nicbVDLSgMxFM34rPU11aWbYBFcSJmpgi5cFNy4rGAf0A5DJs20oZkkJBmljP0UNy4UceuXuPNvzLSz0NYDl3s4515ycyLJqDae9+2srK6tb2yWtsrbO7t7+27loK1FqjBpYcGE6kZIE0Y5aRlqGOlKRVASMdKJxje533kgSlPB781EkiBBQ05jipGxUuhW0jMd9tVI5G2MpEShW/Vq3gxwmfgFqYICzdD96g8EThPCDWZI657vSRNkSBmKGZmW+6kmEuExGpKepRwlRAfZ7PQpPLHKAMZC2eIGztTfGxlKtJ4kkZ1MkBnpRS8X//N6qYmvgoxymRrC8fyhOGXQCJjnAAdUEWzYxBKEFbW3QjxCCmFj0yrbEPzFLy+Tdr3mn9fqdxfVxnURRwkcgWNwCnxwCRrgFjRBC2DwCJ7BK3hznpwX5935mI+uOMXOIfgD5/MHAxOT0g==</latexit>

u, s⇢, s
<latexit sha1_base64="ZSKx3V70/QoINB/d+4Xnwn5GzXo=">AAAB+nicbVDLSgMxFM34rPU11aWbYBFcSJmpgi5cFNy4rGAf0A5DJs20oZkkJBmljP0UNy4UceuXuPNvzLSz0NYDl3s4515ycyLJqDae9+2srK6tb2yWtsrbO7t7+27loK1FqjBpYcGE6kZIE0Y5aRlqGOlKRVASMdKJxje533kgSlPB781EkiBBQ05jipGxUuhW0jMd9tVI5G2MpEShW/Vq3gxwmfgFqYICzdD96g8EThPCDWZI657vSRNkSBmKGZmW+6kmEuExGpKepRwlRAfZ7PQpPLHKAMZC2eIGztTfGxlKtJ4kkZ1MkBnpRS8X//N6qYmvgoxymRrC8fyhOGXQCJjnAAdUEWzYxBKEFbW3QjxCCmFj0yrbEPzFLy+Tdr3mn9fqdxfVxnURRwkcgWNwCnxwCRrgFjRBC2DwCJ7BK3hznpwX5935mI+uOMXOIfgD5/MHAxOT0g==</latexit>

u, s⇢, s
<latexit sha1_base64="ZSKx3V70/QoINB/d+4Xnwn5GzXo=">AAAB+nicbVDLSgMxFM34rPU11aWbYBFcSJmpgi5cFNy4rGAf0A5DJs20oZkkJBmljP0UNy4UceuXuPNvzLSz0NYDl3s4515ycyLJqDae9+2srK6tb2yWtsrbO7t7+27loK1FqjBpYcGE6kZIE0Y5aRlqGOlKRVASMdKJxje533kgSlPB781EkiBBQ05jipGxUuhW0jMd9tVI5G2MpEShW/Vq3gxwmfgFqYICzdD96g8EThPCDWZI657vSRNkSBmKGZmW+6kmEuExGpKepRwlRAfZ7PQpPLHKAMZC2eIGztTfGxlKtJ4kkZ1MkBnpRS8X//N6qYmvgoxymRrC8fyhOGXQCJjnAAdUEWzYxBKEFbW3QjxCCmFj0yrbEPzFLy+Tdr3mn9fqdxfVxnURRwkcgWNwCnxwCRrgFjRBC2DwCJ7BK3hznpwX5935mI+uOMXOIfgD5/MHAxOT0g==</latexit>

u, s⇢, s
<latexit sha1_base64="ZSKx3V70/QoINB/d+4Xnwn5GzXo=">AAAB+nicbVDLSgMxFM34rPU11aWbYBFcSJmpgi5cFNy4rGAf0A5DJs20oZkkJBmljP0UNy4UceuXuPNvzLSz0NYDl3s4515ycyLJqDae9+2srK6tb2yWtsrbO7t7+27loK1FqjBpYcGE6kZIE0Y5aRlqGOlKRVASMdKJxje533kgSlPB781EkiBBQ05jipGxUuhW0jMd9tVI5G2MpEShW/Vq3gxwmfgFqYICzdD96g8EThPCDWZI657vSRNkSBmKGZmW+6kmEuExGpKepRwlRAfZ7PQpPLHKAMZC2eIGztTfGxlKtJ4kkZ1MkBnpRS8X//N6qYmvgoxymRrC8fyhOGXQCJjnAAdUEWzYxBKEFbW3QjxCCmFj0yrbEPzFLy+Tdr3mn9fqdxfVxnURRwkcgWNwCnxwCRrgFjRBC2DwCJ7BK3hznpwX5935mI+uOMXOIfgD5/MHAxOT0g==</latexit>
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Model re-parameterization as a coordinate transform
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<latexit sha1_base64="GKXLqHDsgpJrKscs9paayT0mEpY="></latexit>

!
<latexit sha1_base64="cjoc02F9z2O3ypY046vIs6hpSHg="></latexit>
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<latexit sha1_base64="fP7SUcptiaO1+Rjr9kKIH+Onwbg="></latexit>



16

Model re-parameterization as a coordinate transform
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aij(s)
<latexit sha1_base64="yOLACZMJVLBAckBAZd7rgoDSDrI="></latexit>
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Model re-parameterization as a coordinate transform
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<latexit sha1_base64="IYRDECP0GfAXhpzgzHU4PyMeinU="></latexit>

aij(r)
<latexit sha1_base64="hXAJvc5GFtg4EBxz8oW3vlOoaRM="></latexit>
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Model re-parameterization as a coordinate transform

�s ! �sµ
<latexit sha1_base64="UpxRPBfeyBZ5uiiJ1a4b4pyrqUU="></latexit>

!
<latexit sha1_base64="cjoc02F9z2O3ypY046vIs6hpSHg="></latexit>
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✓
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v
<latexit sha1_base64="5zW18VTJNN2jmg0k5rS8BKQ3Gdk="></latexit>

�,µ(s) = ui(s)

✓
@aij(s)

@sµ

◆
vj(s)

<latexit sha1_base64="9w9SpQJl/JmGLrgO0UADrmrOy08="></latexit>

scalarscalar
covariant?

contravariant
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Model re-parameterization as a coordinate transform
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<latexit sha1_base64="qIGdREzP0HOlROUD7UZks0Do2CI="></latexit>
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<latexit sha1_base64="yOLACZMJVLBAckBAZd7rgoDSDrI="></latexit>
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Model re-parameterization as a coordinate transform

@a33
@sµ

=

2

66666666664

0
0
�2
�1
0
0
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3

77777777775

<latexit sha1_base64="iTIzaVwwjOZoqVtkLk5OpdVLtbo="></latexit>
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$
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Model re-parameterization as a coordinate transform

�s⇢ = �r⇢
<latexit sha1_base64="FwB0nGucTa9FLtAOBGsaMsSjX84="></latexit>

�s = rc�r⇢ + r⇢�rc
<latexit sha1_base64="QzD4NehfvIyhW6gCkGlV47biSOw="></latexit>
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<latexit sha1_base64="GFT/KLf4YNbkRWiCPhVEjmCUNoc="></latexit>

�sµ
<latexit sha1_base64="eccC0cO5XNmNnNdBodJ/Nw1NWYA="></latexit> �r⌫

<latexit sha1_base64="ZbgQcLAvXoxTJY4NAG9GPvxMOMM="></latexit>

tµ⌫
<latexit sha1_base64="ZstBTouu5/udPlDkSoIbrWlcZuY="></latexit>

from r to s, contravariant
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Model re-parameterization as a coordinate transform
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from s to r, covariant
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�2
�1
0
0
!2

0

3

77777777775

<latexit sha1_base64="iTIzaVwwjOZoqVtkLk5OpdVLtbo="></latexit>

@a33
@rµ

=

2

66666666664

0
0

!2r7 � 2
�1
0
0

!2r3

0

3

77777777775

<latexit sha1_base64="n7Dm0jw/X8Ui+OdS2ColXPrord4="></latexit>

✔
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Transforms for efficient optimization

Motivation to seek alternative coordinate systems:
• Optimization, interpretation, regularization

Attempt one which leads to efficient optimization:
• 2nd derivative behaviour of the objective function determines uncertainties, cross-talk

s1

s2

r1

r2

�µ⌫(s) 6= �µ⌫
<latexit sha1_base64="vNQyX9CuOtG1ZxkJIgw+1Kx9cqU="></latexit>

�µ⌫(r) = �µ⌫
<latexit sha1_base64="sofOMNcJZnngxBT10Co4zImZkkA="></latexit>
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Transforms for efficient optimization

� =

2

666664

�1,1 �1,2 �1,3 . . . �1,N

�1,2 �2,2 �2,3 . . . �2,N

�1,3 �2,3 �3,3 . . . �3,N
...

. . .
�1,N �2,N �3,N . . . �N,N

3

777775

<latexit sha1_base64="6RvSrkE73KZNOYxBiCLZ6dfikXw="></latexit>

T =

2

666664

t1,1 t1,2 t1,3 . . . t1,N
t⇤2,1 t2,2 t2,3 . . . t2,N
t⇤3,1 t⇤3,2 t3,3 . . . t3,N
...

...
...

. . .
t⇤N,1 t⇤N,2 t⇤N,3 . . . tN,N

3

777775

<latexit sha1_base64="L5WN8k7DQ/lKcrcZg7/9FHu661c="></latexit>

TT�T = I
<latexit sha1_base64="RODA0FZfTMOMzmA1AFag2iU/XFI="></latexit>

Given

find

,

subject to

…with elements below the diagonal (marked *) preselected. 
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Transforms for efficient optimization

Numerics

• Algorithm to compute T column by column for any N available
• Pre-selected T entries can impact stability of algorithm

• E.g., large entries can cause issues
• Zeros and random entries with mean scaled in proportion to 1/N work well
• “Smart choices” is still currently un-explored

• T is computed entirely through Hessian-vector products
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FWI example
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FWI example

• Poor source/receiver coverage
• 20 iterations, multiscale

• 5 frequencies per group
• Evenly distributed from 1Hz:1Hz at iteration 1 to 1Hz:35Hz at iteration 20
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FWI example

After iteration 4 is complete:
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FWI example

T =

2

666664

t1,1 t1,2 t1,3 . . . t1,N
t⇤2,1 t2,2 t2,3 . . . t2,N
t⇤3,1 t⇤3,2 t3,3 . . . t3,N
...

...
...

. . .
t⇤N,1 t⇤N,2 t⇤N,3 . . . tN,N

3

777775

<latexit sha1_base64="L5WN8k7DQ/lKcrcZg7/9FHu661c="></latexit>

set lower triangular 
entries to zero
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FWI example

IT 5 -benchm
ark

IT 5 -transform
ed
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FWI example

Benchm
ark

Transform
ed
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FWI example

Transform
ed

Benchm
ark
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Conclusions

Re-parameterizations of inverse problems are transformations between rectilinear 
but non-Cartesian coordinate systems overlaying model space.

Motivates design of new transforms; for large problems, systems within which 
optimization is more efficient seem promising.

A class of transformation matrices T are available for which H=I
• Optimization in such systems should involve reduced parameter cross-talk
• Matrices computable through Hessian-vector products  

In initial FWI examples
• Stable coordinate transforms are straightforwardly computed
• Steepest descent updates appear to compensate for illumination 

Next
• Multiparameter FWI
• Invoking other considerations in T design – preconditioning? 
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