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¥ Motivation
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Initial idea:
» Total variation regularization and box constraint are very useful in the seismic
inverse problem.

» Find a flexible way to incorporating multiple a priori information.
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“s* Formulation of the full waveform inversion

The full waveform inversion (FWI) problem is a PDE constrained optimization problem
[Virieux and Operto, 2009]:

1
min J(y,u)== —vall%,
Lo J) = 51y = vl

such that e(y,uv) = L(u)y —s =0,

(1)

Since the PDE e(y, u) = 0 is well-posed, the parameter-to-state map can be defined as
F(u) = y. The problem (1) has a reduced form:

min f(u) = J(F(u), u). (2)

ueUyy

The gradient of f(u) can be achieved through the adjoint state method:

Vi(u) = // v(x, t)0wy(x, t) dxdt,

where v is the adjoint wavefield which is achieved by solving the adjoint equation.
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Xy Methods for improving the inverse result

In this work, we transform the a priori information of the model into convex constraint
sets and then construct the feasible set as the intersection of the constraint sets. The
seismic inverse problem is solved as a constraint optimization problem.
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¢ Scaled gradient projection (SGP) method

Write the constrained optimization problem:

min f(u), such that u € Uyq.

ucRn
The scaled gradient projection (SGP) method is given by:
1
ik = arg urglijzd <Vf(uk), u— uk> + 25k <Bk(u —uk),u— uk> , (3)
uk T = uk ok (k- uk). (4)

Let ik = uk — BI:lVf(uk), the equation (3) is equivalent to

= arg min 2 u— [}, 5
The SGP method is equivalent to
ik =uk — B,(_lVf(uk),
i =P, u,, (),
uk L =uk 4 oK@k - u").

Ek

<Vf(uk), B;1Vf(uk)> .
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Yy Scaled gradient projection (SGP) method

ik = uk — B IV F(u¥)

Figure: SGP method at the k-th iteration.
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Yy Scaled gradient projection (SGP) method

Figure: When an inexact projection result is generated by the projection algorithm, #* may not

in the feasible set U,q, then u**1 is not guaranteed in the feasible set U,g.
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Yy Scaled gradient projection (SGP) method

Figure: To overcome the inexact projection issue, we expand the feasible set at each iteration.
Find the inexact projection @* € UX! first, then update u*** € UK. 11/34



¢ Scaled gradient projection (SGP) method

The SGP method on the increasing sequence of feasible sets is: at k-th iteration, given
symmetric positive definite matrix Bx (L-BFGS method),
1. Compute i* = uk — B 1V (uk).
2. Evaluate the inexact projection operator 7% = IBBk’U:d(ﬂk), until the following
equations are satisfied

a

<ﬂk—ﬁk,uk—ﬁk> <0. (6)
By

The equation (6) is a condition used in the convergence analysis and guarantee
that the 7¥ — u¥ is a decreasing direction.

3. Update vkt = uk + ok (@ — u¥), here o is determined by the linesearch
algorithm.

4. Set k = k + 1, the feasible set at k + 1-th iteration is deﬂ.
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%7 Constraint sets with projection function in closed form

We need the sets expanding as the iteration goes on, but not expand to infinity large.
Given € > 0 and ¢ € (0,1), define a threshold function as

0, if h=0,
o(h)y =< S3h cle,  ifh>1,
%758, if h — oo.
Given the box constraint set:
Upx ={ueR" |a<uj<bh, i=1---,n}.

The projection function is given by:
Ppox(u)i = max(a, min(u;, b)).
Construct the sequence of box constraint sets as:
Uy ={u€R" |a—0(h) <u; <b+0(h), i=1,---,n}, heN.
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Yy Constraint sets with projection function in closed form

Given p € R" and k € R, the affine hyperplane is
Uplane = {u € R" | (u, p) = K}.

The projection function is given by:

k — (u,
Polane(t) = u + Hp<H2p>p.

Construct the sequence of hyperplane constraint sets as:

Ug'ane = {u €R” ‘ Hu - Pplane(”)” < 6)(h)} , helN
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Yy Constraint sets with subgradient projection

Given a continuous convex function g and a height 7, a convex and closed lower level
set can be constructed

C=lev,g ={ueR"|g(u) <n}
Approximate the set C with a half-space:
Hy={veR" [ g(u) + (u",v —u) <n},
where u* € 0g(u), i.e. a subgradient of function g at the point wv.

“u H,

Figure: Approximation of C with half-space H,.
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%7 Constraint sets with subgradient projection

Given a continuous convex function g and a height h, a convex and closed lower level
set can be constructed

C =levpg ={ueR" | g(u) < h}.
Approximate the set C with a half-space:
Hy={veR" | g(u) + (v, v —u) < h},

where u* € Og(u), i.e. a subgradient of function g at the point u.

The subgradient projection is given by

Pe(u) = ut R ifg(u) >,
u fgu) < n.
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%7 Constraint sets with subgradient projection: TV function

Consider the discrete total variation (TV) function for u € RN<>*Ny:

X

Ny
o) = lulls =323~ | (D)

i=1 j=1

where the differential operator D is given by

uip1j — uij, if 0 <i < Ny, uiji1—uij, if0<j<N,,
(Du)i,jl =q R *, (DU)iJz =q 7 R 4

0, ifi=N. 0, ifi=N
Given the radius 7, we can construct a sequence of TV constraint sets:

={uveR" | gn(u) <O(h)+ 1}

The subgradient projection function of gy, at point u is:

by o T () > 000 +

n(U) =
Yo u, if gov(u) < O(k)+ ey
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Yy Constraint sets with subgradient projection: TV function

The subgradient of g, at point u is given by
2
Z \/ (i1 — uij)® + (uijir — uij)
(ig)eh
X (uivrj = uij) eivrj = (Uivrj = 2uij + vijpa) €y + (Uij = Uijia) € j]
+ > san (unin — U ) (en i1 — en,)
(ig)el
+ Z sgn (Ui+1,Ny - Ui,Ny) (ei-i-l,Ny - ei,Ny) )
(iJ)€/3

where the index sets are given by
h={(i,j) | uij # viyrjand uij # vjjr1, 1 <P < Ny, T<j <Ny},

b ={(i,j) | un.j # un,j+1, 1 <j <Ny},
s ={(i.j) ‘ Ui, # Uisin,, 1 <7< Nyh.
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%7 Constraint sets with subgradient projection: /* function

Given a matrix ® € R™" with ® = [¢1,--- ,dm], here each ¢;, i=1,--- misa
n-dimensional row vector represents some basis of R”. Define the /! function:
m m n
gn(u) = [[Ouly = Uy u)| =D D dijuil.
j=1 j=1li=1

Given initial radius 71, construct the sequence of /' constraint sets:
Up = {ueR" | gn(u) <O(h)+n},
The subgradient projection function for the /' constraint set U,'{ is
P (1) = {u 4 AT g () e if g (u) > O(h) + T,
n u, if gn(u) <0(h)+ 7.
A subgradient of g1 at point u is given by

ut = Z Z sgn ((¢j, u)) ;i jei,

i=1 j=1
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%7 Projection onto the intersection of convex sets

Given the convex sets U; and i and the symmetric positive definite matrix B, the projection problem is:

find o = arg m]iRn llu— iz, suchthatue U=nU;.
ueR”

Algorithm 1: The projection algorithm provided in [Combettes, 2003]

Initialization: nonempty convex closed sets U;, x° = @, {w;} with }_,_, wi = 1.

while Not converge do

Step 1: Compute the projection of x* onto each of U; with p; = Py.(x*), where Py, is the
projection function or subgradient projection function.

Step 2: Set a; = pi — x*, v =3, wiai, A=Y, willail®. If A =0, x*** = x*, break;
otherwise b= x° — x*, c = Bb,d = B™*v, A = A/ (d, v).

Step 3: Set d = \d, 7 = — (¢, d),u = (b,c),v = X{d,v),p=pv — 7, update

x*+d, ifp=0andw >0,
XK = x°—|—(1—|—§)d7 if p>0and v > p,
xk+%(7rb+ud), if p>0and v < p.

end

Result: 7 = x*
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‘;'} SGP methods on sequence of multiple constraint sets

Algorithm 2: Scaled gradient projection on sequence of multiple constraint sets

Given: the objective function f and initial value u°; a family of nonempty, closed, convex
constraint sets U;.

For each U; construct the set sequence {U{}jeN; set UK, = M UK for all k.
while Not converge do

Step 1: Compute V£ (u¥).

Step 2: Update the L-BFGS coefficients sk, yk, Sk, Yk, Rk, Dx, Ux.

Step 3: Compute i* = u* — H, Vf(u*).

Step 4: Compute i* = PBk’U:d(ﬁk), i.e., project ii* to UX, in Hg, with Algorithm 1,
until the following equations are satisfied:

i e U5,
(a“ =",k —a"), <o0.

Step 5: Update u**1 = uk + ak(a* — u¥), here o is the linesearch parameter.
Step 6: Set k = k + 1.

end

22/34



¥ Table of Contents

Numerical examples

23/34



%7 Numerical example 1
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%7 Numerical example 1

Settings of the sequences of constraint sets:

> U{’:{UGR" | 1—61(h) <u; <1.2461(h), i=1,---,n},

where 61(h) = S, 0.001 x 0.9'.
> US = {ueR" | gw(u) <24+ 02(h)}, where 62(h) = 31, 0.24 x 0.9'.
> US = {ueR"| |lu—Pi(u)| < 03(h)+0.01}, where

h
P]_(U) =u + <Utruevlﬁl> [2<U7 p1>P1, 03(/7) — ZOO]. % 091
P1 -
i=1

> Ul ={ueR"| ||u— Py(u)|| < 0s(h)+0.01}, where

h
P2(U) —u+ <utrue7l|)|2P} N2<u> p2> P2, 94(/7) — ZOO]- % 091
2 i=1
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‘("} Numerical example 1
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%7 Numerical example 2

(a) True velocity model (km/s) (b) Initial velocity model (km/s)
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Settings of the sequences of constraint sets:
> Ul={ueR"|1-01(h)<u<12+6:(h), i=1,---,n},
where 61(h) = 27, 0.001 x 0.9'.
> US = {ueR"| gw(u) <39.5+ 0x(h)}, where 6(h) = S/, 0.395 x 0.9',
> Ul ={ueR"||lu—uy <128+ 63(h)},
where 63(h) = Z,’-’:l 1.28 x 0.9'.
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‘("} Numerical example 2

(b) box constraint
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‘?} Numerical example 3
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Settings of the sequences of constraint sets:

> Ul ={uecR"|25588 —0(h) <u<6+6i(h), i=1,---,n},

where 61(h) = 37, 0.02 x 0.9'.
> US = {ueR"| gw(u) <800+ 6(h)}, where a(h) = 327 40 x 0.9'.
> US = {ueR"| gw(u) <1000+ 03(h)}, where O3(h) = 32 50 x 0.9'.
> Uf = {ueR" | gw(u) <1200 + f4(h)}, where 64(h) = 2, 60 x 0.9'.
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\A';‘ Numerical example 3

(a) L-BFGS result 0 (b) Box and TV constraint with radius 1200
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v .
s Conclusions

» The proposed method is flexible for incorporating multiple a priori information for
the seismic inverse problem.

» The sequences of constraint sets behave like soft constraints, which encourage the
inverse results to move towards the right direction instead of the fastest decreasing
direction.

» More realistic reflective seismic inverse examples are needed.
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