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ABSTRACT

Based on a model of attenuative cracked rock, we derive a simplified and frequency-
dependent stiffness matrix in the case that the rock contains aligned partially saturated
cracks, and in the stiffness matrix we also involve the effect of pressure relaxation that
is a sensitive fluid factor directly influenced by fluid viscosity and saturation. Using per-
turbation in stiffness matrix for an interface separating two attenuative cracked media and
relationship between scattering potential and reflection coefficient, we propose a linearized
reflection coefficient in the case of P-wave incidence and P-wave scattering, which is a
azimuth- and frequency-dependent function of dry rock elastic property, dry fracture weak-
nesses and pressure relaxation related parameter. Using difference in the reflection coef-
ficients between azimuthal angles, we derive an expression of Quasi-difference in Elastic
Impedance (QδEI) that is mainly affected by dry fracture weaknesses and pressure relax-
ation related parameter. Using the derived QδEI, we establish an inversion approach of
employing frequency-dependent differences in seismic amplitudes to estimate dry fracture
weaknesses and pressure relaxation related parameter. Applying the established approach
to synthetic datasets, we conclude the approach can obtain acceptable inversion results of
dry fracture weaknesses and pressure relaxation related parameter in the case of generated
synthetic data containing a moderate signal-to-noise ratio (SNR). Test on a real data set re-
veals that the inversion results of dry fracture weaknesses provide a reliable tool in fracture
prediction, and the estimated pressure relaxation related parameter appear as an additional
proof for the discrimination of fluids in cracks.

INTRODUCTION

Seismic wave propagation in porous and cracked rocks exhibits both anisotropy and
attenuation. In the case of porous rocks containing a set of vertically parallel cracks, an
effective model is proposed by Hudson et al. (1996) to calculate complex stiffness ma-
trices of porous and cracked rocks, in which two frequency-dependent complex variables
Ũ11 and Ũ33 are defined to describe how fluid parameters (e.g. fluid viscosity and bulk
modulus) and crack properties (e.g. crack aspect ratio) affect the complex stiffness matrix.
The effective model reveals that reflection amplitude of seismic wave varies with frequen-
cy (Gurevich, 2003; Chapman et al., 2006; Carcione, 2000, 2007), from which pressure
relaxation time that is sensitive to fluid parameters is proposed. In the present study, we
will combine characteristics of seismic reflection amplitude variations with offset/incidence
angle (AVO/AVA), azimuthal angle (AVAZ), and frequency (AVAZF) to implement the
prediction of fractures and fluids in hydrocarbon reservoirs.

Many fluid factors are currently established for indicate types of fluids in reservoirs.
Lamé constants, λ and µ, and their products with density (Lamé impedance), λρ and µρ,
are directly employed to discriminate hydrocarbon reservoirs because λ is sensitive to fluid
types and µ is only related to dry rock framework (Goodway, 2001; Zimmer, 2003). Based
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on Boit-Gassmann theory, Russell et al. (2003, 2011) propose a mixed fluid/rock term that
depends on fluids, rock porosity and minerals; however the fluid/rock term is dominant-
ly affected by fluid component. In the case of hydrocarbon reservoirs containing aligned
cracks/fractures, a quantity combining P- and S-wave velocity ratio and fracture weak-
nesses is constructed to identify fluids in cracks/fractures (Schoenberg and Sayers, 1995;
Bakulin et al., 2000). Following Russell et al. (2003, 2011), Chen et al. (2018) propose a
modified fluid factor in which the influence of rock porosity is removed. In this study, we
establish a new fluid factor based on the effective model proposed by Hudson et al. (1996),
which combines effects of the normal fracture weakness and the pressure relaxation time.

Based on the effective model proposed by Hudson et al. (1996), we simplify and ap-
proximate the stiffness matrix of cracked rock in the case of seismic exploration frequency
range, and we also express simplified stiffness parameters as a function of dry fracture
weaknesses and pressure relaxation related parameter. Using perturbations in the simpli-
fied stiffness parameters and relationship between scattering potential and reflection co-
efficients, we derive a linearized reflection of P-wave incidence and P-wave scattering in
the case of on interface separating two cracked layers, from which the corresponding e-
lastic impedance (EI) is also proposed. Based on the derived reflection coefficient, we
demonstrate an inversion approach and workflow of employing differences in frequency
components of seismic data along two azimuthal angles ϕ1 = 0◦ and ϕ2 = 90◦ to estimate
dry fracture weaknesses and pressure relaxation related parameter. Noisy synthetic seis-
mic data are utilized to testify the stability of the proposed inversion approach. Applying
the inversion approach and workflow to real data, we further confirm the stability of our
approach, and we also conclude meaningful results relevant to fracture detection and fluid
discrimination are generated.

THEORY AND METHOD

Stiffness matrix for rocks with interconnected aligned cracks

In the case of rocks containing a single set of parallel cracks whose normals aligned
along the x1-axis, the stiffness matrix C is given by (Hudson, 1980; Hudson et al., 1996)

C =


M−M

2

µ
eŨ33 λ−λM

µ
eŨ33 λ−λM

µ
eŨ33 0 0 0

λ−λM
µ
eŨ33 M−λ

2

µ
eŨ33 λ−λ

2

µ
eŨ33 0 0 0

λ−λM
µ
eŨ33 λ−λ

2

µ
eŨ33 M−λ

2

µ
eŨ33 0 0 0

0 0 0 µ 0 0

0 0 0 0 µ−µeŨ11 0

0 0 0 0 0 µ−µeŨ11

 , (1)

where M = λ + 2µ, e is crack density, λ and µ are Lamé constants of the isotropic and
elastic host rock, and Ũ11 and Ũ33 are related to fluid parameters (e.g. fluid viscosity ηfl)
and crack properties (e.g. crack aspect ratio α). In the case of aligned partially saturated
cracks, Ũ11 and Ũ33 are given by (Hudson et al., 1996; Pointer et al., 2000)

Ũ11 =
16

3 (3− 2g)

1

1 + iωχ
, Ũ33 =

4

3 (1− g)

1

1 + K̃
, (2)
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where ω = 2πf is the angular frequency, g = µ/M , and

χ =
4

πµ (3− 2g)

ηfl

α
, K̃ = Ψ + iωΓ ,Ψ =

Kfl

παµ(1− g)
,

Γ =
ηfl

πµα3

Fq
1− g

, Fq =
0.053(1− q) [1 + cos(π − qπ)]

(1− q)2

(3)

in which ηfl is fluid viscosity, α is crack aspect ratio, Kfl is the effective bulk modulus of
fluid infill, and q is oil saturation in cracks. For cracks that are not too thin (i.e. α ≥
0.0005), we observe that in the case that the infill fluid is the mixture of oil and gas Ψ is
close to zero because Kfl is much smaller than µ, and Γ is the relaxation time affected by
aspect ratio and oil saturation and viscosity. Neglecting the effect of Ψ , we proceed to the
simplification of Ũ33 and the derivation of the real part of Ũ33

<
(
Ũ33

)
= <

[
4

3 (1− g)

1

1 +K

]
= <

[
4

3 (1− g)

1

1 + iωΓ

]
= <

[
4

3 (1− g)

(
1− iωΓ2 − ω2Γ 2 + ...

)]
≈ 4

3 (1− g)

(
1− ω2Γ 2

)
.

(4)

Pointer et al. (2000) point out that attenuation and dispersion related to Ũ11 are disregarded
in the realm of seismology; hence following Bakulin et al. (2000), we rewrite Ũ11 in the
case of fluid filled cracks

U11 =
16

3 (3− 2g)
. (5)

Given different values of oil saturation q and crack aspect ratio α we first compare the
real and imaginary parts of frequency-dependent Ũ33 to confirm feasibility of neglecting
the imaginary part in this study. Figure 1 plots comparisons between real and imaginary
parts of Ũ33. We observe that <

(
Ũ33

)
is much larger than =

(
Ũ33

)
, which proves the

imaginary part is negligible in the seismic frequency range.
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FIG. 1. Comparisons between real and imaginary parts of Ũ33. <
(
Ũ33

)
and =

(
Ũ33

)
represent

real and imaginary parts respectively. a) Ũ33 varying with oil-saturation (α = 0.0005 and f = 50Hz);
b) Ũ33 varying with frequency (α = 0.0005 and q = 0.8); and c) Ũ33 varying with crack aspect ratio
(q = 0.8 and f = 50Hz). Other parameters used in plotting this figure are given by: oil bulk modulus
Ko = 1.5×109Pa and viscosity ηo = 15×10−3Pa·s, gas bulk modulus Kg = 0.004 × 109Pa and
viscosity ηg = 0.1×10−3Pa·s, µ = 30×109Pa, and g = 0.25.

We next analyze how oil saturation affects parameter Γ in the case of different values
of crack aspect ratio, as plotted in Figure 2. We observe that the value of Γ is proportional
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to the oil-saturation, which indicates that the inversion result of Γ may be employed as a
factor for discriminating oil-bearing reservoirs.
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FIG. 2. Variations of Γ with oil saturation. Oil viscosity ηo = 15×10−3Pa·s, µ = 30×109Pa, and
g = 0.25.

Substituting equations 4 and 5 to equation 1, we obtain approximate expressions of
stiffness parameters

C11 = M −MδN − ω2Mψn,

C12 = λ− λδN − ω2λψn,

C23 = λ− λ(1− 2g)δN − ω2λ(1− 2g)ψn,

C33 = M − λ (1− 2g) δN − ω2λ (1− 2g)ψn,

C44 = µ,C55 = µ− µδT ,

C13 = C21 = C31 = C12, C32 = C23, C66 = C55, C22 = C33, (6)

where ψn = δNΓ
2, and δN = 4e

3g(1−g) and δT = 16e
3(3−2g)

represent the normal and tangential
weaknesses of dry cracks (Bakulin et al., 2000).

Derivation of P-to-P linearized reflection coefficient

Under the assumptions that P-wave incidence angle is small and changes across the re-
flection interface are small, reflectivity model and volume scattering model are consistent
(Moradi and Innanen, 2016). Using stiffness parameters presented in the previous sec-
tion, we proceed to the derivation of perturbations in the stiffness tensor in the case of an
interface separating an two cracked media. For C11, the perturbation ∆C11 is expressed as

∆C11 = (M + ∆M)− (M + ∆M) (δN + ∆δN)− ω2 (M + ∆M) (ψn + ∆ψn)

−
(
M −MδN − ω2Mψn

)
≈ ∆M − δN∆M −M∆δN − ω2M∆ψn − ω2ψn∆M,

(7)

where ∆M , ∆δN and ∆ψn represent perturbations in M , δN and ψn across the reflection
interface. Again under the assumption of small contrasts across the interface, we neglect

4 CREWES Research Report — Volume 30 (2018)



Estimating dry fracture weaknesses and pressure relaxation related parameter

terms those are proportional to ∆M∆δN and ∆M∆ψn. For other stiffness parameters,
their perturbations across the interface are given by

∆C12 ≈∆λ− δN∆λ− λ∆δN − ω2λ∆ψn − ω2ψn∆λ,

∆C23 ≈∆λ− (1− 2g)δN∆λ− λ(1− 2g)∆δN

− ω2λ(1− 2g)∆ψn − ω2(1− 2g)ψn∆λ,

∆C33 ≈∆M − (1− 2g) δN∆λ− λ (1− 2g) ∆δN

− ω2λ (1− 2g) ∆ψn − ω2 (1− 2g)ψn∆λ,

∆C44 =∆µ,

∆C55 ≈∆µ− δT∆µ− µ∆δT ,

∆C13 =∆C21 = ∆C31 = ∆C12,∆C32 = ∆C23,

∆C55 =∆C66,∆C22 = ∆C33,

(8)

where ∆µ and ∆δT are changes in shear modulus and tangential fracture weakness across
the reflection interface. Again under the assumption of small contrasts across the interface,
we neglect the term that is proportional to ∆µ∆δT .

The general expression of scattering potential S is given by (Beylkin and Burridge,
1990; Moradi and Innanen, 2016)

S = (Pi·Ps) ∆ρ−
k=6,l=6∑
k=1,l=1

ξkl∆Ckl, (9)

wherePi andPs are respectively the polarization vectors of incidence and scattering waves,
which are given by (Shaw and Sen, 2006)

Pi = [sin θ cosϕ, sin θ sinϕ, cos θ] ,Ps = [− sin θ cosϕ,− sin θ sinϕ, cos θ] , (10)

where θ is P-wave incidence angle, and ϕ is the azimuthal angle defined with respected
to fracture symmetry. Expressions of ∆Ckl are shown in equation 8, and ξkl are given by
(Shaw and Sen, 2006)

ξ11 =
ρsin4θcos4ϕ

M
, ξ12 =

ρsin4θsin2ϕcos2ϕ

M
, ξ13 =

ρsin2θcos2θcos2ϕ

M
, ξ21 = ξ12,

ξ22 =
ρsin4θsin4ϕ

M
, ξ23 =

ρsin2θcos2θsin2ϕ

M
, ξ31 = ξ13, ξ32 = ξ23, ξ33 =

ρcos4θ

M
,

ξ44 =
−4ρsin2θcos2θsin2ϕ

M
, ξ55 =

−4ρsin2θcos2θcos2ϕ

M
, ξ66 =

4ρsin4θsin2ϕcos2ϕ

M
,

(11)

where ρ is the density of the background rock.

Reflection coefficient for incidence P-wave to scattering P-wave is a scaled version of
the scattering potential (Beylkin and Burridge, 1990; Shaw and Sen, 2004; Moradi and
Innanen, 2016), which is given by

RPP =
1

4ρcos2 θ
S. (12)
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Combining equations 7-12, we derive the linearized P-to-P reflection coefficient as (Ap-
pendix A)

RPP (θ, ϕ, ω) =
cos2θ

2 cos2 θ
Rρ +

1

2 cos2 θ
RM − 4gsin2θRµ

− 1

4 cos2 θ

[
1− 2g

(
sin2 θ sin2 ϕ+ cos2 θ

)]2
∆δN

− ω2

4 cos2 θ

[
1− 2g

(
sin2 θ sin2 ϕ+ cos2 θ

)]2
∆ψn

+ g
(
sin2θcos2ϕ− sin2θtan2θsin2ϕcos2ϕ

)
∆δT ,

(13)

whereRM = ∆M
2M

, Rµ = ∆µ
2µ

, andRρ = ∆ρ
2ρ

represent reflectivities of P- and S-wave moduli
and density, respectively.

Using the derived reflection coefficient, we further express the difference of the P-wave
reflection coefficient at the azimuthal angles ϕ1 = 0◦ and ϕ2 = 90◦ as

δRPP (θ, ω) =RPP (θ, ϕ1 = 0◦, ω)−RPP (θ, ϕ2 = 90◦, ω)

=
1

4 cos2 θ

[
(1− 2g)2 −

(
1− 2g cos2 θ

)2
]

∆δN

+
ω2

4 cos2 θ

[
(1− 2g)2 −

(
1− 2g cos2 θ

)2
]

∆ψn

+ gsin2θ∆δT ,

(14)

where δRPP (θ, ω) is the frequency-dependent reflection coefficient difference, which also
varies with the incidence angle.

We construct a three-layer model plotted in Figure 3(a) to compute differences be-
tween reflection coefficients using the derived equations. Table 1 shows elastic parameters
(P- and S-wave moduli and density) of isotropic background rocks, and values of crack
density and oil saturation for different layers. Figure 3(b) plots comparisons between vari-
ations of reflection coefficient differences with the incidence angle in the case of different
frequencies (f1 = 10Hz, f2 = 25Hz and f3 = 40Hz). The computed reflection coeffi-
cient differences shown in Figure 3(b) and Ricker wavelets whose dominant frequencies
are consistent with those used for compute reflection coefficients are employed to generate
seismic amplitude differences, as plotted in Figure 3(c). Crack properties and fluid param-
eters are given by α = 0.0005, Ko = 1.5GPa, ηo = 15×10−3Pa·s, Kg = 0.004GPa, and
ηg = 0.1×10−3Pa·s.

Table 1. Elastic parameters, crack density, and oil saturation for different layers

M(GPa) µ(GPa) ρ(g/cm3) e q
L1(Shale) 20.4 4.04 2.43 0.001 0.02
L2(Sand) 23.3 6.31 2.28 0.1 0.7
L3(Sand) 23.3 6.31 2.28 0.05 0.3

From Figure 3 we observe that differences in reflection coefficients increase with the
incidence angle, and in the case of a fixed incidence angle the absolute value of difference in
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FIG. 3. a) Three-layer model; b) Comparisons between reflection coefficient differences of different
frequencies; and c) Comparisons between seismic amplitude differences of different frequencies.

reflection coefficient increase with the frequency. From differences in seismic amplitudes,
we conclude that the influence of wavelet should be removed first to provide frequency-
dependent reflection coefficient differences.

Following the azimuthal EI given by Chen et al. (2018), we present the expression of
Quasi-difference in Elastic Impedance (QδEI)

δRPP (θ, ω) =RPP (θ, ϕ1 = 0◦, ω)−RPP (θ, ϕ2 = 90◦, ω)

=
1

2
d [lnEI (θ, ϕ1 = 0◦, ω)]− 1

2
d [lnEI (θ, ϕ2 = 90◦, ω)]

=
1

2
d

[
ln

EI (θ, ϕ1 = 0◦, ω)

EI (θ, ϕ2 = 90◦, ω)

]
=

1

2
d [ln(QδEI)] .

(15)

Following Martins (2006), we rewrite equation 14 under the assumption of θ and ω being
constant quantities as

2δRPP (θ, ω) =d[ln (QδEI)]

=
1

2 cos2 θ

[
(1− 2g)2 −

(
1− 2g cos2 θ

)2
]

(dδN)

+
ω2

2 cos2 θ

[
(1− 2g)2 −

(
1− 2g cos2 θ

)2
]

(dψn)

+ 2gsin2θ(dδT ),

(16)

where dδN ≈ ∆δN , dψn ≈ ∆ψn, and dδT ≈ ∆δT , which are approximated under the
assumption of continuous variation of medium properties.

CREWES Research Report — Volume 30 (2018) 7



Chen et al.

Combining equations 15 and 16, and taking integral of δRPP yields

2

∫
δRPP =

∫
d [ln(QδEI)]

=
1

2 cos2 θ

[
(1− 2g)2 −

(
1− 2g cos2 θ

)2
] ∫

(dδN)

+
ω2

2 cos2 θ

[
(1− 2g)2 −

(
1− 2g cos2 θ

)2
] ∫

(dψn)

+ 2gsin2θ

∫
(dδT ),

(17)

We stress that in the selected time window g is also considered to be a constant when we
compute the value of QδEI. After some algebra we obtain the expression of lnQδEI in
terms of δN , δT and ψn

ln(QδEI) = PδN (θ, g) δN + Pψn (θ, ω, g)ψn + PδT (θ, g) δT , (18)

where

PδN (θ, g) =
1

2 cos2 θ

[
(1− 2g)2 −

(
1− 2g cos2 θ

)2
]
,

Pψn (θ, ω, g) =
ω2

2 cos2 θ

[
(1− 2g)2 −

(
1− 2g cos2 θ

)2
]
,

PδT (θ, g) = 2gsin2θ.

(19)

Inversion of differences in seismic amplitudes for dry rock weaknesses and pressure
relaxation related parameter

Based on the derived reflection coefficient and the obtained expression of ln(QδEI),
we proceed to the estimation of dry fracture weaknesses and pressure relaxation related
parameter using frequency components of seismic amplitude differences variation with the
incidence angle. We first implement the estimation of lnEI (ϕ1 = 0◦) and lnEI (ϕ2 = 90◦)
utilizing different frequency components of seismic data along azimuthal angles ϕ1 = 0◦

and ϕ2 = 90◦, from which we may compute the lnQδEI. Using the computed lnQδEI, we
finally implement the inversion for dry fracture weaknesses and pressure relaxation related
parameter. Figure 4 plots the workflow of implementing the inversion for dry fracture
weaknesses and pressure relaxation related parameter.

We next explain how to implement the inversion for ln EI using input seismic data.
Relationship between seismic data and ln EI is given by (Chen et al., 2018)

S = AX =
1

2
WDLEI, (20)

where

A =
1

2
WD,X = LEI,

8 CREWES Research Report — Volume 30 (2018)



Estimating dry fracture weaknesses and pressure relaxation related parameter

FIG. 4. Workflow of inversion for dry fracture weaknesses and pressure relaxation related parame-
ter. Quantities wϕ1

(f1), wϕ1
(f2) and wϕ1

(f3) and quantities wϕ2
(f1), wϕ2

(f2) and wϕ2
(f3) denote

wavelets extracted from corresponding seismic data of azimuthal angle ϕ1 = 0◦ and ϕ2 = 90◦

respectively.

S =

[
s(t1,θ,ϕ)

...
s(tl,θ,ϕ)

]
l×1

,W =


w1 0 ... 0

w2 w1

. . . ...
...

... . . . 0
wl wl−1 ... w1


l×l

,

D =

[ −1 1
−1 1

. . . . . .
−1 1

]
l×(l+1)

,LEI =

[
ln EI(t1,θ,ϕ)

...
ln EI(tl+1,θ,ϕ)

]
(l+1)×1

, (21)

in which t1, ..., tl+1 represent all the interfaces, and w1, ...,wl represent samples of the
extracted wavelet. In the inversion for ln EI, values of azimuthal angle φ are given by
ϕ1 = 0◦ and ϕ2 = 90◦ respectively, and the incidence angle θ is respectively replaced
with three different angles θ1, θ2 and θ3. The damped least-squares inversion algorithm is
employed to obtain results of LEI (Chen et al., 2018).

With the estimated results of ln EI in hand, we first compute values of lnQδEI, and
then we implement the inversion for δN , ψn and δT . In the case of A

d = Gm, (22)

where

d =


LQEI(θ1,ω1)
LQEI(θ2,ω1)
LQEI(θ3,ω1)
LQEI(θ1,ω2)
LQEI(θ2,ω2)
LQEI(θ3,ω2)
LQEI(θ1,ω3)
LQEI(θ2,ω3)
LQEI(θ3,ω3)


9(l+1)×1

,G =



PδN (θ1) Pψn (θ1,ω1) PδT (θ1)

PδN (θ2) Pψn (θ2,ω1) PδT (θ2)

PδN (θ3) Pψn (θ3,ω1) PδT (θ3)

PδN (θ1) Pψn (θ1,ω2) PδT (θ1)

PδN (θ2) Pψn (θ2,ω2) PδT (θ2)

PδN (θ3) Pψn (θ3,ω2) PδT (θ3)

PδN (θ1) Pψn (θ1,ω3) PδT (θ1)

PδN (θ2) Pψn (θ2,ω3) PδT (θ2)

PδN (θ3) Pψn (θ3,ω3) PδT (θ3)


9(l+1)×3(l+1)

,
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m =
[
δN
ψn
δT

]
3(l+1)×1

,

δN =

[
δN (t1)

...
δN (tl+1)

]
(l+1)×1

,ψN =

[
ψn(t1)

...
ψn(tl+1)

]
(l+1)×1

, δT =

[
δT (t1)

...
δT (tl+1)

]
(l+1)×1

,

LQEI =

[
lnQδEI(t1)

...
lnQδEI(tl+1)

]
(l+1)×1

,PδN (θ) =

[
PδN (θ,g1)

. . .
PδN (θ,gl+1)

]
(l+1)×(l+1)

,

PδT (θ) =

[
PδT (θ,g1)

. . .
PδT (θ,gl+1)

]
(l+1)×(l+1)

,

Pψn (θ, ω) =

[
Pψn (θ,ω,g1)

. . .
Pψn (θ,ω,gl+1)

]
(l+1)×(l+1)

. (23)

In order to obtain the inversion results of δN , ψn and δT , we make probabilistic estimates
of the unknown parameter vector m based on Bayes’ theorem. The posterior probability
distribution function P (m|d) is related to the likelihood function P (d|m) and a priori
probability function P (m)

P (m|d)∝P (d|m)P (m) . (24)

Assuming the noise to be Gaussian with variance σn (Downton, 2005), we obtain the like-
lihood function as

P (d|m) =
1

σn
√

2π
exp

[
−(d−Gm) † (d−Gm)

2σ2
n

]
, (25)

where † denotes the transpose of matrix. Given mean mprior and given covariance Cm
(Tarantola, 2005), we again assume the priori model follows Gaussian distribution

P (m) =
exp

[
−1

2
(m−mprior)

†C−1
m (m−mprior)

]
√

2π
√

det (Cm)
. (26)

Combining equations 24-26, we write the posterior probability distribution function as

P (m|d)∝ 1

σn2π
√

det (Cm)
exp[−J (m)], (27)

where

J (m) =
(d−Gm) † (d−Gm)

2σ2
n

+
(m−mprior)

† (m−mprior)

2Cm
,

Cm =

[
σ2
δN

σδNψn σδNδT

σδNψn σ2
ψn

σψnδT
σδNδT σψnδT σ2

δT

]
,

(28)

in which σ2
δN

, σ2
ψn

and σ2
δT

are variances of δN , ψn and δT , and other diagonal elements are
related to the variance and the correlation coefficient (e.g. σδN δT = rδN δTσδNσδT , where
rδN δT is the correlation coefficient between δN and δT ).
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In order to obtain the maximum posterior probability, we should search for the mini-
mum of the function J (m), which requires the derivative of J (m) with respect to m to be
zero. Hence the solution of m is given by (Tarantola, 2005)

m = mprior +
(
G†σ−2

n G + C−1
m
)−1 G†C−1

m (d−Gmprior) . (29)

NUMERICAL EXPERIMENTS

Synthetic tests

We first construct a fractured well log model to testify the proposed approach. We
employ well log data (P- and S-wave velocities and density) to compute P- and S-wave
moduli of isotropic background, as plotted in Figure 5(a). The model of fracture density
e is shown in Figure 5(b), and In Figure 5(b), we also plot the model of oil saturation
parameter q. Using the oil saturation, we calculate results of pressure relaxation time Γ .
We next compute results of dry fracture weaknesses δN and δT and pressure relaxation
related parameter ψn, which are displayed in Figure 5(c). We observe that the results of
δN and δT are consistent with values of fracture density, which indicates that δN and δT
are valuable quantities to be employed for the prediction of fractures, and we also see the
results of ψn are sensitive to oil saturation.
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FIG. 5. Constructed a fractured well log model.

We next utilize Ricker wavelet of dominate frequencies f1 = 10Hz, f2 = 25Hz and
f3 = 40Hz and corresponding reflection coefficients calculated using the derived equations
to generate synthetic seismic data given azimuthal angles ϕ1 = 0◦ and ϕ2 = 90◦ and P-
wave incidence angle θ range 1◦-34◦. Taking CDP 400 as an example of inversion test first,
we plot differences between generated synthetic seismic data along azimuthal angles ϕ1

and ϕ2 at different frequencies in Figure 6, and Figure 6(a) and 6(b) respectively represent
the case of no noise included in the synthetic data and the case of adding Gaussian random
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noise with a signal-to-noise ratio (SNR) of 3 into the synthetic data. From the differences
in synthetic seismic data we observe more obvious seismic amplitude residuals exhibiting
at fractured layers with relatively large values of δT and ψn.
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FIG. 6. Differences in synthetic seismic data along different azimuthal angles ϕ1 = 0◦ and ϕ2 = 90◦

in the case of different frequencies. a) No noise added into synthetic data, b) Adding Gaussian
random noise with a SNR of 3 into synthetic data.

Using the proposed approach, we first implement the inversion for lnQδEI , and com-
parisons between true values of lnQδEI calculated using equation 18 and inversion results
are plotted in Figure 7. We observe the inversion results match the true values well even in
the case of SNR of 3, which verifies that the estimated results of lnQδEI can be used for
subsequent inversion for dry fracture weaknesses and pressure relaxation related parameter.
Using the estimated results of lnQδEI , we next implement the inversion for δN , ψn and
δT , and comparisons between true values and inversion results of δN , ψn and δT are plotted
in Figure 8. We observe that in the case of no noise added in the synthetic data there is a
good match between the true value and the inversion result, especially for δN and δT , and in
the case of SNR of 3 we may also obtain the acceptable inversion results, which confirms
the stability and robustness of the proposed inversion approach.

Example of real data test

We finally utilize a real data set to further confirm the reliability of the proposed in-
version approach and workflow. The real data are acquired above a oil-bearing reservoir,
and the data have been processed and sampled in different azimuths and offsets. P-wave
velocity provided by well-log data is employed to transfer seismic data from offset domain
to incidence angle domain, which is implemented using a commercial software package.
The data also underwent amplitude versus incidence angle and azimuth (AVAZ) compliant
preprocessing prior to being used in the present study, and modification of observation az-
imuth (i.e. the azimuthal angle represents difference between fracture symmetry azimuth
and observation azimuth). We utilize pre-stack seismic data of one Inline along two dif-
ferent azimuthal angles (ϕ1 = 0◦ and ϕ2 = 90◦) to testify the proposed inversion method.
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FIG. 7. Comparisons between true values and inversion results of lnQδEI. a) f1=10Hz, b)
f2=25Hz, and c) f3=40Hz.
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FIG. 8. Comparisons between true values and inversion results of δN , ψn and δT . Green curve
represents initial model, which is a smoothed version of the corresponding true value.

Figure 9 (a) and (b) plot seismic angle gathers extracted at the location of well log along az-
imuths ϕ1 and ϕ2, and differences between the angle gathers along two azimuths are shown
in Figure 9(c). The ellipses in Figure 9 indicates the location of oil reservoir. We observe
that there is a pronounced AVA phenomenon around the location of oil reservoir, and from
the spliced P-wave velocity we observe the oil reservoir exhibits low values of velocity.
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FIG. 9. Seismic angle gathers extracted at the location of well log. a) ϕ1 = 0◦, b) ϕ2 = 90◦, and c)
differences between these two angle gathers. The curve indicates P-wave velocity.

Figure 10 plots stacked profiles of the Inline along azimuths ϕ1 and ϕ2 respectively, and
we also display differences between these two stacked profiles. From the differences be-
tween stacked seismic data along azimuths ϕ1 and ϕ2 we observe that around the location
of fractured reservoir there are strong reflection amplitudes remain.
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FIG. 10. Stacked seismic profiles. a) ϕ1 = 0◦, b) ϕ2 = 90◦, and c) differences between these two
seismic profiles. The curve indicates P-wave velocity, and the ellipses indicates the location of oil
reservoir.

Following the proposed inversion workflow, we next extract different components of
seismic data and obtain incidence-angle-stacked seismic data that are partially stacked over
different incidence angle ranges (i.e. data of central angle θ1 = 14◦ are stacked using pre-
stack data of angle 10◦ − 18◦; data of central angle θ2 = 22◦ stacked using pre-stack data
of angle 18◦−26◦; and data of central angle θ3 = 30◦ stacked using pre-stack data of angle
26◦ − 34◦), as plotted in Figure 11. We stress that the frequency components are extracted
using different rectangle filters in frequency domain.

Using seismic data plotted in Figure 11 and the corresponding extracted wavelets, we
implement the estimation of EI using the least-squares inversion algorithm, and the inver-
sion results of EI are plotted in Figure 12.
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FIG. 11. Different frequency components of incidence-angle-stacked seismic data. a) ϕ1 = 0◦,
θ1 = 14◦; b) ϕ1 = 0◦, θ2 = 22◦; c) ϕ1 = 0◦, θ3 = 30◦; d) ϕ2 = 90◦, θ1 = 14◦; e) ϕ2 = 90◦, θ2 = 22◦;
and f) ϕ2 = 90◦, θ3 = 30◦.
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FIG. 12. Results of LEI estimated from different frequency components of incidence-angle-stacked
seismic data. a) ϕ1 = 0◦, θ1 = 14◦; b) ϕ1 = 0◦, θ2 = 22◦; c) ϕ1 = 0◦, θ3 = 30◦; d) ϕ2 = 90◦,
θ1 = 14◦; e) ϕ2 = 90◦, θ2 = 22◦; and f) ϕ2 = 90◦, θ3 = 30◦.

From Figure 12 we observe that around the location of oil reservoir the inversion result-
s of LEI show low values, which are consistent with P-wave velocity, and the oil bearing
reservoirs become more distinct in the estimated LEI of a relatively high frequency. Us-
ing the inverted LEI, we may compute results of lnQδEI and implement the inversion
for δN , ψn and δT . Figure 13 plots the inversion results of dry fracture weaknesses and
pressure relaxation related parameter. We observe that at the location of fractured reser-
voirs the inversion results of δN , ψn and δT exhibit relatively high values, and we also see
the distinction between fractured reservoir (especially oil-bearing fractured reservoir) and
non-fractured reservoir in the inversion result of pressure relaxation related parameter is
more obvious than that in the inversion results of dry fracture weaknesses, which reveals
the estimated pressure relaxation related parameter can be preserved as an additional and
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FIG. 13. Inversion results of dry fracture weaknesses and pressure relaxation related parameter.
The ellipse indicates the location of oil-bearing fractured reservoir, and the curve represents P-wave
velocity.

valuable proof for distinguish oil-bearing fractured reservoirs.

CONCLUSIONS

Based on an attenuative cracked effective model, we first simplify and approximate the
parameters that are related to fluid properties (fluid saturation, bulk modulus and viscosity),
from which we present three variables (dry fracture weaknesses and pressure relaxation re-
lated parameter) that are sensitive to dry fractures and fluids. Using stiffness matrix of rocks
that contain a set of aligned and partially saturated cracks, which is frequency-dependent
and expressed as a function of the presented three variables, we obtain perturbations in all
stiffness parameters in the case of one reflection interface separating two fractured rock-
s. Utilizing the obtained perturbations and the relationship between scattering potential
and reflection coefficient, we derive a linearized reflection coefficient of P-wave incidence
and P-wave scattering in terms of dry fracture weaknesses and pressure relaxation related
parameter.

Based on the derived reflection coefficient, we establish an inversion workflow and
approach to estimate dry fracture weaknesses and pressure relaxation related parameter
from frequency components of amplitude differences in seismic data along two azimuthal
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angles ϕ1 = 0◦ and ϕ2 = 90◦. The established inversion workflow involves two steps: 1)
estimating Quasi-difference in Elastic Impedance (QδEI) from inversion results of Elastic
Impedance (EI) estimated from frequency components of partially incidence-angle-stacked
seismic data along azimuthal angles ϕ1 and ϕ2, and 2) predicting dry fracture weaknesses
and pressure relaxation related parameter from the estimated results of QδEI using an
inversion algorithm established based on Bayes’ theorem. The stability of the proposed
inversion approach is confirmed using synthetic seismic data in the presence of moderate
random noise. Applying the proposed inversion approach and workflow to a real data set
acquired above a oil-bearing fractured reservoir and processed to meet requirements of
azimuthal amplitude inversion (e.g. azimuthal angle modification, transferring data from
offset domain to incidence angle domain, amplitude versus incidence angle and azimuth
compliant processing), we conclude that our approach appears to provide additional and
valuable results that can be used to identify oil-bearing fracture reservoirs.

In order to apply the proposed inversion approach and workflow, we should pay atten-
tion to some conditions and assumptions under which we derive the linearized reflection co-
efficient and establish the inversion approach, which includes: 1) The frequency-dependent
stiffness matrix is derived in the case of rocks containing a set of parallel cracks that are
vertical or sub-vertical and partially saturated, which emphasizes fractured/cracked reser-
voirs are filled with fluids that are mixture of gas and oil or mixture of gas and water; 2) in
the derivation of stiffness matrix we consider the case of a small crack density (e ≤ 0.01)
and not too thin cracks (i.e. α ≥ 0.0005), which allows us to reasonably neglect the imagi-
nary part of stiffness parameters; and 3) when deriving the linearized reflection coefficient,
we assume perturbations of P- and S-wave moduli across the interface are small, which
requires cracks/fractures are embedded in the rock rather than being distributed at rock
interface locations of different types of lithology. These assumptions and conditions, to
some extent, restrict the applicability of the derived reflection coefficient and the proposed
inversion approach; however, oil-bearing carbonate rock reservoirs in which vertical or
sub-vertical cracks exist fall into this category.
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APPENDIX A. DERIVATION OF LINEARIZED REFLECTION COEFFICIENT
FOR P-WAVE INCIDENCE AND P-WAVE SCATTERING

Substituting equations 7-11 into equation 12, we obtain

RPP =
1

4ρcos2 θ
S =

1

4ρ cos2 θ

[
∆ρcos2θ+∆C11ξ11+∆C12(ξ12+ξ21)+∆C13(ξ13+ξ31)

+∆C22ξ22+∆C23(ξ23+ξ32)+∆C33ξ33
+∆C44ξ44+∆C55ξ55+∆C66ξ66

]
. (A.1)

After some algebra we derive the linearized reflection coefficient as

RPP (θ, ϕ, ω) =
cos2θ

2 cos2 θ
Rρ +

1

2 cos2 θ
RM − 4gsin2θRµ

− 1

4 cos2 θ

[
1− 2g

(
sin2 θ sin2 ϕ+ cos2 θ

)]2
∆δN

− ω2

4 cos2 θ

[
1− 2g

(
sin2 θ sin2 ϕ+ cos2 θ

)]2
∆ψn

+ g
(
sin2θcos2ϕ− sin2θtan2θsin2ϕcos2ϕ

)
∆δT ,

(A.2)

where RM = ∆M
2M

, Rµ = ∆µ
2µ

, and Rρ = ∆ρ
2ρ

represent reflectivities of P- and S-wave
moduli and density, respectively. We stress that in the derivation of reflection coefficient
we neglect terms those are proportional to RMδN , RµδN and RµδT under the assumption
of small contrasts in P- and S-wave moduli across reflection interfaces.
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