Y CREWES WWW.Crewes.org

A quantum algorithm for
traveltime tomography

Jorge E. Monsegny1’3, Daniel Trad! and Don C. Lawton!?
ICREWES, University of Calgary; “Carbon Management Canada

3jorge .monsegnyparra@ucalgary.ca

Banft, December 2, 2022

UNIVERSITY OF CALGARY A\ Carbon
FACULTY OF SCIENCE Management

Department of Geoscience Canada

LI ]
NSERC Sol
Wl



Introduction



Introduction

Objectives

» Propose a general purpose quantum algorithm to solve a geophysical problem.

» Show an instance of the quantum algorithm running step by step that helps
geophysicists to understand quantum techniques.
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Gradient methods: Quantum inversion:
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Yy General quantum inversion algorithm

Set Compute Increase the Read model
superposition residuals probability of the with smallest
of velocity using quantum model with the residual

models parallelism smallest residual
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Qubits and superposition

Classical bits:
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W Qubits and superposition

Classical bits: Quantum bits:
by bo l91)  |qo0)

OGN _ o © @
o @O v @@

> b =1 > |q1) = a1]0) + 51 (1)
> by =0 > [q0) = a0 |0) + Bo |1)
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Some qubit rules
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Yy Some qubit rules

0) :

1) : @ » |¢) = a|0) + B1), where a, 3 € C

> la)®+ (B =1
measurement: / \ » |«|? is the probability of measuring
¢) and getting a |0).

. > |3|? is the probability of measuring
0) :
0) . Q ¢) and getting a |1).
O @
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Models superposition

0100010100101110011

~ : N .

(@0]0) + 5o 1)) ... (@n|0) + Bn 1))

-_ . -— 70‘!’0>-|—"°‘|"Y2”—1‘r2”—1>
" (It's like a polynomial multiplication)
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Models superposition

(0]0) + 5o 1)) ... (@n|0) + Bn 1))
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e ©ij)

No1,2)|61,3)|P1,4)|b1,5) P1,6)| 01,7
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Some quantum gates

Not gate:

input | |0) | |1)
output | |1) | |0)

hot

a|0) +5[1) — a|l) + 510)
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g — H —
input 0) 1)
output | —=0) + == [1) | 55[0) — 5 |1)
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Yy Some quantum gates

Hadamard gate:

input 0) 1)

0)+ 1) | L0 - L 1)

%
1 1 1 1
Zl0+ =) (510 +55m)

output

00) 7, (
= Yooyt Zjony + Laoy + 2y
2 2 2 2
1 1 1 1
= = 1V 22y - =
5100+ 51 +512)+ 5 13)
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Controled phase multiqubit gate:

do

P(n/3)

g1

input | [00) | |01) | |10) 11)
output | |[00) | [01) | [10) | e'¢|11)

a |01y + 8111y O 01y + €93 11
a |01y + g1y I 01y — g1
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Arithmetic in superposition

Addition:
(aolro) + -+ an|m)+1]s) = alnts) +- - +a|m+s)

Inputs: Outputs:

a -1 -
ogo‘r0>—|—---—|—ogn‘rn> — ., — Ozo|l’o—|—5>—|—-'-—|—ozn‘rn—|—5>
, 42 -
as -3 -
be - dadd-

bs -7 -

help -8 -
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Arithmetic in superposition

Multiplication

(g |ro) + -+ an|m) X|s) = aolroXs)+ -+ au|rm Xs)
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Arithmetic in superposition

Multiplication
(g |ro) + -+ an|m) X|s) = aolroXs)+ -+ au|rm Xs)
Inputs: Outputs:
ap =0 -
ag |ro) + -+ anlm) — —  aglr)+ -+ ap|m)
a; =1 -
) — T — s
bl -3
outy -4mult-
out; -5
t) — —  |t) + (o |ro X s)+ -+ an|rm X s))
out, -6
outs -7
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Compute in superposition

1. Initial equal superposition.
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Compute in superposition

1. Initial equal superposition.

&O|O>H‘|—°"+@k|o>%+'“‘|‘0€n|0>

2. Perform forward modelling and compute residuals in superposition.
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Compute in superposition

1. Initial equal superposition.

ozo|0>’ + -+ ay |0) %—l— -+ ap |0)

2. Perform forward modelling and compute residuals in superposition.

3. Flip the sign of residuals minimum.

Oéo‘ro —|_ _Oék‘rk %+"'+an|rn> e
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Compute in superposition

1. Initial equal superposition.

ozo|O>P + -+ ay |0) %—l— -+ ap |0)

2. Perform forward modelling and compute residuals in superposition.

oao\ro)w—l—---—kaﬂrk) =+ - Fap|m)

3. Flip the sign of residuals minimum.

Qo | ro) ’ + = | k) %+"'+an|rn>

4. Increase the probability of the flipped term with Mirror circuit.

ol o) P ] [ ) P | )
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Phase amplification or Grover's iteration or Mirror

Amplitudes

|Pi)
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Phase amplification or Grover's iteration or Mirror

Amplitudes Amplitudes

LN
4

b0) |1) - ¢n) Bo) |f1) EN - )

|Pi)
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Proof of concept
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General quantum inversion algorithm

Set
superposition
of velocity
models

Compute Increase the
residuals probability
using quantum of the smallest
parallelism residual
do ao ph
a - P (m)
bo az
b1 as
outy bo
Amplitudes Amplitudes
OUtl b]_ _____________________________________________
outy by
[0) [¢1) o |pn) |po) [#1) D) - |én)

outs b3

helper help

Read model
with smallest
residual

|dx)

Discussion




°roof of concept

An algorithm must be seen to be believed
-Donald Knuth
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Proof of concept problem, quantum circuit and simulation

Velocity cell

l

Source Receiver

N o

» Raypath length is 2 distance units.
» Traveltime is 4 time units.
» Modelling is t = dv.

» Answer should be 2 slowness units.
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s Proof of concept problem, quantum circuit and simulation

t*=t"+dxv t*=t"—d=xv
Setup Mirror

Ol l Sign change l l

Raypath

ph
P(m)

Velocities B m  mwlg Measure

Calc. TTimes (and residuals)

Meas. T Times
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s Proof of concept problem, quantum circuit and simulation

¢ Step t t* v d

do 0 0

Initial 10) 10) 10) 10)

& 2y : g — | Sew

t*yg ————+—4mult-4 —.—ph—.—4 —— 4mult_dg
il | Les & & Mult

el — Add

t*y ——7 7 -.——.—7 B

temp ————+—18  -8add—— 8add dg— 8 Flip sign
° ‘ ° Add'
ty 1 1
Mult’

R z
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¢ Step t t* v d

% ’ : Initial 0) 0) 0) |0)
i : : 1 1 1 1
R ; g Setup |—4) | [0) s10+31)+312)+313) 12)

t*yg ————+—4mult-4 —.—ph—.—4 —— 4mult_dg
il | Les & & Mult

e -l — Add

—— o e o

temp ————+—18  -8add—— 8add dg— 8 Flip sign
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¢ Step t t* v d

% ’ : Initial 0) 0) 0) |0)
i : : 1 1 1 1

vo B 3 g Setup |—4) | [0) s10+31)+312)+313) 2)
v : H— |—4) 2 100) + 3 [01) + 2 |02) + 2 [03) 2)

t*yg ————+—4mult-4 —.—ph—.—4 —— 4mult_dg
il | Les & & Mult

e -l — Add

—— o e o

temp ————+—18  -8add—— 8add dg— 8 Flip sign
° ‘ ° Add'
ty 1 1
Mult’
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¢ Step t t* v d
% ’ : Initial 0) 0) 0) |0)
. Setu |—4) | 10) 3100+ 211+ 312)+313) 2)
" : : HE—— G |—4) 2 100) + 3 [01) + 2 |02) + 2 [03) 2)
t*y —————+—4mult-4 —.—ph—.— 4 — 4mult_dg 1
thyp —— 5 5 —.——.—5 8§ Mult |—4) > |00) + ) |21> + 3 |42> + 3 |63> 12)
e m . Add
thy —— 7 7 -.— —.—7 & - -
Flip sign
temp ———+—8 -8dd——— 8add dg— 8
to 0 0 Addf
ty 1 1
.'.
- . : Mult
out 2 x) 1
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¢ Step t t* v d
% ’ : Initial 0) 0) 0) |0)
. Setu |—4) | 10) 30+31)+312+3I3) 12)
" : : H— |—4) 3 [00) 4+ 2 |01) + 2 |02) + 2 |03) 12)
t*y —————+—4mult-4 —.—ph—.— 4 — 4mult_dg
1
anl | e = Mult | —4) 1100) + 3 |21) + 2 |42) + % |63) |2)
i 1 | LS B Add |—4) | 31-40) + 3 [—21)+ 3 [02) + 3 [23) | [2)
i o -l — —
Flip sign
temp ———+—8  -8add——— 8add_dg— 8
to 0 0 AddT
ty 1 1
.'.
tz_. . : Mult
out 2 .0 1
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¢ Step t t* v d
% ’ : Initial 0) 0) 0) |0)
vo I 2 2 R RN — Setup |—4) 10) 2100+ 21+ 312+ 32 13) 12)
v : : = |—4) 1 100) + 1 j01) + 1 |02) + 1 |03) 12)
t*y —————+—4mult-4 —.—ph—.— 4 — 4mult_dg
il | EETE = Mult | —4) 1100) + 3 |21) + 2 |42) + % |63) |2)
i — w. W Add |—4) 2 |—40) + 3 |—21) 4 2 [02) + 2 [23) 12)
— o i — )
el | BN Flip sign | —4) 3 |—40) + = |—21) —= |O2) + 2 |23) |2)
to 0 0 AddT
t 1 1 -'-
tz_. . : Mult
out 2 .0 1
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¢ Step t t* v d
% ’ : Initial 0) 0) 0) |0)
Vo — H 2 2 H h H - )
; Setup |—4) | 10) 2100+ 21+ 312+ 32 13) 12)
v : : - |—4) 2 |00) + 3 |01) + 2 |02) + 3 |03) 12)
t*y —————+—4mult-4 —.—ph—.— 4 — 4mult_dg
il | EETE = Mult | —4) 1100) + 3 |21) + 2 |42) + % |63) |2)
i 1 | LB B Add |—4) | 31-40) + 3 [—21) + 3 |02) + 3 [23) | [2)
. e )
sl | s Flip sign | |—4) 1)-40)+1|-21) —1102) + 1 |23) |12)
t 0 0 AddT | —4) 100y + 1 |21) —1|42) + 1 |63) 12)
t 1 1 -'-
tz_. . : Mult
out 2 .0 1

T
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& Step t t* v d

% ’ : Initial 0) 0) 0) |0)

Vo= H 2 2 g Setup |—4) | 10) 2100+ 21+ 312+ 32 13) 12)

" : : - |—4) 2 |00) + 3 |01) + 2 |02) + 3 |03) 12)
t*y —————+—4mult-4 —.—ph—.— 4 — 4mult_dg

il | EETE = Mult | —4) 1100) + 3 |21) + 2 |42) + % |63) |2)
i 1 LBf.E B Add |—4) | 31-40) + 3 [—21) + 3 [02) + 3 [23) | [2)
. e )
el | . N Flip sign | |—4) 1|-40) + 1 |-21) -2 02) + 1 23) 12)

t 0 0 AddT | —4) 100y + 1 |21) —1|42) + 1 |63) 12)

ty 1 1

1 1 1 1

& 2 : Mult ' |—4) 1100y + 1jo1) — 1 |02) + 1 |03) 12)
out 2 .0 1
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& Step t t* v d
% ’ : Initial 0) 0) 0) |0)
Vo= H 2 2 g Setup |—4) | 10) 2100+ 21+ 312+ 32 13) 12)
" : : - |—4) 2 |00) + 3 |01) + 2 |02) + 3 |03) 12)
t*yg ————+—4mult-4 —.—ph—.— 4 —— 4mult_dg
il | EETE = Mult | —4) 1100) + 3 |21) + 2 |42) + % |63) |2)
i 1 LBf.E B Add |—4) | 31-40) + 3 [—21) + 3 [02) + 3 [23) | [2)
e — )
el | . N Flip sign | |—4) 1|-40) + 1 |-21) -2 02) + 1 23) 12)
t 0 0 AddT | —4) 100y + 1 |21) —1|42) + 1 |63) 12)
ty 1 1
1 1 1 1
& 2 : Mult ' |—4) 1100y + 1jo1) — 1 |02) + 1 |03) 12)
t : : |—4) | 10) 2100+ 311)—212)+ 3 13) 12)
out 2 .0 1




Introduction Theory Proof of concept Discussion
0QO0 0000000000000 0 00000000 00000

Proof of concept problem, quantum circuit and simulation
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— Jupyter Inversion @ Logou
File Edit View Insert Cell Kernel Help Not Trusted ] Python 3 (ipykernel) O
+ < @A B A ¢ PRuin B C W Code v

In [1]1:

In [2]:

In [3]:

Theory
0000000000000 0

from giskit import QuantumCircuit, QuantumRegister, Classic
from qiskit.circuit.library import HRSCumulativeMultiplier,
from qiskit.visualization import plot_histogram, array_to_]
#from qiskit_textbook.tools import vector2latex

from math import pi

from cmath import phase,polar

4 13

QuantumRegister(2,'d")
QuantumRegister(2, 'v')

t = QuantumRegister(4,'t*')

temp = QuantumRegister(1,"temp")
t = QuantumRegister(4,'t')

out = ClassicalRegister(4, 'out')
outv = ClassicalRegister(2, 'out')

d
v
C

mult = HRSCumulativeMultiplier(2,name="mult")

add = CDKMRippleCarryAdder(4,kind='fixed', name="add")
ph = MCPhaseGate(pi,3, 'ph")

groover = MCPhaseGate(pi,1, 'ph')

In [8]:

Out[8]:

Proof of concept
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sim = Aer.get_backend("aer_simulator")

qc_trans = transpile(qc,sim)
qobj = assemble(qc_trans)|

result = sim.run(qobj).result()

counts = result.get_counts()
plot_histogram(counts)

o
~
()

Probabilities
o
v
o

0.25 1

0.00 -

1000

Discussion
00000
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Theory
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o

®.008.006

1.00 0.896

0.75 1

wv

Q

=

=

© 0.50

o]

[}

&

0.25 1

0.00 - 0.009.019.000.01®.00D.008 0.009.008.009.009.00D.00D.008.00
O YN O YO Y O YO ~v~ O ~ O ~ O
S O ~N~Y~N O O v ~NY O O vy © O
O O O O Y N NN O O OO N NN
O © O O © O O O N N N N N N N

d0g
do,
dlo
dl;
v0o
v0q
vlp
vl
t*,
t*,
t*,
t*sg
temp
t0o
t0,
t0;
t03
tlo
t1,
tl,
tls

outv0

outvl =

Proof of concept
000000800

Discussion
O0000



Introduction Theory Proof of concept Discussion
0QO 0000000000000 0 000000080 00000

General Form

Setup  Set Sign Mirror Set Sign Mirror Set Sign Mirror Measurement
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Yy General Form: Set Sign

Modelling Residuals Sign Flip Residuals’ Modelling!
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W Discussion
Set Compute Increase the Read model
superposition _residuals probability with smallest
of velocity using quantum of the smallest residual
models parallelism residual

Time Complexity This algorithm follows the same structure of the Grover’s Quantum
Search Algorithm. The number of applications of mirror has been found

to be O(v/'N) where N is the number of models.
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Yy Discussion

Computing in superposition The main attractive is using quantum superposition. It can
calculate the residuals on a set of velocity models in parallel. It is not
possible to get all of them but just one, so other stages are needed.

Only forward modelling and residual calculation There is no need to compute gradients
or Hessians because the whole velocity space is searched in parallel.

Encodings Classical computers use floating point formats to encode the optimization
values. The number of available qubits constrains the range and precision
of the numbers in the quantum calculations. There are more ways to
encode numbers using qubits that can be explored.
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