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Part one Introduction to Fourier neural 
operator
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1. Fourier neural operator

F

ଵ ଶ

Motivation

Explicitly solve the wave equation, 
based on the discrete gird pints of the model.

Learn to acquire 𝒜,𝒫ଵ, 𝒫ଶ, which offer reduced 
computational complexity compared to F.

Fourier neural operator：
(a) Fast speed. 
(b) Grid free.
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1. Fourier neural operator

𝑁୶
𝑁௭
𝑑୵ 𝑈ଵ(𝑥, 𝑧,𝑤)

𝑁୶
𝑁௭
𝑑୵ 𝑈௟(𝑥, 𝑧,𝑤)

𝑁୶
𝑁௭ 𝑈௢௨௧(1, 𝑥, 𝑧)𝑈௜௡(𝑡௜௡, 𝑥, 𝑧)

𝑁୶
𝑁௭
𝑡௜௡

P1 P2

Fourier layer
Project data into Higer dimension 

Projecting data into physics dimension 

The basic structure of the Fourier neural operator.
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2. Clifford Fourier neural operators

Conventional 1 layer of FL 
Data of previous layers
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2. Clifford Fourier neural operators

1D convolution operation

1D convolution 
kernel 

Conventional 1 layer of FNO 

Learning localized wavefield 
features, i.e., how the phases of
the wavefields changes at the
geological interfaces.
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2. Clifford Fourier neural operators

FFTFFT with respect to x direction

Inverse FFT with respect to x direction

Multiplication with a 
matrix with the 
FFT data

Conventional 1 layer of FNO 

𝜃௫௟ ∈ ℂ௞ೝ×௞ೝ𝑘௥ : Hyperparameter 
of trainingLearning nonlocalized wavefield 

features, i.e., the speed and the
direction of the wavefields.
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2. Clifford Fourier neural operators

FFT

Batch normalization 

Summation

Activation 

Conventional 1 layer of FNO 
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2. Clifford Fourier neural operators

tଵ tଶ tଷ
tସ tହ t଺ t଻ t଼

𝑁௧೔೙ = 3

𝑁௧೚ೠ೟ = 5

𝑁௭
Roll out training method
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2. Clifford Fourier neural operators

tଵ tଶ tଷ tସ

One step training method

tଶ tଷ tସ tହ tଷ tସ tହ t଺𝑁௧೔೙ = 3

𝑁୶
𝑁௭

𝑁୶
𝑁௭

𝑁୶
𝑁௭

𝑁௧೚ೠ೟ = 1 𝑁௧೔೙ = 3
𝑁௧೚ೠ೟ = 1 𝑁௧೔೙ = 3

𝑁௧೚ೠ೟ = 1

Training stage
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2. Clifford Fourier neural operators

tଵ tଶ tଷ tସ

One step training method

tଶ tଷ tସ tହ tଷ tସ tହ t଺𝑁௧೔೙ = 3

𝑁୶
𝑁௭

𝑁୶
𝑁௭

𝑁୶
𝑁௭

𝑁௧೚ೠ೟ = 1 𝑁௧೔೙ = 3
𝑁௧೚ೠ೟ = 1 𝑁௧೔೙ = 3

𝑁௧೚ೠ೟ = 1

Validation stage
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Part two Clifford Fourier neural 
operators.
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2. Clifford(Quaternion) Fourier neural operators

A quaternion is a complex number defined in a four-dimensional 
space as 𝟏 𝟐 𝟏 𝟐

real numbers
1, 𝟏 𝟐 , 𝟏 𝟐 quaternion unit basis

Clifford Fourier neural operator is the complex number extension of the 
real number valued Fourier neural operator.

Quaternion algebra can be seen as a specific instance of a Clifford 
algebra.
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2. Clifford(Quaternion) Fourier neural operators

𝟏 𝟐 𝟏 𝟐
Real part Imaginary part

∗ 𝟏 𝟐 𝟏 𝟐Conjugate

𝟏
Real part Imaginary part

∗ 𝟏Conjugate

Complex number

Quaternion number
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2. Clifford(Quaternion) Fourier neural operators

Quaternion unit basis:𝟏𝟐 𝟐𝟐

𝑄ଵ ⊗ 𝑄ଶ = 𝑟ଵ𝑟ଶ  − 𝑥ଵ𝑥ଶ − 𝑦ଵ𝑦ଶ − 𝑧ଵ𝑧ଶ  +  𝑟ଵ𝑥ଶ + 𝑥ଵ𝑟ଶ + 𝑦ଵ𝑧ଶ − 𝑧ଵ𝑦ଶ 𝐞𝟏+𝑟ଵ𝑦 − 𝑥ଵ𝑧ଶ  + 𝑦ଵ𝑟ଶ + 𝑧ଵ𝑥ଶ 𝐞𝟐 +  𝑟ଵ𝑧ଶ + 𝑥ଵ𝑦ଶ − 𝑦ଵ𝑥ଶ + 𝑧ଵ𝑟ଶ 𝐞𝟏𝐞𝟐
𝑄ଵ = 𝑟ଵ + 𝑥ଵ𝐞𝟏+ 𝑦ଵ𝐞𝟐+ 𝑧ଵ𝐞𝟏𝐞𝟐 𝑄ଶ = 𝑟ଶ + 𝑥ଶ𝐞𝟏+ 𝑦ଶ𝐞𝟏+ 𝑧ଶ𝐞𝟏𝐞𝟐Quaternion product

𝑄ଵ ⊗ 𝑄ଶ = 𝑄ଵ · 𝑄ଶ + 𝑄ଵ ∧ 𝑄ଶInner product Wedge product

𝟏 𝟐 𝟐
Pseudoscalar
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2. Clifford(Quaternion) Fourier neural operators

The nature ability to 
represent 
multi-dimensional 
data

Conventional ML methods represent multi-dimensional 
data along the channel dimension

Quaternion represent multi-dimensional data as an 
entity . 

RGB image

Batch size Channel size Feature dimension

Batch size Channel size Feature dimension
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2. Clifford(Quaternion) Fourier neural operators

+୰ + 𝟏 𝟏+ 𝟏 𝟐 𝟏𝟐 𝟏 𝟐

𝐫 ୰ ୰ - ଵ ଵ - ଶ ଶ - ଵଶ ଵଶ
ଵ ୰ ଵ + ଵ ୰ + ଶ ଵଶ - ଵଶ ଶ
ଶ ୰ ଶ - ଵ ଵଶ + ଶ ୰ + ଵଶ ଵ
ଵଶ ୰ ଷ + ଵ ଶ - ଶ ଵ + ଵଶ ୰

Real valued neural 
network for 1 channel calculation

Quaternion 
valued neural 
Network for 1 
channel calculation.

Quaternion 
neural network 
product
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2. Clifford(Quaternion) Fourier neural operators

View multidimensional data 
as multi-vector: 

a 𝟏+ c 𝟐+ d 𝟏 𝟐
a

1 𝐞𝟏 𝐞𝟐 𝐞𝟏𝐞𝟐

b

c
d

௟
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2. Clifford(Quaternion) Fourier neural operators

Partial derivative velocity 
wavefields viewed 
as Quaternions: 

௫ ௫ ௭ ௫ 𝟏+ ௫ ௭ 𝟐+ ௭ ௭ 𝟏 𝟐
𝜕௫𝑉௫

1 𝐞𝟏 𝐞𝟐 𝐞𝟏𝐞𝟐

𝜕௭𝑉୶𝜕௫𝑉௭𝜕௭𝑉௭

௟
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2. Clifford(Quaternion) Fourier neural operators

𝑈௟ 1, 𝑥, 𝑧, 4 =  𝜕௫𝑉௫ ∗ 1 + 𝜕௭𝑉௫ 𝐞𝟏+ 𝜕௫𝑉௭ 𝐞𝟐+ 𝜕௭𝑉௭ 𝐞𝟏 𝐞𝟐 =   𝑠௟ 𝑥, 𝑧 + 𝐞𝟏 𝑣௟(𝑥, 𝑧)
𝜕௫𝑉௫

1 𝐞𝟏 𝐞𝟐 𝐞𝟏𝐞𝟐

𝜕௭𝑉୶𝜕௫𝑉௭𝜕௭𝑉௭
+

𝑣௟(𝑥, 𝑧)
𝑠௟ 𝑥, 𝑧

Spinor part 𝑠௟Vector part 𝑣௟
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2. Clifford(Quaternion) Fourier neural operators

F௫,௭ିଵ

𝜅୪

𝜃୶୪
F௫,௭

+ Rel
u

𝑣௟(1, 𝑥, 𝑧)𝑈௟(1, 𝑥, 𝑧, 4) 𝑠௟(1,𝑥, 𝑧)

𝑣௟(1,𝑘௫ , 𝑘௭)𝑠௟(1,𝑘௫ , 𝑘௭)

𝑈௟ାଵ(1, 𝑥, 𝑧, 4)
𝑁୶𝑁௭ 𝑁୶𝑁௭

𝑁୶𝑁௭𝑁௞ೣ𝑁௞೥ 𝑁௞ೣ𝑁௞೥

𝑁୶𝑁௭ 𝑁୶𝑁௭
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Part three Numerical training results
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3.Numerical training results.

Examples of the training model
Obtained from the OpenFWI dataset, 
Chengyuan Deng, et al. 2021

100 Vp models are used for training (Grid size 50×50)
Vs and density are obtained by scaling the Vp model.

10 models are used for validation.

Labeled data (wavefields) are obtained with the 
finite difference method.  
(10 order accuracy in space, 2 order accuracy in time )

The Clifford neural networks are developed by a 
Microsoft team. 

Johannes, et al ICLR 2023
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3. Numerical training results.

Training loss Validation loss

Training loss and validation loss with different ௪
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3. Numerical training results.

Training loss Validation loss

Training loss and validation loss with different ௥
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3.Numerical training results.

Rollout training

tଵ tଶ tଷ
tସ tହ t଺ t଻

t௢௨௧

𝑁௧೔೙ = 3
𝑁௧೚ೠ೟ = 300
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3.Numerical training results.

Rollout training

tଵ tଶ tଷ
tସ tହ t଺ t଻

t௢௨௧

𝑁௧೔೙ = 3
𝑁௧೚ೠ೟ = 300
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3.Numerical training results.

One-step training(Validation)

tଵ tଶ tଷ tସ𝑁௧೔೙ = 3

𝑁୶
𝑁௭

𝑁௧೚ೠ೟ = 1
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3.Numerical training results.

tଵ tଶ tଷ tସ𝑁௧೔೙ = 3

𝑁୶
𝑁௭

𝑁௧೚ೠ೟ = 1

One-step training(Validation)
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4. Conclusion and feature study.

Clifford (quaternion) neural network is trained to learn to solve the 
elastic wave equation.  The overall predicted results are promising. 

Quaternion numbers are used to represent the multi-dimensional 
elastic wavefields. 

Conclusion

Feature study
Discover the mesh-free feature of the FNO and
implement it into inversion.
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