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ABSTRACT

An error and stability analysis is presented for the elementary nonstationary
wavefield extrapolators L}, L, and their symmetric hybrids L', and L}, . The
analysis is based on analytic expressions that describe the inversion of wavefields

extrapolated by the four operators. Our analysis shows that L', and L}, are more

accurate and more stable than elementary extrapolators L} and L.

The Marmousi synthetic data is used to provide a comparison of depth imaging
using the different extrapolators. The largest mean absolute amplitudes of the

resulting depth images corresponding to L} (~1000) and L%, (~1000) indicate that
recursive application of these extrapolators caused growth in the extrapolated
wavefield. The mean absolute amplitudes of L', (~800) and L}, (~800) were an order
of magnitude less indicating greater stability. The best image of the model was
returned by the L', method.

INTRODUCTION
Margrave and Ferguson (1999) present a comparison of four wavefield
extrapolators that are useful in recursive explicit depth imaging methods. Two of
them, L), and L, (NSPS and PSPI as introduced by Margrave and Ferguson (1997,
1999)), are derived from the Taylor series representation of extrapolated wavefields

(Margrave and Ferguson (1999)). The remaining extrapolators, L, and L, , are

formed by averaging (L', ) or cascading ( L}, ) the elementary ones (L), and L}).

Margrave and Ferguson (1999) demonstrate that, when velocity varies laterally,
inversion of wavefields extrapolated by L', or L7, more closely return the input than

do L}, or L,. Through analysis of the asymptotic formulae of the symbols of the

depth derivatives corresponding to L), and L, they suggest that L', and L}, benefit
from the averaging of these symbols. The symbols are complex valued and opposite
in sign in the odd orders. Their average cancels these terms and returns a symbol that
is real valued with error terms of higher order than the elementary symbols. The L,
extrapolator averages the symbols at the Taylor series level through a summing of
depth derivatives (Margrave and Ferguson, 1999). The L, extrapolator may have

the effect of averaging them through the cascade process (Margrave and Ferguson,
1999).
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Margrave and Ferguson (1999) also demonstrate, by an analysis of the singular
values of the extrapolators, that all four have some values larger than unity in the
nonevanescent region. Thus, when used recursively, e.g., as in depth imaging they are
prone to uncontrolled growth in the amplitude of the extrapolated wavefield, and

extrapolation is unstable. Margrave and Ferguson (1999) find that L', and L}, have
singular values closer to unity than L), and L}, with L’ being closest, suggesting

that L', and L}, are more stable than the other two, and that L', is the most stable.

In this paper, wavefield extrapolators L,, L), L,, and L', are evaluated for

accuracy and stability by deriving the mathematical analogues of the inverse
extrapolations presented by Margrave and Ferguson (1999). The resulting equations
represent propagation from z = 0 to z through a laterally variable medium, followed
by propagation from z back to z = 0. Assuming smooth variation of the extrapolation

symbol o in lateral coordinate x we prove that L}, and L', are invertable and that

inversion of L, and L), results in complex valued error terms.

The Marmousi synthetic data set (Bourgeois et al., 1990) is used to compare the
accuracy and stability of depth imaging methods based on the different extrapolators.

INVERSE OPERATORS, ACCURACY AND STABILITY

Inversion of a wavefield y extrapolated by L, has an associated error that results
in an approximation Yp to ¥ given by

v, (9= 2 [l olm)lyJexp(ik - y)ay fx)

where,

;. 0(m)ly) = (2#) [Joily, mom)exp(~ iy - m }im

) )
and the symbol of this pseudo-differential operator is
2
ay,m) = exp| iz, || 2 | —k -k
c(x) . 3)

Depth z is the extrapolation depth interval, ® is temporal frequency and c(x) is the
laterally variant velocity of the medium. Coordinates x = {x;, x,} correspond to output
space, y = {y;, y2} correspond to input space, m = {mj;, m,} correspond to input
wavenumbers, k = {k;, k,} correspond to output wavenumbers. The spectrum of the

wavefield is @. The sign on z controls the direction of propagation (Margrave and
Ferguson, 1999).
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Equation (1) is the composition of two pseudo-differential operators L, (z

positive) and L, (z negative) that results in an equivalent operator L, with the form

v, (x)=[L,o(m)lx)
: @)

In integral form, equation (4) is

—; c,(x,m)pim )exp(—im - x im
Lrotmls) = er(rmolim)expleim xhim 5

with symbol cp given by

cp(x,m)= (Zjlt)z [Jor (ko (y,m)exp(- ik —m]- [x - y Dy | ©

Because inversion symbol cp equation (6) results from the composition of two
pseudo-differential operators it has an asymptotic formula (Stein, 1993: 237)

)
c,(x,m)=1+iV_o (x,m)-V_o*(x,m)+ Z—Vmeoc‘ (x,m):V V_o*(x,m)+--

2 . (7)
where V _ and V_ are gradient operators, and the : operator represents the
contraction of two-second rank tensors. Symbol cp is unity in the first term, and all
other terms represent error, with odd powers being complex valued. For o constant in
X, cp is unity and Lp, equation (5), reduces to an inverse Fourier transform. (Inversion
is exact for constant velocity.)

Inversion of L}, applied to y results in an approximation @y to spectrum ¢ given
by

0. (m)= [LN L lwle-ik ym]on)

(2n) , ®)

where,
[E5wx)li) = Jox kW (x)explikc - x)ix ©)

Equation (8) is a composition of two adjoint-standard pseudo-differential
operators L, and L, , whose equivalent operator Ly has the form

Qv (m) = [LNW(X) m)
, (10)

or as an integral
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(2, w(x)km) = [e, (xm)y(x)exp(im- X)ffx
(11

with symbol cy

¢ (x.m)= (2#) [Jor (vm)o (1K )exp(= ifm — k] [x - y vk

(12)

Like cp, inversion symbol cy is the composition of two pseudo-differential
operators, and it too has an asymptotic formula (Appendix A)

.2

cy(x,m)=1-iV_o (x,m)-V_o* (x,m)+%vama‘(x,m):Vxonﬁ(x,m)—---

(13)

Symbol ¢y is similar to cp (equation (7)); the first term is unity and the error terms are
products of derivatives. However, the odd powers of derivatives in differ in sign. This
suggests that an average of cy and cp will cancel complex values and increase the
order of the error of the resulting symbol. In the limit of constant velocity, equation
(11) reduces to a Fourier transform.

In the space domain, the inversion of the average operator L', is

(L w(v)Ix) = [, Lw(y)lx)

: 14
where from Margrave and Ferguson (1999) -
2wy )) = [ Ly w( y)](X)+ L pW(Y)kX)' i~
Expansion of equation (14), by replacing L', and L gives
(2 w(y)x) = L)), [Lew()Is) |22 w()ix) . |5 Lyw(y)kx)
4 4 4 4 a6

The first two terms of L4 consist of the inversion operators Lp and Ly cast in the
space domain as

[L,w(y)ix)= JW fcp(x k)exp(~ik - [x — y dkdy

, (17)
and
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(L, w(y)[x) = Jw(y)(zT)zch( Jk)exp(-ik - [x—Y])dkdy' a8)

Lp and Ly are transposes in this domain. Substitution of cp equation (7) and cy
equation (1) in equations (17) and (18) gives for Lp

[Lv()x)=

)+ (ch)z [WOV .-V, s,k )exp(-ik - [x—yDddy +i7 -+ 10
and for Ly

L, vy >x>=

y(x)- J JW ¥V, oly.k)-V,oly, k)exp(~ik - [x—y]dkdy +i* - 5

Operators Lp, and Ly differ only in the sign of the odd orders of their derivatives
(the odd orders are also complex). Their sum cancels these terms and increases the
order of the error terms giving for the first two terms in equation (16)

Ly, [LowOIx) _ wix)

4 4 2
y) Vyvy(x(y)exp( ik [X Y])dkdy+ 21

The third term in equation (16) corresponds to forward extrapolation by L)

followed by reverse extrapolation by L,

1 2wl = [

)y Je b ool beylay

Substituting u = x—y in equation (22) gives

27 25wy ) = JW—@@ flor (e (3w, K Jexp(- ik -udhedu

(23)
Wavefield y can be approximated by Taylor series
wx—u)=y(x)-u-V ylx)+u- Vo ylx)--
(24)
Similarly, symbol o
o (x—uk)=o (x,k)-u-V o' (x,k)+(-u-V_)Vo'(x,k)--
(25)

Replacing y and o in equation (23) with equations (24) and (25) gives
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[ Lwv)lx) =

JAli—u-v, + Jyx)}

1
(2r)
The first order terms in equation (26) are, beginning with the simplest

w(x)'[@'[oc" (x,k ot (x,k )exp(— k - u )dkdu

= y(x) ’
next,
V y(x)- Ju (2;)2 J.oc" (x,k)ou" (x,k Jexp(— k - u)dkdu
=V y(x)- J‘ﬁju exp(—k - u)dudk
=0
and,

W) o (K )V, 0 (x,K) -~ [uwexp(— k - ududk

(2n)
= y(x)[ o (x.k)V, 0" (x, ko (k ik
= W(x){Vkoc’ (x,k)V o' (x,k)+ao (x,k)V Vo (x,k)}F0 ’
=0

where for this last term,

VkOci (X’k)k:O = i[ZOLi (X’k)kz (Xnk)vkkz (X’k)L:O
=0 )

and

V. (xK)_, = %[(%j +k-kjlzk

=0

k=0 "

Ja_(x,k){[l —u-V_+-Jot (x,k)}exp(—k -u)dkdu

(26)

27

(28)

(29)

(30)

€2))

Assuming that second order terms (and higher) are small, equation (26) reduces to

the identity
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22 L w(y)x) = wix)
: (32)

from which we infer, to first order, L,and L) are approximate inverses and,
therefore, the fourth term in equation (16) is

(27 2w())x) = w(x)
: (33)
The inversion operator L ,, equation (16), is now written to first order as
L w(y)Ix) = w(x)
. (34)
The results from the previous discussion are sufficient to derive the inversion of

+
LPN

1 I 1 1

[mey)](x):[L;L;L@Lmy)](x)
, (35)

and, using the associative properties of these operators, to first order L, and L), are
inverses, therefore

Lo w(y)Ix) = w(x)

For comparison, L, (equation (19)) to first order, is -
[Z,w(y)lx) =
v(x)+i] (2715)2 [W(V, (k) V olx k)expl-ik-[x—ylakdy (37,
and for L,
(2, w(y)lx) =
“’(")"'J@# (W )V, oy k)-V oy, K)expl-ik-[x—ydkdy 35

Inverses L,, (equation (36)) and L, (equation (34)) have no first order error
terms. Inverse operators L, (equation (37)) and L, (equation (38)) have first order
error terms that are functions of spatial and wavenumber derivatives that are non zero
for smooth variation in velocity. Thus, in this situation, extrapolators L}, and L', are

more accurate than L, and L} .

In terms of stability, again to first order, L, and L, have complex error terms,

suggesting that L, and L) also generate complex values. Uncontrolled complex
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values during recursive application of these extrapolators may lead to the instability
observed by Margrave and Ferguson (1999).

MARMOUSI

The Marmousi synthetic data (Bourgeois et al., 1990) were acquired for use in
comparing depth imaging methods based on extrapolators L), L,, L', and L}, . The

prestack data were depth imaged at a depth interval of 20m. This interval was chosen
as being large enough to illustrate the different stability and accuracy characteristics
of the extrapolators without becoming unstable enough to preclude comparison. For a
detailed description of prestack depth imaging using nonstationary extrapolators see
Ferguson and Margrave (1999).

Figure 1 shows the true reflectivity computed from the density and velocity profile
of the model. Figures 2 through 5 show the depth images corresponding to L}
(Figure 2), L), (Figure 3), L' (Figure 4) and L, (Figure 5). The depth-imaging
algorithm based on L', gives the best image, especially in the shallower part of the
model. (Arrows annotated on the figures facilitate this comparison.) The steeply
dipping faults are more clearly imaged using L, and a large part of the section is less
obscured by noise.

Comparison of the average amplitudes of the images of Figure 2 through 5 show
that L', and L), are more stable than L} and L), . The average absolute amplitudes

corresponding to L', (~800) and L}, (~800) are 20% less than those corresponding
to L), (~1000) and L, (~1000).

CONCULSIONS

An error and stability analysis was presented for the nonstationary wavefield
extrapolators Ly, L,, L', and L}, defined by Margrave and Ferguson (1999) based

on analytic expressions that describe inversion of wavefields extrapolated by the four
operators. The analysis supports the conclusions of Margrave and Ferguson (1999)

that L, and L}, are more accurate and more stable than elementary extrapolators L},
and L7, . The first order result (i.e., smooth variation of the extrapolation symbol o in
lateral coordinate x) proved the error related to the inversion of Ly, and L, is less
than the inversion of L, and L}, . Similarly, the greater stability of L,, and L', was
indicated.

The Marmousi model data (Bourgeois et al., 1990) were used to provide a
qualitative comparison of depth imaging methods based on the different

extrapolators. The best image of the model was returned by the L', method.
Comparison of the average amplitudes of the images showed that the depth images
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for all four extrapolators had grown in amplitude but that L,, and L', had grown
20% less than L, and L}, .
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APPENDIX A

Computing the spatial Fourier transform in ¢y equation (12) gives

ey (x,m) = —— [ 4" (m —k,moc" (x,k )Jexp( ifm — k] X}k

(2n) (A1)
Equation (A1) can also be written
cy(x,m)= %J‘A’ (u,m)o* (x,m —u)exp(~iu- x Ju
(2m) : (A2)
Expanding o results in
cy(x,m)= %JA* (u, m)[oc+ (x,m)-u-V_o' (x,m)+- -]exp(— in-x)u
(2m)  (A3)

that provides an asymptotic formula for cy that is similar to that of cp by recognizing
that coordinates u arise as spatial derivatives of the Fourier kernal thus

.2
¢y (x,m)=1-iV_o (x,mV_ o' (x,m)+ V2o (x,m): Vo' (x,m)—---
2 (A4)
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Fig. 1. The seismic reflectivity of Marmousi computed from the density and velocity profile of
the model. The arrows and ring correspond to points of comparison with Figures 2 through 5.
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Fig. 2. Depth image of the Marmousi data set corresponding to L;,. The depth interval was

20m. The mean absolute amplitude of this image is ~1000. The arrows indicate points of
comparison on two faults in the model. The ring encloses a flatter region that seems to suffer
from noise. In this image the noise corresponds to a trough followed by a peak.
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Fig. 3. Depth image of the Marmousi data set corresponding to L‘;,. The depth interval was
20m. The mean absolute amplitude of this image is ~1000. The images of the indicated

faults are less well rendered by L; compared to L; (Figure 3). The noise in the ringed area
is a strong peak.
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Fig. 4. Depth image of the Marmousi data set corresponding to L‘; . The depth interval was

20m. The mean absolute amplitude of this image is ~800. The best focussing of the indicated
faults is provided by this image. The noise in the ringed area is a strong trough.
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Fig. 5. Depth image of the Marmousi data set corresponding to L}N. The depth interval was

20m. The mean absolute amplitude of this image is ~800. This image has the lowest noise in
the ringed area.
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