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Y3 Introduction

= Statistical and machine learning techniques can be broken into two broad classes:
» Linear regression and classification techniques.
= Nonlinear regression and classification techniques.

* |n this talk, | will focus on the relationship between linear and nonlinear regression
techniques.

* |n geophysics, we are familiar with the primal least-squares approach, and | will
first review that method.

= | will then introduce the dual representation, which can be derived from the primal
method with a pre-whitening term.

= | will show that nonlinear regression techniques can then be derived using the
kernel substitution approach, which is based on the dual representation.

* | will show several simple model examples and then finish with a case study from
the Blackfoot dataset.



A

% The linear model

" In geophysics and machine learning, the linear model is written:

y = Xw, where:
_yl_ B Xi e xlD_ _WO_
o L B L e "
| Vy | 1 Xy o Xy Wy |

" In the above model, y is a vector of N observations, X is matrix consisting of
D columns of attributes, or features, plus a column of ones, and w is a vector
consisting of D+1 weights, where w, is called the bias.

= Examples of this model include AVO analysis, predicting a reservoir
parameter from multiple attributes, and seismic tomography.



s The linear basis function model

= The linear basis function model is an extension of a linear model where x is
replaced with M+1 nonlinear basis functions ¢(x), or:

Y, =wdy (x,)+twa(x,)+...+w,9,(x,), i=1,...,N

= As with the linear model, the linear basis function model can be written in matrix
format as follows, but note that this is now an N x M+1 dimensional matrix:

y = Ow, where
_yl_ _¢o(x1) g(x) ... ¢M(xl)_ _Wo_

V> 9(x,) o(x,) ... ¢,(x,)

,and w =

YN _¢o(xN) g (xy) ... ¢M(xN)_ Wiy



Yy Basis functions

= The two most common basis functions are the polynomial and the Gaussian (a
third is the sigmoidal function, but | will only discuss the first two today).

= |f we consider the case of D =1, the polynomial function is written:
¢j(xl.) = xl.j,j =0,1,.... M
= |f we substitute the polynomial function into the previous equation, we get:
Y, =W, F WX, WX, .+ w, X
= The Gaussian function is written:
(Xl. o :uj)z
20"

:l,where A, = mean values, and o = variance.

¢j (‘xi) — eXpl:_
= |f we substitute the Gaussian function into the previous equation, we get:

(xi_lLl)z (xi_:u )2
yl,:woexp{— 2020 +...+w, exp| — 202M




v Solving for the weights — the primal and dual solutions

= You will be familiar with the primal least-squares solution given by:
w=(0'0+1,,) Oy,
= where ®’® is the inner product of ®, A is the pre-whitening term and /. , is the
M+1 x M=+1 identity matrix.

= The pre-whitening form of the inverse also allows us to derive the dual form of the
solution (see Appendix), given by:

w=0 (00" +1,) y
= where ®®’ is the outer product of ®, an N x N square matrix, and A/, is a pre-
whitening term that now uses the N x N identity matrix.
* Note that we can introduce an M+1 x N size matrix @7, called the generalized
inverse, which is identical for both formulations:

o' =(0'D+ AL, ) O =0 (OO + A1)
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‘'+* Linear polynomial regression

= The simplest example has D=1, M =1, and
N =3 points:

Input Points

4.0

x=|x,|=|2landy=|y, |=|3 aﬂrvﬂinr

This gives a set of 3 equations with 2
unknowns:

Vi =W, T WX,

V) =Wy T WX,
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DGDG ;5 lh IE EE EE 35 EE
V3 =W, T WX; X
= Since N> M+ 1, this is called the over-determined case, since there are more
observations than unknowns.

4.0
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s Primal and dual least-squares solution .

Linear Regression
40 T . .

These equations can be written in matrix
form as:

SIS
o

y =Ow, where w = D=1 2.
" 3

= Using 4= 0 for the primal solution and 10-¢ - * *
for the dual solution we get the generalized °% o5 15 15 20 25 30 35 a0

. . . X

regression : L
inverse solution bel_ow and the regressio « The linear regression line can be
line shown on the right:

written for each point x as:

w
— y =11 "= 0o TW
w{4/3 1/3 2/3} : :{ 1} (x)=| X]{WJ Wy + WX

-z 0172 For the open circle, this gives:
Y(2.5)=1+0.5(2.5)=2.25




Y The kernel matrix

It is obvious that inverting the 2 x 2 matrix in the primal form is more
efficient than inverting the 3 x 3 matrix in the dual form.

But if we write the outer product matrix in its expanded form, we find that:

|- | 1+x7  1+xx, 1+xx,

1 1 1
OO =|1 x, LC . x}: I+xx 1+x  1+x,x,
1 x| I 1+xx, l+xx, 1+x

= Notice that this means that the matrix multiplication can be written in
an alternate way, where each term is computed analytically:

K, =00" =1+x.x,

= This is called the kernel matrix and is the fundamental idea of this talk.
= Before looking at the general case, let's go to quadratic polynomial regression.



'ty Quadratic regression

If we let p =2 in the polynomial equation, we get 3 equations with 3 unknowns:
Y =Wy twx, + szlz
Yy =Wy TWX, szz2
Y3 =Wy T WX + szs2

= These three quadratic equations can be put into the following matrix form,
where the third column of X is equal to the square of the x values:

o K =

11 W,
y:CDw,WhCI'eCD: 1 2 ,andw: Wl .
_1 3 W,

= Since ® is now square it can be inverted directly, and both the primal and dual
solutions will give the same answer without any pre-whitening.



'+ The quadratic regression fit ,

= The quadratic fit to our points can 10 _ Quadratic Regression

therefore be computed as follows: i i i i i i i

w, | (11 1] [ -4 L A s a2 ]
w [=|1 2 4| [3]|=| 65 3 I S R N A
w, | |13 9] 2] |-1.5] oA e

= The resulting fit is shown on the ' ' ' ' ' | '
right and is as follows:

P(xX)=—4+6.5x-1.5x" = .

A 0.0 I}ES IEIZI 155 EEIZI 255 E'rEIII 355 4.0
$(2.5)=-4+6.5(2.5)—1.5(6.25) = 2.875 .

= Notice the perfect fit, but how rapidly it becomes negative to the left and right of the
points, unlike the linear fit.
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‘'+* The dual product in quadratic regression

The outer product matrix for the quadratic case is:

2 4 2 2 2 2
1+x +x I+xx, +x7x;  1+xx;,+xX]
O’ =| 1+ +x2x? 1+ x> +x2 1+ + x2x?
2 2 2 2 2 4
I+ xx + x4 xx, +xx; I+xy+xy

= This suggests that the kernel matrix be written as follows, which is very close
to the correct answer except for one extra xx; term:

2 2
— ~ T . _ 2.2
K, =(1+xx,) ~®®7, since(l+xx,) =1+2xx, +x/x]

= Before leaving this simple problem, let’s look at the cubic polynomial, since it
will teach us the important concept of over-fitting.



‘'s* Cubic regression .

If we let M =3 in the polynomial equation, we get 3 equations with 4 unknowns,
which is the underdetermined case since we have more unknowns than

observations: ) :
yl = WO + Wl)C1 + szl + W3X1
y2 = WO + Wl)C2 + w2x22 + W3X§

. 2 3

= These three linear equations can be put into the following matrix form, where
the fourth column of @ is equal to the cube of the x values:

_ - WO
1 1 1 1
W
y=Ow,where =1 2 4 8 |, andw = 1
w
1 3 9 27 ?
i _ oy



'y Cubic regression solution "

For the cubic solution, the primal form now , | Cubic Regression_
needs pre-whitening, whereas the dual form | | | |
gives the correct answer without pre-whitening:

—0.768 |
e R R I

—0.539 |

The resulting fit is shown on the right and is
as follows: However, since this problem
Px) = —0.768 +0.575x +1.732x* —0.539x> = Is over-determined, the

5 5) = 076840 5 5y 11 732(6.25)— 0.539(15.62 solution overfits the problem
$(2.5)=-0.768+0.575(2.5)+1.732(6.25) - 0.539(15.625) it an extra “swing’”
= 3(2.5)=3.077
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‘'+* The dual solution to cubic regression

Now let’s write the outer product matrix for the cubic regression problem:

2 4 6 2.2 3.3 2.2 3.3
1+x +x +x I+ xx, +x7 x5 +x'x5  1+xx;, +x7x; + X7 X5
Tr _ 2.2 3.3 2 4 6 2.2 3.3
2.2 3.3 2.2 3.3 2 4 6
T xx + gy gy 14X, Hx, + x5, I+xy+xy+x7

= This suggests that the kernel matrix be written approximately as follows, which
has two extra x;x; and x;x* terms from the matrix multiplication:

3 3
_ N T _ 2.2, 3.3

= | think you can see a pattern here as we move to higher polynomiais!
= Next, let's look at the general theory of kernels.
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Y Kernel functions

What | have been leading to with the simple three-point polynomial regression
example is that we can re-write the dual formulation as follows:

w=0" (K+AI, )_1 y, where K 1s called the kernel matrix.
By using what is called kernel substitution, or the kernel “trick”, we can obtain
the kernel matrix K as a function of the x; and x; terms, which for the A" order
polynomial can be written as follows:

K, =k(x;,x;)= (1+xl.xj)M
Another way to write the above equation is as follows:

w=®"a, wherea=(K+Al,) y=[a, - a,] are called the dual variables.



s Applying the kernel function

The kernel substitution trick allows us to compute the kernel matrix without
having to know the matrix ©.

But how do we deal with the term ® in the computation of the weights?

To understand this, note that we are only interested in the application of the
weights, so we can compute the output as:

Y(x) = k(x,x,)a

That is, the output at each sample x simply applies the kernel function between
the output sample and each training sample.

For example, with the polynomial kernel we get:
P(x)=a,d+xx)" +...+a,(1+xx,)"

The results of applying this method to our three-point problem is shown in the
next slide.
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* Polynomial kernels

Linear, quadratic, and cubic regression
fits for the 3-point example, where the
solid lines use the matrix approach and
the dashed lines use the kernel approach,

Note that the linear fit is perfect, the
quadratic fit is close to perfect, but the
cubic fit deviates as we move left.

Obviously, going to higher order
polynomials does not make sense for the
three-point problem.

18

Polynomial Kermel Regression : M = 1,2.3

I | I
- 1+ R I_________ _'__'____Ir_'__'____'r' -TT T

-2

1 1 1
i i i

_]_ i I N N A, . . NI S, T
! ! | |

So let’s now looks at a more complex ten-point noisy sine wave example,
which will show the full advantage of using the kernel method.




‘'+* Noisy sine wave polynomial fits

Here are the linear, quadratic and
cubic polynomial kernel
regression fits for a noisy sine
wave example.

The fits are close to those done
using matrix polynomial
regression.

However, as seen on the next
slide, using the kernel method
makes it much easier to compute
higher order polynomial fits.

19

Linear, Quadratic and Cubic Regressions
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v* Noisy sine wave 10t order polynomial kernel fit .

Here is the polynomial kernel 10th order Polynomial Kernel Regression

regression fit for the noisy sine 20 ; ; ; ; : ; :
wave example using M = 10. T e T S o S
Since M = N, the number of points, SN B B e it
the fit is now perfect for each point. 0.5 fom-emfi g oot e o S
However, note the wild downward > o0 e AL
and upward swings at each end of AP A NN U MRS W ¥ S S— Y —
the fit, which means that we have ol S . )
only done an exact fit within the | | | |

range of points shown here. [ N R R S A R
This is therefore an example of 000 s o0 —os 0o o0s 10 15 20

overfitting.
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The Gaussian kernel

Next, let's move to the Gaussian kernel, which can be written as:

K. =exp

y

(xi _xj)2
- 20°

For our 3-point problem, this can be written out in full as:

exp

exp

p{
p{

20"

(x; — x2)2 }

(x3 - xz)z :|

20"

(X, — X, )2
cX —
p{ 207

(X, — X )2
cX —
p{ 207

:
|

, SINCC eXp|:—

21

(xi _xi)2 _
20 =1



A'L
Ay '1
9

The Gaussian kernel

The results of the Gaussian kernel inversion are applied to predict the
unknown from the known points as follows:

y(x)=a¢ +a,p, +...+a,d,, where

J— 2 —
) :exp{—(x2 le.) },izl,...,N, anda=(K+A1,)" y.
o

For the 3-point problem, this can be written as follows for each computed value:

);(.X') = a, €Xp |:_ (X12_ ;C)z :|‘|‘ a, CXp |:— ()C2 - ';C)Z :| +a, exp |:_ ()C3 - X)2 :|

o 20 lom

The results of applying the Gaussian kernel to our three-point and noisy
sine wave examples are shown on the next slide.

22



A

s Gaussian kernel regression for 3 and 10-point examples -

Gaussian Kernel Regression - sigma = 1 Gaussian Kernel Regression
1 1 ! ! | | | 1 1

2.0

| |
[ EE E—

: 1 1 1 |

1 1 1 1 1 1 1

i i i i i i i

05 ---3----
1

1 1 1 1 1
i i i i i
_l D o e o e o s o s o ] o e s o] s s o e ot s s o s e e e e st s - s
. 1 1 1 1 1 1 1
i i i i i i |

1 1 1 1 1 1 1
1 1 1 1 1 [
_]_ 5_ S U RSN [ROUNOS Ut USRNSSR L. SRR .| NS I S
- 1 1 1 1 1 1 1
1 1 1 1 1 1 |

¥ 2.0 -1.5 -1.0 -0.5 0.0 0.5 10 15 20
X
Here is the result of applying Gaussian Kernel regression to our three and

ten-point examples using o= 1.0.

Notice that we get a perfect fit to the points and that the values trend quite
well beyond the first and last points.



'+' The Radial Basis Function Neural Network gRBFNZ 24

The Gaussian kernel method is also a type of Radial Basis Function Neural
Network (RBFN).

Radial basis functions were introduced by Powell (1987) to perform exact function
interpolation and were then recognized as a type of regression neural network.

They were first introduced into seismic reservoir prediction by Ronen et al. (1994).

They are called radial basis functions because each function depends only on the
radial distance from a center y, or:

40 =h(Jx-s

When the number of radial basis functions equals the number of points, we get
full interpolation: N
f ) =2 wh(x=x])
i=l

There are many types of radial basis functions, but the most common one is
the Gaussian, which is identical to the Gaussian kernel method.

), where /4 = a radial basis function.
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The Generalized Regression Neural Network

The Generalized Regression Neural Network (GRNN), is like the Gaussian
kernel method except than no matrix inversion is involved.

Recall that Gaussian kernel regression was written:

(x_xi)2

lom

y(xX)=ad +...+a,9,(x,), @ =exp{— },izl,...,N, a:(K+ﬂJN)_1 y.

The GRNN is written as follows:

P(x) = Yo +"'A;|_yN¢N(xi), where ¢ IGXP{— (xz_le)z}
e :

In other words, the GRNN is a weighted sum of the input points where the
weights themselves are normalized Gaussian kernels.

25
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v GRNN result for the three and ten-point examples 2

GRNN Result GRNN Result

The application of GRNN for the three and ten-point examples using o= 0.25.

Note that the method extrapolates both the first and last values at the start and
end of the plot.



Sedimentary Basin, in
which we predict
density logs

vt
' Real data example o7
. . view 2 Seismic Selamic ‘“”3 Inversion | Impedance (mfs}(g!ccll
= FlnaIIy, | will apply J SR e ) P e e 17370

several of the 1 5 =yl - L L
teCh N |q ues we have -é.- g7 5 L ’él et L L - ( IE:; DR 1 I s O 0 L :’:Z
discussed to the F il | - e

. . . 1000 00 0.4 1000 12989
prediction of reservoir 49?{{!( »{ oo |, N -
parameters from } e | I —

. . . 1030 )») J’ s 1030 10799
seismic attributes 1050 DI ;?ﬁ%}\ }222 0w | o (LEELIT TSRS
(Hampson et al., 2001). | - 1{ ,_;,,WW el -

= | will use a channel o | -
sand example from the 100 . . | e
Western Canadian - P))))BBS%S{ W(WWM‘ | 4230

A line from the input seismic
volume, with the acoustic
Impedance log spliced in at
its location.

A line from the acoustic
Impedance volume, where
the channel sand is located
below a time of 1070 msec.



A

1s¢  Extending the kernel method to multiple attributes 28

The 1D case can be extended to multiple dimensions by letting x; be the D+1
dimensional row vector for each of the N observed density values, where D is
equal to the number of attributes:

xl.T=[1 Xy .- xiD],izl,...,N.

The kernel solution is then given by:

p(x)=a¢ +a,@, +...+a,d,, where the two kernels are:

1) :(1+xl.ij)M,a :(Kl.j +/UN)_1 p, K, :(l+xl.ij)M,i,j =1,..., N (Polynomial)

le-x ,
¢ =exp| ——— a=(K,+Al,) p,K,=exp|-

.
X~ )|

S ,i,j=1,..., N (Gaussian)
o

2

|x-x,

lom

The GRNN approach simply uses the Gaussian kernel: ¢ =exp




Yy Real data example .

« Here is a comparison S ltoer g oty [, nodgrogaon ootk _Ditarm)
between multi-linear 050 | el | o Y
regression (M =1) and s S e T iii;‘
the backpropagation . . ‘lllﬂh!!ﬂﬂnm .
network, which we did ~ Z 1000 , St et il [l s L
not discuss today. £l o “__'Z:;-!___J -

= The multi-linear o R | e eeerie -
regression solution . o e -
shows more continuity, o || T _ __ 2
but the backpropagation | - w | o ' =-"-f- s -
network shows higher N 200 J“Hgl!!@i h”i”' 'JE l&u- .
frequencies. o ”

= | have not yet had a chance to implement the full polynomial kernel method in
the real data case but expect it to produce a higher frequency result.



Yy Real data example .

= Here is a comparison m o s f“‘:f“?;ii“i - E"l"“ﬁ“‘g’:‘;{} - . SN D:“"’EH,“‘E":‘:JD
. - g g ) i b " S e DUl ) o
between the Gaussian "k o | S TR )
. " RIS TN 2574 AR “1"'7""’ 2574
kernel regression, or Z| = e -r__.,._,-.v:*::w
- 970 B 2556 g H#hlwh"'"""“"""‘h. 2556
RB F, methOd and the E 980 2547 930 g "‘""ﬂ-uu.._‘f-': vy .}.E:H'” ! 15'!“ *-u-ii‘ 2547
= 2538 ag0 = "'"""“n-mm,._,_,.m s 2533
GRNN approach. 1000 » t:;f;;:_:_ _ wo | S -am.__ﬂ .
* The GRNN method | —'—-’«n!emr 4‘““,'; = | I
. . ‘*}F?‘—t‘:r—~.-1z._ = ! ;:i
seems to give the == o | -
highest frequency result 0% -§ . | o e
of all four methods, but o | ool -
the RBF method is - | 2o
closer to the previous 1100« wa |09 e
two results. L 2400 2400

= Note that all four analysis methods were able to clearly image the channel sand
at a time of 1070 msec.
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Conclusions

In this talk, | discussed the relationship between linear and nonlinear regression
techniques.

| started by introducing the linear basis function model.

| then compared primal and dual least-squares inversion of this model and
showed that the primal approach inverts a much smaller matrix.

However, by using kernel substitution, | showed that the dual representation leads
to two nonlinear regression approaches: polynomial kernel regression and
Gaussian kernel regression.

| then applied these methods to both a simple three-point example and a more
complex ten-point noisy sine wave example.

| then discussed the radial basis function method, which is identical to the
Gaussian kernel method, and the related generalized regression method.

Finally, | applied these approaches to a density prediction problem using a real
dataset from Alberta.
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* Appendix: The dual regression solution a4

Polynomial regression using the covariance, or inner product, matrix X2.X with
ridge regression is called the primal solution and is written:

w=(XTX+l,.,) Xy

To derive the dual solution, we start by bringing the inverted term back to the left

side: ,
(X X+l

p+1

)w =Xy
This can then be re-arranged as: X' Xw+Aw=X"y

Further manipulation
gives:
Factoring out the transpose of X then gives

w=XT/1_1(y—Xw)

w=/1_1(XTy—XTXw)



"+ Appendix: The dual regression solution

This can be written as: w=X"a, wherea=A1" (y —Xw)

Now comes the “trick”, where we re-substitute the X’a form into w:
Aa=y—-Xw=y—-XX"a

This can then be re-arranged as: Aa=y—XX"a

We then group the a terms:  (XX" +2)a=y

We now re-substitute this into the definition of w to get:
a :(XXT +/UN)1 y

Finally, re-substitute into the weight equation to get the final form of the dual
regression solution:

w=X'a=X"(XX"+L,) y

35
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Appendix: The dual regression solution

That was a complicated derivation, but all you need to remember is the
final equation for dual regression:

1

w=X"(XXT+A1L,) y
Compare this with the equation for primal regression:
w=(XTX+AL,,) Xy

Notice that this tells us that:

-1

XT(XXT+ A1) =(X"X+AL,,) X

That is, the weights can be computed using either an inverse containing the
N x N matrix XX* or the p+1 x p+1 matrix X.X.

36



	The dual representation and its application to seismic reservoir analysis
	Introduction
	The linear model
	The linear basis function model
	Basis functions
	Solving for the weights – the primal and dual solutions
	Linear polynomial regression
	Primal and dual least-squares solution
	The kernel matrix
	Quadratic regression
	The quadratic regression fit
	The dual product in quadratic regression
	Cubic regression
	Cubic regression solution
	The dual solution to cubic regression
	Kernel functions
	Applying the kernel function
	Polynomial kernels
	Slide Number 19
	Slide Number 20
	Slide Number 21
	Slide Number 22
	Slide Number 23
	Slide Number 24
	Slide Number 25
	Slide Number 26
	Slide Number 27
	Slide Number 28
	Slide Number 29
	Slide Number 30
	Conclusions
	Acknowledgements
	References
	Slide Number 34
	Slide Number 35
	Slide Number 36

