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Introduction

δ𝑑𝑑 = 𝑑𝑑0 − 𝑑𝑑𝑚𝑚1) Data residuals

Waveform inversion
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Introduction
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2) Reflectivity residual

Waveform inversion



5

Introduction

δ𝑑𝑑 = 𝑑𝑑0 − 𝑑𝑑𝑚𝑚

δ𝑅𝑅 = 𝑆𝑆𝑆𝑆𝑆𝑆[𝑀𝑀𝑀𝑀𝑀𝑀 δ𝑑𝑑 ]

g = 𝐼𝐼𝐼𝐼𝐼𝐼 δ𝑅𝑅

1) Data residuals

2) Reflectivity residual

3) Gradient

Waveform inversion



6

Introduction

δ𝐼𝐼 = λ𝑀𝑀

δ𝑑𝑑 = 𝑑𝑑0 − 𝑑𝑑𝑚𝑚

δ𝑅𝑅 = 𝑆𝑆𝑆𝑆𝑆𝑆[𝑀𝑀𝑀𝑀𝑀𝑀 δ𝑑𝑑 ]

g = 𝐼𝐼𝐼𝐼𝐼𝐼 δ𝑅𝑅

1) Data residuals

2) Reflectivity residual

3) Gradient

4) Velocity perturbation

Waveform inversion



7

Introduction

δ𝐼𝐼 = λ𝑀𝑀

δ𝑑𝑑 = 𝑑𝑑0 − 𝑑𝑑𝑚𝑚

δ𝑅𝑅 = 𝑆𝑆𝑆𝑆𝑆𝑆[𝑀𝑀𝑀𝑀𝑀𝑀 δ𝑑𝑑 ]

g = 𝐼𝐼𝐼𝐼𝐼𝐼 δ𝑅𝑅

1) Data residuals

2) Reflectivity residual

3) Gradient

4) Velocity perturbation

5) Velocity update 𝐼𝐼𝑘𝑘+1 = 𝐼𝐼𝑘𝑘 + δ𝐼𝐼

Waveform inversion



8

Introduction

δ𝐼𝐼 = λ𝑀𝑀

δ𝑑𝑑 = 𝑑𝑑0 − 𝑑𝑑𝑚𝑚

δ𝑅𝑅 = 𝑆𝑆𝑆𝑆𝑆𝑆[𝑀𝑀𝑀𝑀𝑀𝑀 δ𝑑𝑑 ]

g = 𝐼𝐼𝐼𝐼𝐼𝐼 δ𝑅𝑅

1) Data residuals

2) Reflectivity residual

3) Gradient

4) Velocity perturbation

5) Velocity update 𝐼𝐼𝑘𝑘+1 = 𝐼𝐼𝑘𝑘 + δ𝐼𝐼

Waveform inversion



9

Introduction

• Log calibration
• Minimize difference 

between the 
gradient & δvel in 
the well

δ𝐼𝐼 = λ𝑀𝑀
Log validation 
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Introduction

• Log calibration
• Minimize difference 

between the 
gradient & δvel in 
the well

• Line search
• Minimize data 

residuals

δ𝐼𝐼 = λ𝑀𝑀 δ𝐼𝐼 = μ𝑀𝑀
Log validation Data validation
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Introduction

δ𝐼𝐼 = μλ𝑀𝑀

δ𝐼𝐼 = λ𝑀𝑀 δ𝐼𝐼 = μ𝑀𝑀
Log validation Data validation
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Data validation
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Data validation

𝐼𝐼𝑘𝑘+1 = 𝐼𝐼𝑘𝑘 + μ𝑘𝑘𝑀𝑀𝑘𝑘
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Data validation

μ𝑘𝑘 = βα𝑘𝑘

𝐼𝐼𝑘𝑘+1 = 𝐼𝐼𝑘𝑘 + μ𝑘𝑘𝑀𝑀𝑘𝑘
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Data validation

μ𝑘𝑘 = βα𝑘𝑘

α𝑘𝑘 = 0.05
< 𝐼𝐼𝑘𝑘|𝐼𝐼𝑘𝑘 >
< 𝑀𝑀𝑘𝑘|𝑀𝑀𝑘𝑘 >

𝐼𝐼𝑘𝑘+1 = 𝐼𝐼𝑘𝑘 + μ𝑘𝑘𝑀𝑀𝑘𝑘
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Data validation

𝐼𝐼𝑘𝑘+1 = 𝐼𝐼𝑘𝑘 + μ𝑘𝑘𝐼𝐼𝐼𝐼𝐼𝐼(δ𝑅𝑅)𝑘𝑘
μ𝑘𝑘 = βα𝑘𝑘

minimizes

𝑅𝑅𝑅𝑅𝑅𝑅 = 𝑅𝑅𝑠𝑠𝐼𝐼[ 𝑑𝑑0 − 𝑑𝑑𝑚𝑚 2]
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Data validation

𝑅𝑅𝑅𝑅𝑅𝑅0(𝐼𝐼𝑘𝑘),β0 = 0
L2

N

𝑅𝑅𝑅𝑅𝑅𝑅0, β0

β
0 1.00.50.25 0.75

μ𝑘𝑘 = βα𝑘𝑘

𝐼𝐼𝑘𝑘+1 = 𝐼𝐼𝑘𝑘 + μ𝑘𝑘𝑀𝑀𝑘𝑘
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Data validation

L2
N

β
0

𝑅𝑅𝑅𝑅𝑅𝑅1, β1
𝑅𝑅𝑅𝑅𝑅𝑅1(𝐼𝐼𝑘𝑘+1),β1 = 0.5

1.00.50.25 0.75

𝑅𝑅𝑅𝑅𝑅𝑅0, β0

𝑅𝑅𝑅𝑅𝑅𝑅0(𝐼𝐼𝑘𝑘),β0 = 0

μ𝑘𝑘 = βα𝑘𝑘

Case 1

𝐼𝐼𝑘𝑘+1 = 𝐼𝐼𝑘𝑘 + μ𝑘𝑘𝑀𝑀𝑘𝑘
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Data validation

L2
N

β
0

𝑅𝑅𝑅𝑅𝑅𝑅1(𝐼𝐼𝑘𝑘+1),β1 = 0.5

1.00.50.25 0.75

𝑅𝑅𝑅𝑅𝑅𝑅0, β0

𝑅𝑅𝑅𝑅𝑅𝑅0(𝐼𝐼𝑘𝑘),β0 = 0

μ𝑘𝑘 = βα𝑘𝑘

Case 2

𝑅𝑅𝑅𝑅𝑅𝑅1, β1

𝐼𝐼𝑘𝑘+1 = 𝐼𝐼𝑘𝑘 + μ𝑘𝑘𝑀𝑀𝑘𝑘
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Data validation

L2
N

β
0
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𝑅𝑅𝑅𝑅𝑅𝑅1(𝐼𝐼𝑘𝑘+1),β1 = 0.5

1.00.50.25 0.75

𝑅𝑅𝑅𝑅𝑅𝑅0, β0

𝑅𝑅𝑅𝑅𝑅𝑅0(𝐼𝐼𝑘𝑘),β0 = 0

μ𝑘𝑘 = βα𝑘𝑘

Case 1

𝐼𝐼𝑘𝑘+1 = 𝐼𝐼𝑘𝑘 + μ𝑘𝑘𝑀𝑀𝑘𝑘



21

Data validation

Backtracking
L2

N

β
0

𝑅𝑅𝑅𝑅𝑅𝑅2, β2

1.00.50.25 0.75

𝑅𝑅𝑅𝑅𝑅𝑅2(𝐼𝐼𝑘𝑘+1),β2 = 0.5β1

𝑅𝑅𝑅𝑅𝑅𝑅1, β1

𝑅𝑅𝑅𝑅𝑅𝑅0, β0

𝑅𝑅𝑅𝑅𝑅𝑅1(𝐼𝐼𝑘𝑘+1),β1 = 0.5

𝑅𝑅𝑅𝑅𝑅𝑅0(𝐼𝐼𝑘𝑘),β0 = 0

μ𝑘𝑘 = βα𝑘𝑘

Case 1

𝐼𝐼𝑘𝑘+1 = 𝐼𝐼𝑘𝑘 + μ𝑘𝑘𝑀𝑀𝑘𝑘
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Data validation

Quadratic interpolation
L2

N

β
0 1.00.50.25 0.75β𝑓𝑓𝑓𝑓𝑓𝑓

𝑅𝑅𝑅𝑅𝑅𝑅2(𝐼𝐼𝑘𝑘+1),β2 = 0.5β1

𝑅𝑅𝑅𝑅𝑅𝑅1(𝐼𝐼𝑘𝑘+1),β1 = 0.5

𝑅𝑅𝑅𝑅𝑅𝑅0(𝐼𝐼𝑘𝑘),β0 = 0

μ𝑘𝑘 = βα𝑘𝑘

Case 1

𝐼𝐼𝑘𝑘+1 = 𝐼𝐼𝑘𝑘 + μ𝑘𝑘𝑀𝑀𝑘𝑘
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Data validation

L2
N

β
0

𝑅𝑅𝑅𝑅𝑅𝑅1(𝐼𝐼𝑘𝑘+1),β1 = 0.5

1.00.50.25 0.75

𝑅𝑅𝑅𝑅𝑅𝑅0, β0

𝑅𝑅𝑅𝑅𝑅𝑅0(𝐼𝐼𝑘𝑘),β0 = 0

μ𝑘𝑘 = βα𝑘𝑘

Case 2

𝑅𝑅𝑅𝑅𝑅𝑅1, β1

𝐼𝐼𝑘𝑘+1 = 𝐼𝐼𝑘𝑘 + μ𝑘𝑘𝑀𝑀𝑘𝑘
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Data validation

L2
N

β
0

𝑅𝑅𝑅𝑅𝑅𝑅1(𝐼𝐼𝑘𝑘+1),β1 = 0.5

1.00.50.25 0.75

𝑅𝑅𝑅𝑅𝑅𝑅0, β0

𝑅𝑅𝑅𝑅𝑅𝑅0(𝐼𝐼𝑘𝑘),β0 = 0

μ𝑘𝑘 = βα𝑘𝑘
Forward

𝑅𝑅𝑅𝑅𝑅𝑅2(𝐼𝐼𝑘𝑘+1),β2 = 2β1

𝑅𝑅𝑅𝑅𝑅𝑅2, β2

Case 2

𝑅𝑅𝑅𝑅𝑅𝑅1, β1

𝐼𝐼𝑘𝑘+1 = 𝐼𝐼𝑘𝑘 + μ𝑘𝑘𝑀𝑀𝑘𝑘
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Data validation

L2
N

β
0

𝑅𝑅𝑅𝑅𝑅𝑅1, β1

𝑅𝑅𝑅𝑅𝑅𝑅1(𝐼𝐼𝑘𝑘+1),β1 = 0.5

1.00.50.25 0.75

𝑅𝑅𝑅𝑅𝑅𝑅0, β0

𝑅𝑅𝑅𝑅𝑅𝑅0(𝐼𝐼𝑘𝑘),β0 = 0

μ𝑘𝑘 = βα𝑘𝑘

𝑅𝑅𝑅𝑅𝑅𝑅2, β2

𝑅𝑅𝑅𝑅𝑅𝑅2(𝐼𝐼𝑘𝑘+1),β2 = 2β1

Quadratic interpolation

β𝑓𝑓𝑓𝑓𝑓𝑓

𝐼𝐼𝑘𝑘+1 = 𝐼𝐼𝑘𝑘 + μ𝑘𝑘𝑀𝑀𝑘𝑘
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Log validation



Inversion process

- =

Velocity Log Initial velocity 

Log validation

Depth 
or

Time

δvel



Inversion process

δvelGradient

Log validation

Depth 
or

Time



Inversion process3rd step: Calibration of the gradient

Estimate the amplitude
scalar and phase
rotation angle that make
the gradient similar to
δvel

Log validation

δvelGradient

Depth 
or

Time



Inversion process3rd step: Calibration of the gradient

Matching filter

Log validation

δvelGradient

Depth 
or

Time

Depth 
or

Time

λ



Inversion process3rd step: Calibration of the gradient

*
δvel

Calibrated 
gradient

Log validation

Matching filter Gradient

Depth 
or

Time

Depth 
or

Time

δvel
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Workflows



Data validation

Migration and stack
𝛿𝛿𝑅𝑅𝑧𝑧 = 𝑆𝑆𝑆𝑆𝑆𝑆[𝑀𝑀𝑀𝑀𝑀𝑀 Δ𝑑𝑑 ]k 

= 
k 

+1

From depth to time
𝛿𝛿𝑅𝑅𝑧𝑧 → 𝛿𝛿𝑅𝑅𝑡𝑡

From time to depth
𝑀𝑀𝑡𝑡 → 𝑀𝑀𝑧𝑧

Line search for μ
𝛿𝛿𝑣𝑣𝑧𝑧 = μ𝑀𝑀𝑧𝑧

Model for  iteration k
mk

Wavelet

𝑑𝑑𝑚𝑚 = modelled 
shots 𝛿𝛿𝑑𝑑 = 𝑑𝑑𝑜𝑜 − 𝑑𝑑𝑚𝑚

𝒅𝒅𝒐𝒐 = observed 
shots

Frequency 
band

Impedance inversion
𝑀𝑀𝑡𝑡 = 𝐼𝐼𝐼𝐼𝐼𝐼(𝛿𝛿𝑅𝑅𝑡𝑡)

𝐼𝐼𝑘𝑘+1 = 𝐼𝐼𝑘𝑘 + 𝛿𝛿𝑣𝑣𝑧𝑧
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Migration and stack
𝛿𝛿𝑅𝑅𝑧𝑧 = 𝑆𝑆𝑆𝑆𝑆𝑆[𝑀𝑀𝑀𝑀𝑀𝑀 Δ𝑑𝑑 ]k 

= 
k 

+1

From depth to time
𝛿𝛿𝑅𝑅𝑧𝑧 → 𝛿𝛿𝑅𝑅𝑡𝑡

From time to depth
𝛿𝛿𝑣𝑣𝑡𝑡 → 𝛿𝛿𝑣𝑣𝑧𝑧

Log calibration
𝛿𝛿𝑣𝑣𝑡𝑡 = 𝜆𝜆𝑀𝑀𝑡𝑡

Band Pass 
filter

Model for  iteration k
mk

Wavelet

𝑑𝑑𝑚𝑚 = modelled 
shots 𝛿𝛿𝑑𝑑 = 𝑑𝑑𝑜𝑜 − 𝑑𝑑𝑚𝑚

𝒅𝒅𝒐𝒐 = observed 
shots

Frequency 
band

Well log

Impedance inversion
𝑀𝑀𝑡𝑡 = 𝐼𝐼𝐼𝐼𝐼𝐼(𝛿𝛿𝑅𝑅𝑡𝑡)

𝐼𝐼𝑘𝑘+1 = 𝐼𝐼𝑘𝑘 + 𝛿𝛿𝑣𝑣𝑧𝑧

Log validation



Log-&-data validation

Migration and stack
𝛿𝛿𝑅𝑅𝑧𝑧 = 𝑆𝑆𝑆𝑆𝑆𝑆[𝑀𝑀𝑀𝑀𝑀𝑀 Δ𝑑𝑑 ]k 

= 
k 

+1

From depth to time
𝛿𝛿𝑅𝑅𝑧𝑧 → 𝛿𝛿𝑅𝑅𝑡𝑡

From time to depth
λ𝑀𝑀𝑡𝑡 → λ𝑀𝑀𝑧𝑧

Log calibration
𝜆𝜆𝑀𝑀𝑡𝑡

Band Pass 
filter

Model for  iteration k
mk

Wavelet

𝑑𝑑𝑚𝑚 = modelled 
shots 𝛿𝛿𝑑𝑑 = 𝑑𝑑𝑜𝑜 − 𝑑𝑑𝑚𝑚

𝒅𝒅𝒐𝒐 = observed 
shots

Frequency 
band

Well log

Impedance inversion
𝑀𝑀𝑡𝑡 = 𝐼𝐼𝐼𝐼𝐼𝐼(𝛿𝛿𝑅𝑅𝑡𝑡)

𝐼𝐼𝑘𝑘+1 = 𝐼𝐼𝑘𝑘 + 𝛿𝛿𝑣𝑣𝑧𝑧

Line search for μ
𝛿𝛿𝑣𝑣𝑧𝑧 = μ𝜆𝜆𝑀𝑀𝑧𝑧
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Numerical examples
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Anticline model

True velocity Initial model
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Anticline model

True velocity Initial model

C
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Data validation
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Log  validation
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Log-&-data validation 
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Marmousi model

True velocity Initial model
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Marmousi model

True velocity Initial model

C
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Data validation
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Log validation



46

Log-&-data validation 
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Hussar dataset

Hussar dataset

Romahn, S., and K. A. Innanen, 2018, Log-validated FWI with wavelet phase and
amplitude updating applied on Hussar data: CREWES Research Report, 30.
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Log validation
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Log-&-data valid
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Conclusions

• We compared two ways to scale or calibrate the gradient: data
validation and log validation

• Combination of log-and-data validation

• Log validation is cheaper

• We recommend the use of log validation for simple models

• For more complex models a combination of log-and-data validation may
be a better option

• Application to Hussar dataset
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