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ABSTRACT

Based on a model of periodically layered media, we first express frequency-dependent
stiffness parameters in terms of P-wave attenuation factor and lay-weaknesses. Using per-
turbations in frequency-dependent stiffness parameters for an interface separating two peri-
odically layered media, we derive a linearized P-to-P reflection coefficient as a function of
layer-weaknesses and P-wave attenuation factor, from which an expression of anisotropic
and anelastic impedance is proposed. In order to estimate layer-weaknesses and P-wave at-
tenuation factor, we first utilize a model-based damped least-squares inversion approach to
estimate the anisotropic and anelastic impedances from frequency-components of partially-
stacked seismic data. Using the estimated anisotropic and anelastic impedances, we imple-
ment nonlinear inversion for unknown parameter vector (P- and S-wave moduli, density,
layer-weaknesses and P-wave attenuation factor), in which Bayesian Markov chain Monte
Carlo algorithm is employed. Synthetic tests confirm that the unknown parameter vector
involving P- and S-wave moduli, density, layer-weaknesses and P-wave attenuation factor
is estimated stably and reliably in the case of signal-to-noise ratio of 2. Applying the inver-
sion approach to a field data set, we observe that reliable results of layer-weaknesses and
P-wave attenuation factor are obtained. We conclude that the proposed inversion approach
may provide additional proofs for reservoir characterization and fluid identification.

INTRODUCTION

Seismic waves exhibit anisotropy and attenuation characteristics when propagating in
underground porous and cracked layers. Many studies focus on anisotropy features of seis-
mic wave propagation that are induced by thin layers of sediments (Thomsen, 1986; Alkhal-
ifah and Tsvankin, 1995; Tsvankin, 1996), which is considered as vertically transverse
isotropy (VTI), and anisotropic features that are caused by vertical or sub-vertical frac-
tures (Tsvankin, 1997; Rüger and Tsvankin, 1997; Bakulin et al., 2000), which is known
as horizontally transverse isotropy (HTI). Attenuation of seismic wave, which is caused by
fluid movement between pores and fractures when wave passing the rock (known as wave-
induced fluid flow, WIFF), have been well studied in the aspect of seismic rock physics
(Chapman, 2003; Gurevich et al., 2009; Müller et al., 2010). A periodically layered model
for studying P-wave attenuation in porous and fractured media is proposed by Brajanovski
et al. (2005), which mainly consists of a thin fractured layer and a thick porous background
layer. Based on the periodically layered model, stiffness parameters of anisotropic and
anelastic rocks, which consider both effect of fractures and pores can be expressed (Guo
et al., 2018; Chen and Innanen, 2018).

Seismic reflection coefficients expressed in terms of variables sensitive to anisotropy
or attenuation are important for both seismic forward modeling and seismic data inver-
sion. Thomsen (1986) presents weak anisotropy parameters. Rüger (1998) derives PP- and
PS-wave reflection coefficients in terms of weak anisotropy parameters and new modified
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anisotropy parameters. Using a scattering model, Shaw and Sen (2004) assume stiffness
parameters of anisotropic rocks to be the sum of isotropic background stiffness parameters
and anisotropy-induced perturbations, and they propose a relationship between reflection
coefficients and scattering potentials that are related to anisotropy-induced perturbations.
For analyzing effect of attenuation on seismic wave reflection response, Borcherdt (2009)
theoretically describes how plane waves reflect and refract at viscoelastic boundaries in the
condition of the constant quality factor Q model. Assuming attenuation to be perturba-
tion in elastic properties (e.g. velocity and moduli), Moradi and Innanen (2015) derive
scattering of seismic waves in viscoelastic media, and Moradi and Innanen (2016) ex-
press complex PP- and PS-wave reflection coefficients under the assumption of constant Q
model; however, the attenuation factors appear in the imaginary parts of the derived reflec-
tion coefficients. Combining attenuation factor computed using the squirt model proposed
by Mavko and Jizba (1991) and Dvorkin and Mavko (2006), and wave velocity defined
by Aki and Richards (2002) in anelastic media, Chen et al. (2018a) derive a frequency-
dependent PP-wave reflection coefficient as a function of P- and S-wave attenuation factors
(1/QP and 1/QS), and the attenuation factors exhibit in both real and imaginary parts of
reflection coefficient. In order to model seismic reflection characteristics in anisotropic and
anelastic media, a frequency-dependent reflection coefficient that considers both effects of
anisotropy and attenuation, should be derived.

Estimation of anisotropy and attenuation has become an important part of reservoir
characterization. seismic inversion for VTI media focuses on employing seismic data of
relatively large offset to estimate weak anisotropy parameters (Rüger, 1998; Grechka et al.,
2002); for HTI media, amplitude variation with offset and azimuth (AVOAz) data are uti-
lized for estimating variables sensitive to fractures, e.g., azimuthal seismic inversion for
fracture weaknesses and compliances (Downton and Roure, 2010, 2015; Chen et al., 2017,
2018b). Amplitude-variation with frequency data are employed to predict attenuation factor
1/Q based on the derived frequency-dependent reflection coefficient (Innanen, 2011; Bird,
2012). Chen et al. (2018a) propose an inversion approach of employing frequency com-
ponents of seismic data to estimate P- and S-wave attenuation factors based on anelastic
impedance. In the present study, we first express simplified stiffness parameters in terms of
lay-weaknesses and attenuation factor based the periodically layered model. Using pertur-
bations in stiffness parameters, we derive an approximate frequency-dependent reflection
coefficient and anisotropic anelastic impedance (AEI) as a function of attenuation factor
and layer-weaknesses. Based on the reflection coefficient and anelastic impedance, we es-
tablish an inversion approach and workflow of employing frequency-components extracted
from seismic data to estimate unknown parameters involving P- and S-wave moduli, den-
sity, attenuation factor and layer-weaknesses. Noisy synthetic seismic data are utilized to
testify the stability and robustness of the proposed inversion approach; and applying the
inversion approach and workflow to real data sets, we generate reliable results of atten-
uation factors and layer-weaknesses, which may be used as good indicators of reservoir
prediction.

THEORY AND METHOD

In this section we will propose simplified stiffness parameters as functions of attenua-
tion factors and weaknesses for periodically layered media that are constructed by a com-
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pliance layer and a stiff porous layer, as plotted in Figure 1. We stress that in the present
study we assume the weaknesses are mainly induced by the compliant layer and attenua-
tion are caused by wave-induced fluid flow (WIFF) in the stiff porous layer when seismic
wave propagates in the media. Using the simplified stiffness parameters, we will derive

FIG. 1. Periodically layered media. The quantities hc and hb represent thicknesses of compliant
and stiff layers, and H = hc + hb.

a linearized P-to-P reflection coefficient, which involves effects of elastic parameters (e.g.
P- and S-wave moduli), attenuation factors (i.e. inverse quality factors) and weaknesses.
Based on the proposed reflection coefficient, we will establish an approach and workflow
of employing observed seismic data to estimate elastic parameters, attenuation factors and
weaknesses.

Simplification of frequency-dependent stiffness parameters

We first propose how to simplify stiffness parameters for periodically layered media.
Stiffness matrix of periodically layered media is given by Backus (1962) and Carcione
(2015), which is the same to the stiffness matrix of vertical transversely isotropic (VTI)
media

C =


C11 C12 C13 0 0 0
C12 C11 C13 0 0 0
C13 C13 C33 0 0 0
0 0 0 C55 0 0
0 0 0 0 C55 0
0 0 0 0 0 C66

 , (1)

where

C11 =
H2McMb + 4hchb (Uc − Ub) (Mc − Uc −Mb + Ub)

H (hcMb + hbMc)
,

C12 =
H(Mc − 2Uc) (Mb − 2Ub)

hcMb + hbMc

+
2 [(Mc − 2Uc)hc + (Mb − 2Ub)hb] (Ubhc + Uchb)

H (hcMb + hbMc)
,

C13 =
(Mc − 2Uc)hcMb + (Mb − 2Ub)hbMc

hcMb + hbMc

,

C33 =
HMcMb

hcMb + hbMc

,
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C55 =
HUcUb

hcUb + hbUc

,

C66 =
hcUc + hbUb

H
, (2)

in which Mc and Mb are P-wave complex moduli of compliant and stiff layers, Uc and
Ub are S-wave complex moduli of compliant and stiff layers, H = hc + hb, hc and hb are
thicknesses of compliant and stiff layers, respectively.

Following Brajanovski et al. (2005), we focus on the case of the limit hc
H
→0 and setting

hb
H

to 1; and involving definitions of excess normal and tangential compliances,

lim
hc→0

hc

HMc

≡ ZN,

lim
hc→0

hc

HUc

≡ ZT,

(3)

and extending P- and S-wave moduli to be frequency-dependent we obtain simplified stiff-
ness parameters

C11≈Mb

[
1− (1− 2κb)2 δN

]
,

C12≈Mb(1− 2κb) [1− (1− 2κb) δN] ,

C13≈Mb (1− 2κb) (1− δN) ,

C33≈Mb (1− δN) ,

C55≈Ub (1− δT) ,

C66≈Ub, (4)

where δN = MbZN

1+MbZN
and δT = UbZT

1+UbZT
are the normal and tangential layer weaknesses

defined by Hsu and Schoenberg (1993), and κb = Ub
Mb

.

As we stress that the attenuation is mainly induced by WIFF in the porous background
layer, we extend the simplified stiffness parameters to be frequency-dependent by involving
the effect of attenuation factor into P- and S-wave moduli. In the present study, we focus on
the case of 2D stiffness tensor of VTI media and employ definitions of frequency-dependent
P- and S-wave moduli proposed by Chen et al. (2018a) to obtain the frequency-dependent
stiffness parameters

C11≈M
[
1 +

2Γf
QP

− (1− 2κ)2 δN

]
,

C13≈λ
[
1 +

2Γf
QP

− δN

]
,

C33≈M
[
1 +

2Γf
QP

− δN

]
,
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C55≈µ
[
1 +

2ξΓf
QP

− δT

]
, (5)

where λ = M (1− 2κ), Γf = 1
π

2f/fr
1+(f/fr)

2 log
(
f
fr

)
, ξ = 4κ(1−κ)

(1−2κ)2(3−2κ)
, κ = µ/M , M and µ

are elastic properties of background porous media at the reference frequency fr, and 1
QP

is
P-wave attenuation factor at the reference frequency fr (Chen et al., 2018a).

Derivation of linearized and frequency-dependent P-to-P reflection coefficient and
anelastic impedance

Using the derived simplified frequency-dependent stiffness parameters, we proceed to
the derivation of P-to-P reflection coefficient for an interface separating two periodically
layered layers as shown in Figure 2. Based on the perturbation theory, we assume the
upper layer to be the reference medium, which is characterized by three elastic parameters
(P-wave modulus M , S-wave modulus µ and density ρ), two layer-weakness parameters
(δN and δT), and one attenuation factor (P-wave inverse quality factor 1

QP
). Perturbations

exhibit in the lower layer, which are expressed as
(

∆M,∆µ,∆ρ,∆δN,∆δT,∆
1
QP

)
.

FIG. 2. An interface separating two periodically layered media.

Peturbation in stiffness matrix ∆C is expressed as

∆C =

∆C11 ∆C13 0
∆C13 ∆C33 0

0 0 ∆C55

 , (6)

and using the derived stiffness parameters shown in equation 5, we express perturbations
in the stiffness parameters as:

∆C11≈∆M + 2ΓfM∆
1

QP

− (1− 2κ)2M∆δN,

∆C13≈∆M − 2∆µ+ 2Γf (1− 2κ)M∆
1

QP

− (1− 2κ)M∆δN,

∆C33≈∆M + 2ΓfM∆
1

QP

−M∆δN,
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∆C55≈∆µ+ 2ξΓfµ∆
1

QP

− µ∆δT, (7)

in which we neglect terms that are proportional to 1
QP

∆M , ∆ 1
QP

∆M , 1
QP

∆µ, ∆ 1
QP

∆µ,
δN∆M , ∆δN∆M , δT∆µ, ∆δT∆µ under some assumptions that involve:

• Perturbations in P- and S-wave moduli ∆M and ∆µ are small;

• P-wave attenuation and its perturbation are weak (i.e. 1
QP
� 1 and ∆ 1

QP
� 1);

• Both normal and tangential layer-weaknesses and their perturbations are not too large
(i.e. δN < 1, δT < 1, ∆δN < 1, and ∆δT < 1).

A relationship between P-to-P reflection coefficient RPP and perturbation in stiffness
matrix ∆C is given by (Shaw and Sen, 2004, 2006; Moradi and Innanen, 2017; Chen and
Innanen, 2018)

RPP =
1

4ρcos2 θ
[∆ρcos 2θ + χ11∆C11 + 2χ13∆C13 + χ33∆C33 + χ55∆C55] , (8)

where θ is the incidence angle of P-wave, and the elements of χ are given by

χ11 =
ρ sin4 θ

M
,

χ13 =
ρ sin2 θ cos2 θ

M
,

χ33 =
ρcos4 θ

M
,

χ55 =
−4ρsin2 θ cos2 θ

M
.

(9)

Substituting equations 7 and 9 into equation 8, we obtain a linearized and frequency-
dependent P-to-P reflection coefficient after some algebra

RPP(θ, f) =
1

4
sec2 θ

∆M

M
− 2κsin2 θ

∆µ

µ
+

cos 2θ

4 cos2 θ

∆ρ

ρ

+

[
1

2
sec2 θ − 2κsin2 θ (ξ + 1)

]
Γf∆

1

QP

− 1

4
sec2 θ

(
1− 2κsin2 θ

)
∆δN + κsin2 θ∆δT.

(10)

Based on the P-to-P reflection coefficient, we next derive the corresponding anelastic
impedance (AEI) using approximations that involve

∆x

x
≈dlnx,RPP≈

1

2
dlnAEI,∆x≈dx, (11)
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where x refers to M , µ, ρ, 1
QP

, δN and δT, respectively. Combining equations 10 and 11,
we obtain the expression of anelastic impedance as

AEI (θ, f) =MPM (θ)µPµ(θ)ρPρ(θ)exp

[
PQ (θ, f)

1

QP

+ PδN (θ) δN + PδT (θ) δT

]
, (12)

where

PM (θ) =
1

2
sec2 θ,

Pµ (θ) = −4κsin2 θ,

Pρ (θ) =
cos 2θ

2 cos2 θ
,

PQ (θ, f) =
[
sec2 θ − 4κsin2 θ (ξ + 1)

]
Γf ,

PδN (θ) = −1

2
sec2 θ

(
1− 2κsin2 θ

)
,

PδT (θ) = 2κsin2 θ.

(13)

So far we have derived expressions of P-to-P linearized reflection coefficient and anelas-
tic impedance, which will be the basis for estimating results of anelastic impedance from
observed seismic data and predicting elastic parameters (M , µ and ρ), attenuation factor
( 1
QP

) and normal and tangential layer-weaknesses (δN and δT).

Following Whitcombe (2002), we propose the normalized anelastic impedance as

AEI (θ, f) =
(√

M0ρ0

)(M
M0

)PM (θ)(
µ

µ0

)Pµ(θ)(
ρ

ρ0

)Pρ(θ)

exp

[
PQ (θ, f)

1

QP

+ PδN (θ) δN + PδT (θ) δT

]
,

(14)

where M0, µ0, and ρ0 are constants of P- and S-wave moduli and density, which can pro-
vided by well log data.

Inversion of seismic amplitude data for elastic parameters, attenuation factor and
layer-weaknesses

Prior to the prediction of unknown parameters that involve elastic parameters, attenua-
tion factor and layer-weaknesses, we first implement the estimation of anelastic impedance
datasets using partially-incidence-angle-stacked seismic data of two different dominant fre-
quencies, which means we need to produce results ofAEI (θi, fj) |i=1:6,j=1:2, which are pre-
served as the input data for estimating unknown parameters. The estimation of anelastic
impedances is implemented using a model-based damped least-squares algorithm, which
has well studied in our previous research (Chen et al., 2018a,c; Chen and Innanen, 2018).

In the present study, we focus on the establishment of an approach that utilizes esti-
mated results ofAEI to predict unknown parameters stably. In the case of l layer, a succinct
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nonlinear relationship between the anelastic impedance vector d and the unknown param-
eter vector m is expressed as

d = G (m) , (15)

where G is a nonlinear operator related to the incidence angle θ and frequency f , and

d = AEI (θi, fj) =

A1
EI (θi, fj)

...
AlEI (θi, fj)

 ,

m =


M
µ
ρ
Qn

δN

δT

 ,
(16)

in which

M =

M1
...
Ml

 ,µ =

µ1
...
µl

 ,ρ =

ρ1
...
ρl

 ,

Qn =

1/Q1
...

1/Ql

 , δN =

(δN)1
...

(δN)l

 , δT =

(δT)1
...

(δT)l

 , (17)

where subscripts 1, ..., l indicate the different layers.

Given an initial guess of unknown parameter vector m0 and values of incidence angle
and frequency, we may compute the anelastic impedance using the derived equation 14.
The L2-norm of data residual is expressed as

J =
1

2
[d−G (m)]T [d−G (m)] , (18)

where J is to be minimized for obtaining acceptable inversion results of unknown param-
eter vector m. Based on the initial guess m0, the solution of unknown parameter vector is
given by (Malinverno, 2002; Fukuda and Johnson, 2010; Köhn, 2011; Pan et al., 2016)

m = m0 + L∆m, (19)

where L is the step length, and ∆m is the search direction. The full-Newton search direc-
tion ∆m is given by

∆m = −H−1g, (20)

8 CREWES Research Report — Volume 31 (2019)



Nonlinear inversion for attenuation and layer-weaknesses

where

g =



∂AEI
∂M

∂AEI
∂µ

∂AEI
∂ρ

∂AEI
∂Qn

∂AEI
∂δN

∂AEI
∂δT




∆AEI

∆AEI

∆AEI

∆AEI

∆AEI

∆AEI

 ,

H≈



∂2AEI
∂M2

∂2AEI
∂µ2

∂2AEI
∂ρ2

∂2AEI
∂Qn

2

∂2AEI
∂δN

2

∂2AEI
∂δT

2




∆AEI

∆AEI

∆AEI

∆AEI

∆AEI

∆AEI



+



(
∂AEI
∂M

)2

(
∂AEI
∂µ

)2

(
∂AEI
∂ρ

)2

(
∂AEI
∂Qn

)2

(
∂AEI
∂δN

)2

(
∂AEI
∂δT

)2


,

(21)

in which ∆AEI is the difference between the input anelastic impedance and that generated
using the initial guess m0. We stress that both the gradient g and the Hessian matrix H
are obtained via computing the derivative of anelastic impedance with respect to m using
equation 14.

We next employ the Bayesian Markov chain Monte Carlo (MCMC) algorithm to im-
plement the generation of candidates that are acceptable for computing the final inversion
results of unknown parameters. One advantage of the MCMC algorithm is that the can-
didate of m, m′

i+1, is generated by perturbing the current state m′
i (for the first iteration

m′
1 = m0) following a Markov chain random walk. In the present study, we let the step

length L be a [-1, 1] uniform random number, and using equation 18 we generate the candi-
date combining the initial guess and the full-Newton step. In the Bayesian framework, we
determine whether the generated candidate should be accepted or not using a probability
estimation

Pc

(
m′

i+1

)
= min

[
1,
P
(
m′
i+1|d

)
P
(
m′
i|d
) ] , (22)

where P
(
m′
i+1|d

)
and P

(
m′
i|d
)

are posterior probabilities that are computed based on the
Bayesian theorem (Appendix A). Table 1 shows the scheme of the inversion method.
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Table 1. The scheme of the inversion method

1. Construct initial guess m0 and let m1 = m′
1 = m0;

2. for j = 1, 2, ..., 20

3. Compute ∆mj = −H−1g using mj;

4. for i = 1, 2, ..., 100

5. Step1: Generate m′
i+1 = m′

i + L∆mj , L ∈ [−1, 1];

6. Step2: Estimate Pc

(
m′
i+1

)
;

7. Step3: Determine if m′
i+1 is acceptable;

Yes, save m′
i+1;

No, go back to Step1;

8. end

9. Calculate the average values of all the accepted candidates, m′
a,

and let mj+1 = m′
a;

10. end

11. Compute the average value, ma = 1
20

Σj=20
j=1 mj , and preserve ma

as the final inversion result.

We next explain how to determine whether the generated candidate is acceptable or not.
The determination is implemented as:

• Given a generated candidate m′ , we compute the acceptance probability Pc

(
m′)

using equation 21;

• Generate a random value β, and β ∈ [0, 1];

• Compare β with Pc

(
m′); if β < Pc

(
m′), accept the generated candidate, otherwise

generate a new candidate again.

We stress that in the proposed inversion approach there are two loops: the inner loop
is implemented based on the Bayesian MCMC inversion algorithm to generate acceptable
candidates using the Newton-step ∆m computed in the outer loop; and the acceptable can-
didates generated in the inner loop will again provide the model vector that is the average
value of all the acceptable candidates to compute the Newton-step again in the outer loop.
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NUMERICAL EXAMPLES

Verifying the accuracy of derived reflection coefficient

A two-layer model

In order to verify the accuracy of derived reflection coefficient, we first utilize a two-
layer model to compare PP-wave reflection coefficients computed using the derived equa-
tion 10, approximate results calculated using the linearized reflection coefficient proposed
by Behura and Tsvankin (2009) for arbitrarily anisotropic media (Appendix B), and exact
solutions obtained using the generalized Zoeppritz equations (Schoenberg and Protazio,
1990; Chen et al., 2018d), as shown in Figure 3. Table 2 shows elastic parameters, inverse
P-wave quality factors and layer-weaknesses of two-layer model.

Table 2. Parameters of two-layer model

M (GPa) µ (GPa) ρ (g/cm3) 1/QP (−) δN (−) δT (−)

Layer1 20.70 8.30 2.30 0.10 0.06 0.02

Layer2 12.50 3.38 2.00 0.50 0.34 0.11

0 10 20 30 40 50
-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4
Behura&Tsvankin (2009) equation
Generalized Zoeppritz equations
The derived reflection coefficient

0 10 20 30 40 50
-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4
Behura&Tsvankin (2009) equation
Generalized Zoeppritz equations
The derived reflection coefficient

FIG. 3. Comparisons between PP-wave reflection coefficients computed using the derived lin-
earized equation, approximate equation proposed by Behura and Tsvankin (2009), and general-
ized Zoeppritz equations. a) f = 10Hz, and b) f = 30Hz. The reference frequency fr used in the
calculation is 3000Hz.

In Figure 3 we observe that differences between PP-wave reflection coefficients com-
puted using the derived equation 10 and exact solutions calculated using the generalized
Zoeppritz equations are relatively small in the case of the maximum incidence angle being
around 30◦, which confirms the derived equation is acceptable for computing PP-wave re-
flection coefficient in the case of the incidence angle θ being less than 30◦. We also observe
that the derived reflection coefficient has a relatively high accuracy than the approximate
reflection coefficient proposed by Behura and Tsvankin (2009).
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A well-log model

We next use a well-log model to further verify the accuracy of the derived linearized
reflection coefficient. Figure 4(a) plots curves of P- and S-wave moduli and density, and
Figure 4(b) plots constructed curves of P-wave inverse quality factor and layer-weaknesses.
The curve of P-wave attenuation factor 1

QP
is constructed using the fakeq function pro-

posed by Margrave (2013). Following Li (2006), we first compute Thomsen anisotropic
parameters using empirical relationships, and then we roughly calculate layer-weaknesses
according to definitions of Thomsen anisotropic parameters and their approximations (Ap-
pendix C). In Figure 4 we observe around the location of reservoir (1180ms) P- and S-wave
moduli and density exhibit relatively low values and the constructed P-wave attenuation
factor and layer-weaknesses show relatively high values.
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FIG. 4. Curves of well log model.

We compute PP-wave reflection coefficients using the derived equation 10 and the gen-
eralized Zoeppritz equations in the case of different frequencies (f1 = 8Hz and f2 = 30Hz),
and utilizing Ricker wavelets of dominant frequencies 8Hz and 20Hz, we generate synthetic
seismic data using the computed results of PP-wave reflection coefficients in the case of in-
cidence angle being 1◦ − 50◦. Comparisons between the generated synthetic seismic data
are plotted in Figure 5.

In Figure 5 we observe there is a good match between the synthetic seismic data re-
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FIG. 5. Comparisons between synthetic seismic data generated using PP-wave reflection coeffi-
cients computed using the derived linearized equation (red color) and the Zoeppritz equations (blue
color). a) f = 8Hz, and b) f = 30Hz. The reference frequency fr used in the calculation is 3000Hz.

spectively generated using PP-wave reflection coefficients computed utilizing the derived
linearized equation and Zoeppritz equations, which confirms that the derived equation can
produce PP-wave reflection coefficients of high accuracy in the case that the incidence
angle is less than 30◦ (i.e. θ≤30◦).

Verifying robustness and stability of the proposed inversion approach

Again using the well-log model, we first generate synthetic seismic data in the case of
the incidence angle being 1◦ − 30◦ utilizing the generalized Zoeppritz equations, and then
we add Gaussian random noise into the synthetic data, from which we obtain the seismic
data of signal-to-noise ratio (SNR) of 2. The noisy seismic data are preserved as the input
for estimating anelastic impedances. Figure 6 plots seismic data of SNR of 2, which are
generated using PP-wave reflection coefficients computed at frequencies f1 = 8Hz and
f2 = 30Hz, and Ricker wavelets of dominant frequencies f1 and f2.

Using the noisy synthetic seismic data we first generate six partially incidence-angle-
stacked seismic data, which are obtained by stacking synthetic seismic data over different
ranges of incidence angle, i.e., 1◦ − 5◦, 6◦ − 10◦, 11◦ − 15◦, 16◦ − 20◦, 21◦ − 25◦ and
26◦− 30◦. We let the central angles be θ1 = 3◦, θ2 = 8◦, θ3 = 13◦, θ4 = 18◦, θ5 = 23◦, and
θ6 = 28◦. With the stacked seismic data in hand, we implement the inversion for anelas-
tic imepdances using the model-constrained damping least-squares algorithm proposed by
Chen et al. (2018a). Comparisons between inversion results of anelastic impedance and
true values computed using equation 14 are plotted in Figure 7.
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FIG. 6. Synthetic seismic data of signal-to-noise ratio (SNR) of 2. The reference frequency fr used
in the calculation is 3000Hz.
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FIG. 7. Comparisons between inversion results and true values of anelastic impedances. a) f1 =
8Hz, and b) f2 = 30Hz. The dotted curve indicates the initial model, which is a smoothed version
of true value.

In Figure 7 we observe that the anelastic impedance around the location of gas reservoir
(1180ms) exhibit a relatively low value, and the inversion results of anelastic impedance
obtained from the partially incidence-angle-stacked seismic data can match the true values
computed using the derived expression of anelastic impedance well even in the case of
SNR being 2, which confirms that the inverted anelastic impedances can be used for the
estimation of unknown parameters that involve P- and S-wave moduli, density, P-wave
attenuation factor and layer-weaknesses.

With the inversion results of anelastic impedance in hand, we proceed to the estimation
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of unknown parameters using the proposed nonlinear inversion approach and workflow
outlined in the previous section. Figure 8 plots comparisons between the acceptable in-
version results and true values, in which the final inversion results computed using all the
acceptable results are plotted.
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FIG. 8. Comparisons between all the inversion results and true values of unknown parameters.

In Figure 8 we observe that there is a good match between the inversion result and the
true value, which confirms that the proposed nonlinear inversion method that combines the
full-Newton step and Bayesian MCMC inversion can produce reliable results of P- and S-
wave moduli, density, attenuation factors and layer-weaknesses even the case of SNR of 2,
and also reveals that the proposed inversion method is stable and robust.

Field data example

We proceed to employing a field data set to further verify the proposed inversion ap-
proach and workflow. The seismic data, which are provided as common-imaging-point
(CIP) gathers, were acquired above a shale gas reservoir located in China. Using well log
data we first transfer the CIP gathers to angle gathers in a commercial software package.
Figure 9 plots the profile of angle gathers extracted at the location of a successfully drilling
well.
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FIG. 9. Angle gathers extracted at the location of well log. The blue line indicates the location of
gas reservoir.

Comparing P-wave velocity and the angle gathers, we observe around the location of
gas reservoir the P-wave velocity exhibits a relatively low value and there is a feature that
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the seismic amplitudes vary with the incidence angle (AVA). We next produce partially
incidence-angle-stacked seismic data using the angle gathers, and then we extract fre-
quency components from the stacked seismic data. Seismic data of different angle ranges
(2◦− 6◦, 6◦− 10◦, 10◦− 14◦, 14◦− 18◦, 18◦− 22◦, and 22◦− 26◦) are utilized to generate
partially-incidence-angle stacked seismic data, and we assume the central incidence angles
of stacked seismic data are θ1 = 4◦, θ2 = 8◦, θ3 = 12◦, θ4 = 16◦, θ5 = 20◦, and θ6 = 24◦.
Two rectangle filters are respectively employed to extract the frequency components of
3Hz-13Hz and 25-35Hz, and we assume the central frequencies of the extracted compo-
nents are f1 = 8Hz and f2 = 30Hz. Figure 10 plots the partially incidence-angle-stacked
seismic data of different central incidence angles and frequencies.
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FIG. 10. Profiles of seismic data. The black curve in the figure indicates P-wave velocity.

Using the extracted frequency components of partially incidence-angle-stacked seismic
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data we first implement the inversion for anelastic impedances using the least-squares al-
gorithm proposed by Chen et al. (2018a). Figure 11 plots inversion results of anelastic
impedance.
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FIG. 11. Inversion results of anelastic impedance of different incidence angles and frequencies. The
black curve in the figure indicates P-wave velocity, and the dashed ellipse indicates the location of
gas reservoir.

In Figure 11 we observe that around the location of gas reservoir the inverted anelastic
impedance exhibits a relatively low value, which is in agreement with the feature we ob-
served in anelastic impedances computed using the well log model in the previous section.
Prior to implementing the nonlinear inversion for P- and S-wave moduli, density, P-wave
attenuation factor and layer-weaknesses, we first construct initial models of unknown pa-
rameters. We implement AVA inversion for P- and S-wave velocities and density using
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a commercial software package, and then we roughly calculate P- and S-wave moduli.
The method to construct initial models of P-wave attenuation factor and layer-weaknesses
is discussed in the previous section, in which the fakeq function and the empirical rela-
tionships (Appendix C) are employed. Smoothed version of the roughly estimated P- and
S-wave moduli, density, attenuation factor and layer-weaknesses are used as initial models
in the nonlinear inversion, as plotted in Figure 12.
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FIG. 12. Constructed initial models of P- and S-wave moduli, density, P-wave attenuation factor
and layer-weaknesses.

Using the proposed nonlinear inversion approach and workflow, we implement the pre-
diction of P- and S-wave moduli, density, P-wave attenuation factor and layer-weaknesses
using the estimated anelastic impedances. Figure 13 plots the inversion results of unknown
parameters, and we observe that around the location of gas-reservoir the inverted P- and S-
wave moduli and density exhibit relative low values, and the estimated P-wave attenuation
factor and layer-weaknesses exhibit relatively high values. It indicates that seismic wave
propagation in the shale gas reservoir exhibits both high attenuation and large anisotropy.

CONCLUSIONS

Beginning with the periodically layered model, we express simplified frequency-dependent
stiffness parameters in terms of attenuation factor and layer-weaknesses. Using perturba-
tions in stiffness parameters, which involves perturbations in attenuation factors and layer-
weaknesses, we derive the frequency-dependent and linearized P-to-P reflection coefficient
as a function of reflectivities of P- and S-wave moduli and density and changes in atten-
uation factor and lay-weaknesses across the reflection interface; and we also propose the
expression of anisotropic anelastic impedance (AEI). Based on the derived reflection co-
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FIG. 13. Inversion results of P- and S-wave moduli, density, P-wave attenuation factor and layer-
weaknesses. The black curve indicates the P-wave velocity, and the ellipse indicates the location
of gas-reservoir.

efficient and anelastic impedance, we establish an inversion approach and workflow of
employing different frequency components of partially-incidence-stacked seismic data to
estimate the unknown parameter vector involving P- and S-wave moduli, density, attenua-
tion factor and layer-weaknesses using a Bayesian Markov chain Monte Carlo algorithm.
Test on synthetic data confirms that the inversion approach may produce stable results of
unknown parameters in the case of signal-to-noise ratio (SNR) of 2. We finally apply the
inversion approach and workflow to real data sets acquired over a shale reservoir, from
which reliable results of attenuation factor and lay-weaknesses that well match the reser-
voir, are obtained. We conclude that the proposed inversion approach appears to be a useful
tool for estimating attenuation and anisotropy for underground layers and reservoirs.
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APPENDIX A. ESTIMATING PROBABILITY FOR DETERMINING AN
ACCEPTABLE CANDIDATE

Following Chen et al. (2017), we express the posterior probability distribution function
(PDF) P (m|d) as

P (m|d) = P (d|m)P (m) , (A.1)

where P (d|m) is the likelihood function, and P (m) is the prior probability function. In
the present study, we assume both the likelihood function and the prior probability are
consistent with the Gaussian distribution; hence the posterior PDF is expressed as

P (m|d)∝ exp



−Σ [d−G(m)]T [d−G(m)]
2σ2

e
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2σ2
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, (A.2)

where ψM, ψµ, ψρ, ψQn
, ψδN , and ψδT respectively represent average values of correspond-

ing vectors, σ2
M, σ2

µ, σ2
ρ, σ2

Qn
, σ2

δN
, and σ2

δT
respectively variance values of corresponding

vectors, and σ2
e represents the variance of errors/noises between input data and modeled

data.

APPENDIX B. PP-WAVE REFLECTION COEFFICIENT FOR ATTENUATIVE
AND ARBITRARILY ANISOTROPIC MEDIA

In the case of attenuative and arbitrarily anisotropic media, Behura and Tsvankin (2009)
proposed a linearized PP-wave reflection coefficient RH

PP as

RH
PP =

∆ρ

2ρ
+

∆C33

4ρV 2
Pa

+

(
∆C13

2ρV 2
Pa

− ∆C33

4ρV 2
Pa

− ∆C55

ρV 2
Pa

− 2V 2
Sa

V 2
Pa

∆ρ

ρ

)
sin2 θ

+
∆C11

4ρV 2
Pa

sin2 θtan2 θ,

(B.1)

where

VPa =

√
M
ρ
,

VSa =

√
U
ρ
.

(B.2)
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APPENDIX C. APPROXIMATE RELATIONSHIPS BETWEEN THOMSEN
ANISOTROPIC PARAMETERS AND LAYER-WEAKNESSES

Based on the rock physic template and core data, Li (2006) proposed empirical rela-
tionships between Thomsen anisotropic parameters and clay volume

ε =
0.6Vclay (VP − V water

P )

V quartz
P − V water

P − 2.65Vclay

,

γ =
0.67VclayVS

V quartz
S − 2.29Vclay

,

(C.1)

where Vclay is the clay volume, VP and VS are P and S-wave velocities provided by well log,
and in the present study, V water

P = 1.5km/s, V quartz
P = 6.05km/s, and V quartz

S = 4.09km/s.

According to definitions of Thomsen anisotropic parameters (Thomsen, 1986), we ob-
tain approximate relationships between Thomsen anisotropic parameters and layer-weaknesses
as

ε =
C11 − C33

2C33

≈2κ(1− κ)δN,

γ =
C66 − C44

2C44

≈1

2
δT.

(C.2)

Combining equations C.1 and C.2 we may first compute Thomsen anisotropic parame-
ters using clay volume, and then we roughly calculate layer-weaknesses using the computed
anisotropic parameters.
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