
Important Notice 
 

This copy may be used only for 
the purposes of research and 

private study, and any use of the 
copy for a purpose other than 
research or private study may 
require the authorization of the 
copyright owner of the work in 

question.  Responsibility regarding 
questions of copyright that may 
arise in the use of this copy is 

assumed by the recipient. 
 
 



UNIVERSITY OF CALGARY

Viscoelastic full-waveform inversion: treating attenuation uncertainty, characterizing cross-talk,

and quantifying confidence in inversion results

by

Scott Douglas Keating

A THESIS

SUBMITTED TO THE FACULTY OF GRADUATE STUDIES

IN PARTIAL FULFILLMENT OF THE REQUIREMENTS FOR THE

DEGREE OF DOCTOR OF PHILOSOPHY

GRADUATE PROGRAM IN GEOLOGY AND GEOPHYSICS

CALGARY, ALBERTA

OCTOBER, 2020

© Scott Douglas Keating 2020



Abstract

Full waveform inversion (FWI) is a powerful technique for estimating the subsurface properties

which affect seismic wave propagation but it is often limited by simplistic treatment of wave prop-

agation physics. In particular, attenuation and dispersion, which play major roles in most seismic

experiments, are commonly neglected. This omission often occurs because of the many complicat-

ing factors a treatment of attenuation introduces. Particularly notable challenges include a strong

degree of cross-talk, in which attenuation and elastic property estimates are incorrectly influenced

by one another, and the need to decide which of several plausible models of seismic attenuation to

include in the inversion. In this thesis, I propose approaches to mitigate these challenges and make

the inclusion of attenuation in FWI more practical.

While it is necessary to assume a specific relation between attenuation, dispersion, and fre-

quency in FWI, many such relations exist, and these can differ significantly in some of their spe-

cific predictions. In general, subsurface attenuation can differ substantially from the attenuation-

frequency relation assumed. In this thesis, I propose a flexible inversion approach which mitigates

the errors caused by this type of discrepancy by relaxing the assumption that the assumed relation

holds over all frequencies, and instead requiring consistency only over smaller bands of frequen-

cies. This approach can be effective in mitigating the impact of errors in the assumed attenuation

physics.

Understanding the behaviour of cross-talk as a function of acquisition geometry is often con-

sidered essential when using FWI to estimate more than one physical property. Cross-talk with

attenuation variables has not previously been deeply investigated in this way, because the conven-

tional approaches used for assessing cross-talk are poorly suited for the modes of cross-talk that are

important when considering attenuation. I propose an alternative approach for assessing cross-talk

in this thesis. This approach is better able to treat attenuation and also allows for consideration

of both the optimization strategy used and cross-talk between spatially separated variables, impor-
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tant features of cross-talk not treated in conventional approaches. I use this approach to identify

important cross-talk behaviours in viscoelastic FWI.

Finally, I propose an approach for targeted uncertainty quantification in FWI. This approach

does not account for all potential uncertainties in the FWI problem, but does quantify a major part

of the uncertainty associated with cross-talk. I present numerical examples to illustrate how this

approach can be used to assess confidence in viscoelastic FWI results.
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Chapter 1

Introduction

1.1 Full waveform inversion

Inversion is the process of using measurements of physical systems to estimate the properties of

those systems (Tarantola, 2005). In this sense, inversion is ubiquitous throughout science, though

it can often be a trivial procedure. Inversion assumes a special importance when available mea-

surements relate to the desired properties in complex, indirect ways. In geophysics, where direct

measurements are often impractical or impossible, inversion is a crucial tool for determining the

properties of the subsurface. Geophysical measurements used to investigate the subsurface include

gravity (e.g. Wessel and Watts, 1988; Chen et al., 2006; Van Camp et al., 2017) , magnetic (e.g.

Kuang and Bloxham, 1997; Sabaka et al., 2002; Parker, 2003) and electric (e.g. Daily et al., 1992;

Zhou et al., 2002; Sudha et al., 2009) field measurements, as well as measurements of electromag-

netic (e.g. Ward and Hohmann, 1988; Jiracek, 1990; Annan, 2005) and seismic (e.g. Van Gestel

et al., 2008; Tape et al., 2009; Maxwell et al., 2010) waves. Seismic inversion in particular is a

powerful tool for subsurface characterization, with the ability to characterize the subsurface with

fine resolution over large volumes. Seismic inversion can be used for very large-scale investigation,

such as determining the properties of the Earth’s mantle and core, or continental-scale characteri-

zation of the crust; for study on the scale of tens of kilometers, such as characterization of oil and

gas reservoirs or monitoring CO2 sequestration; and for scales on the order of hundreds of meters,

such as microseismic monitoring of small fracturing events. These wide-spread applications make

seismic inversion an important tool.

Well established inversion techniques in exploration seismology make use of portions of the

measured data to recover specific characteristics of the subsurface. Traveltime tomography (e.g.

Bording et al., 1987; Nolet, 1987; Bregman et al., 1989) utilizes picked travel times from early
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arrivals to obtain a long wavelength estimate of the seismic velocities in the subsurface. Migra-

tion (e.g. Stolt, 1978; Baysal et al., 1983; Gray and May, 1994) and least-squares migration (e.g.

Nemeth et al., 1999; Kühl and Sacchi, 2003) use measurements of reflection events to generate

images of seismic reflectivity. Amplitude variation with offset (AVO) analysis (e.g. Smith and

Gidlow, 1987; Fatti et al., 1994; Goodway et al., 1997; Downton and Ursenbach, 2006) makes use

of changes in measured reflection amplitudes from a chosen reflector to generate an estimate of the

contrast in elastic parameters at the reflector. While these methods have been very successful in

recovering subsurface properties, their focused nature results in assumptions and incomplete usage

of the measured data, both of which can limit their effectiveness. The aim of full-waveform inver-

sion (FWI) is to instead recover the physical parameters which predict the full information content

of a set of seismic recordings. The goal in FWI, then, is to encompass traveltime tomography, mi-

gration, AVO, and other seismic inversion techniques and to further utilize information employed

by none of these. While FWI is not currently a replacement for these methods, it offers signifi-

cant utility and considerable potential by making use of data other inversion approaches neglect.

In particular, FWI has been consistently and very effectively used as a tool for recovering veloc-

ity structures on wavelengths intermediate between the very long ones contributed by traveltime

tomography, and the very short ones reconstructed by migration (Virieux and Operto, 2009).

Tarantola (1984) and Lailly (1983) are widely credited with the development of the full-

waveform inversion approach. Though these authors were not the first to propose treating the

seismic inversion problem holistically, they were the first to propose a method with potentially

feasible computational cost. They achieved this by 1) framing the inversion as a local optimization

problem, 2) considering a simplified model of wave propagation physics, and 3) recognizing that

the gradient in the optimization problem could be evaluated through a process highly similar to

reverse-time migration (an approach already being efficiently implemented and optimized at that

time). While the gradient formulation presented by these authors was the key development mak-

ing the FWI problem tractable, the first and second points represents simplifications which have
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proved to be both necessary and problematic. Each of these simplifications can have significant

impacts on inversion results and the challenges associated with mitigating these impacts have been

the focus of much of the research in FWI from its initial proposal to today.

1.2 Local optimization

Full waveform inversion is generally formulated as an optimization problem in which an objective

function, a measure of the discrepancy between measured data and data simulated from a model

estimate, is minimized. Ideally, the objective function could be assessed over a representative sam-

pling of feasible model space, allowing for the likelihood of any particular model given the mea-

sured data to be assessed in a Bayesian framework. Unfortunately, such comprehensive exploration

of the objective function is infeasible in practice; even one simulation of the data which would be

recorded with a given model is computationally expensive. Because of this large computational

expense, FWI is generally framed as a local optimization problem (Virieux and Operto, 2009), in

which only model changes that decrease the objective function are allowed and the minimum of the

objective function is considered to be the best representation of the subsurface. This approach is

much less computationally intensive than stochastic methods; ideally the objective function will be

assessed at only a few intermediate points in model space between the starting model and the min-

imizing model. It also has drawbacks however, especially relating to local minima and uncertainty

quantification.

Local optimization of a non quadratic function (like the FWI objective function) bears an in-

herent risk of converging to a model which is locally, but not globally, optimal. Local minima

are problematic because they represent non-optimal solutions to which our algorithm may con-

verge. Substantial research in FWI has focused on mitigating the threat posed by local minima

(e.g., Bozdağ et al., 2011; Van Leeuwen and Herrmann, 2013; Warner and Guasch, 2014; Engquist

and Froese, 2014). Perhaps the most intuitive type of local minimum in FWI is caused by what

is referred to as cycle skipping. Cycle skipping occurs when the synthetic data corresponding to
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a candidate FWI model matches peaks and troughs of the measured data at a different cycle from

the correct match. This type of model represent a local minimum in the optimization. If the initial

model estimate is more than a half wavelength from the true model, cycle skipping minima are

serious hazards, lying between the current model and the global minimum. An example of the

cycle-skipping problem is illustrated in figure 1.1. Bunks et al. (1995) proposes avoidance of these

local minima by beginning the inversion using only low frequencies (where a half wavelength

represents a relatively large distance), and introducing higher frequencies (representing shorter

wavelengths) gradually as iterations proceed. In this fashion, local minima corresponding to high

frequency components of the data, which lie nearer to the global minimum, are bypassed before

these frequencies are considered. This strategy has been demonstrated to be effective in avoiding

local minima, provided sufficiently low frequency data is available, but introduces a constraint on

how the available data frequencies are employed in FWI. More recently, significant research has

focused on re-formulating the objective function to eliminate local minima, through filter-based

methods (e.g. Luo and Sava, 2011; Warner and Guasch, 2014), relaxation of partial differential

equation constraints (e.g. Van Leeuwen and Herrmann, 2013; da Silva and Yao, 2017), optimal

transport metrics (e.g. Engquist and Froese, 2014; Métivier et al., 2016) and many other approaches

(e.g. Bozdağ et al., 2011; Huang and Symes, 2015). These methods have been shown to allow for

effective FWI, even when important low frequency data are missing, but these approaches still

require some low frequencies in order to function, and are often recommended in conjunction with

a multi-scaling approach.

The use of local optimization in FWI also introduces challenges for uncertainty quantification.

In a Bayesian approach, an approximation of the probability density function can be made by as-

sessing the objective function throughout feasible model space (Tarantola, 2005). Unfortunately,

local optimization methods, by design, evaluate the objective function at only a few points in model

space and provide insufficient information for an accurate estimation of uncertainty. While a poste-

riori methods exist for uncertainty estimation, these too are limited by computation considerations,
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Figure 1.1: Illustration of cycle skipping. In the top example cycle skipping occurs due to the
starting error exceeding a half period. In the bottom example, the initial guess is close enough to
the true model to avoid the cycle-skipped minimum. From Virieux and Operto (2009).
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and typically struggle to fully consider the dimensionality of the inversion problem. These meth-

ods provide, of necessity, only local estimates of inversion uncertainty and are unable to quantify

the confidence that the inversion result represents a global minimum (Bui-Thanh et al., 2013; Zhu

et al., 2016; Eliasson and Romdhane, 2017; Liu and Peter, 2019). Because of these challenges,

efficient estimation of confidence in inversion results is an ongoing research topic with significant

implications for the effective use of FWI.

1.3 Multiparameter FWI

The first proposals of FWI neglected elastic, anisotropic, and attenuative wave propagation effects,

instead assuming an acoustic model of wave propagation (Lailly, 1983; Tarantola, 1984). The

assumption of acoustic wave propagation was important for making the problem tractable, reduc-

ing the computational cost of wavefield modeling and reducing the dimensionality of the inverse

problem, but compromised the ability of the inversion to make use of all the measured data, as seis-

mic wave-propagation involves many significant non-acoustic effects. Early successful versions of

FWI used the acoustic model and made the further assumption of constant density. While this

formulation of FWI has been very successful in recovering the P-wave velocity of the subsurface,

effective implementations often discard or minimize the consideration of portions of the measured

data, including surface waves, shear arrivals, and to the extent possible, amplitude variations (e.g

Shin and Min, 2006; Luo et al., 2016; Fu et al., 2018). This type of approach treats data more

holistically than traveltime tomography or migration, but it neglects data and physics in a way that

causes several important shortcomings. First, when the representation of seismic wave propaga-

tion is very simplified and not all data can be predicted, it becomes uncertain whether the model

best reproducing the data also represents a best estimate of subsurface properties; there may be

data introduced by neglected physics effects being erroneously matched in the inversion. Second,

by neglecting much of the information content in the data, this approach fails to discern as much

information about the subsurface as the data could, in principle, provide. For both of these reasons,
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multi-parameter FWI formulations have been proposed.

A multi-parameter FWI inverts for more than one physical property. In its very simplest imple-

mentation, multiparameter FWI considers acoustic wave propagation, but recovers both P-wave ve-

locity and density in the inversion, as in the original formulation. More complex formulations con-

sider better representations of seismic wave propagations, employing elastic (e.g. Innanen, 2014;

Wang et al., 2016; Pan et al., 2018), viscoacoustic (e.g. Kamei and Pratt, 2013; Métivier et al.,

2015; Plessix et al., 2016; Yang et al., 2016), anisotropic (e.g. Warner et al., 2013; Alkhalifah and

Plessix, 2014; Kamath and Tsvankin, 2016), or viscoelastic (e.g. Yang et al., 2016; Fabien-Ouellet

et al., 2017) physics among others. While these approaches improve the capacity of the inversion

to match the observed data, they also have several drawbacks which make their implementation

challenging. The number of variables in these inversion problems can be very large, both because

a larger number of physical properties (parameters) are considered and because more complete

physics often requires finer spatial sampling in modeling. The computational costs of wavefield

modeling can likewise be much larger than in the single-parameter case. Multi-parameter inver-

sion also makes explicit the problem of cross-talk. Cross-talk occurs when differences between

measured and modeled data (data residuals) are mistakenly attributed to model errors in the wrong

parameters. While cross-talk occurs even in single parameter inversion (wherein all data residu-

als are attributed to one parameter), effective multi-parameter inversion requires that cross-talk be

largely mitigated in order to have confidence in the estimates of different parameters.

Strategies for mitigating cross-talk have been extensively investigated by the FWI community.

One successful approach for acoustic and elastic inversion has been to re-parameterize the inver-

sion in terms of properties that each contribute to unique portions of the data, allowing for recovery

of each by focusing the inversion on different data sub-sets (e.g. Sears et al., 2008; Gholami et al.,

2013; Kamath et al., 2017). While this approach has been shown to be effective in some problems,

it is inadequate where the necessary data for discrimination are unavailable, or where the physics

considered do not support a parameterization that assigns different properties to different sub-sets
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of data. Where these approaches fail, the main strategy that has been proposed is based on using

more effective numerical optimization approaches to reduce cross-talk (e.g. Operto et al., 2013;

Innanen, 2014; Métivier et al., 2015; Pan et al., 2016).

While FWI is a nonlinear problem, the Newton method of optimization (which assumes near-

linearity) has been demonstrated to very effectively suppress cross-talk for a variety of different

FWI formulations. Unfortunately, the computational cost of Newton optimization is extremely

high in the FWI problem, preventing its use in practical inversion. Instead, approximations to

Newton optimization are used, typically either quasi-Newton approaches, especially the limited

memory Broyden, Fletcher, Goldfarb and Shanno (L-BFGS) algorithm (e.g. Vigh et al., 2014), or

truncated Newton approaches (e.g. Métivier et al., 2013; Pan et al., 2016). Quasi-Newton methods

work by solving an approximation of the Newton system exactly, while truncated Newton methods

provide an approximate solution to the exact Newton system. Both these approaches attempt to

recover the important information in the Newton update at substantially reduced cost, but it can be

challenging to mitigate cross-talk with these strategies at manageable computation levels.

The choice of wave physics and parameterization to be considered in an inversion will typically

be based on the subsurface properties we hope to recover and the physical behaviours which must

be included in order to reproduce the parts of the data we hope to use. For instance, if we hope to

recover shear-wave velocity or make use of the information content in mode conversions and AVO

effects in the data, an acoustic FWI formulation will be insufficient; isotropic elastic physics, at

minimum, must be considered. The second consideration (adequate physics for data-matching) has

prompted substantial research in elastic (e.g., Tarantola, 1986; Choi et al., 2008) and anisotropic

(e.g., Barnes et al., 2008; Alkhalifah and Plessix, 2014) formulations of FWI, as these effects

typically play a major role in seismic data. Attenuation effects are also important in seismic data,

having a dominant role in determining measured signal amplitudes, but while viscoacoustic and

viscoelastic FWI formulations have been investigated (e.g., Hicks and Pratt, 2001; Kamei and Pratt,

2013; Fabien-Ouellet et al., 2017), these have not been as well developed as elastic or anistotropic
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formulations due to the unique inversion challenges associated with attenuation.

1.4 Attenuation

All seismic waves experience attenuation, where the waves lose energy as they propagate, and

this has a major effect on seismic measurements. An associated phenomenon in seismic wave

propagation is dispersion (where wave-speed changes with frequency), which is necessary for

the preservation of causality in the presence of attenuation (Aki and Richards, 2002). Seismic

attenuation is often described in terms of the quality factor Q, which can be defined as

1
Q(ω)

=
∆E

2πE
, (1.1)

where E and ∆E are the peak strain energy stored and energy lost during a given cycle (Aki and

Richards, 2002). While many possible mechanisms for attenuation have been proposed, no one

mechanism does a satisfactory job of describing observed seismic behaviour. For example, Biot

(1956) proposes a theory for poroelastic wave propagation: wave propagation in a fluid saturated

porous solid. This theory predicts, among other effects, attenuation and dispersion behaviours,

however these are not found to correspond to attenuation of the magnitude commonly observed in

seismic experiments. An extension of Biot’s theory, the squirt-flow model (Mavko and Nur, 1975)

was later proposed, and provided an additional source of attenuation. Squirt-flow mechanisms

provide realistic attenuation at ultrasonic frequencies, but are again insufficient to describe seismic

attenuation. White (1975) proposes attenuation due to patchy saturated poroelasticity, where each

of two immiscible fluids exclusively saturates a porous medium over characteristic, meso-scale

patches. This mechanism has been shown to produce attenuation of realistic magnitude at seis-

mic frequencies, however a strong frequency dependence in Q is predicted, in disagreement with

observed behaviour.

In addition to intrinsic attenuation, where energy is dissipated by the medium through which the

wave propagates, there exists also an apparent attenuation in the subsurface, known as stratigraphic
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attenuation. In stratigraphic attenuation, energy is multiply scattered by small scale heterogeneities

in the medium and redistributed from the primary wavefront to a complicated coda (O’Doherty

and Anstey, 1971). Stratigraphic attenuation does not truly dissipate energy, but for a subsurface

of non-white reflectivity it generates an effective dispersion and a frequency dependent decay in

amplitudes for the primary wavefield. Stratigraphic attenuation is caused by heterogeneities on

scales much smaller than the resolution of seismic, and is thus very difficult to distinguish from

intrinsic attenuation.

It has been proposed that no single attenuation mechanism is dominant over the range of seis-

mic frequencies, and that instead the observed seismic attenuation is the combined result of many

distinct dissipative mechanisms (Liu et al., 1976). Such a scenario provides a framework within

which observed seismic behaviour can be plausibly explained by theoretical attenuation mecha-

nisms. While useful conceptually, this model leads to an unmanageably complex characterization

of a dissipative medium, and is of little help in modelling wave propagation or inverting seismic

data. Consequently, it is difficult to use theoretical attenuation mechanisms to successfully de-

scribe seismic measurements. Instead, attenuation is commonly modelled based on the empirical

observation that Q is often nearly independent of frequency, called the nearly constant Q approx-

imation. Causality and linearity cannot be achieved without a frequency dependence in Q and a

dispersion term (Aki and Richards, 2002), so these are introduced in nearly constant Q models,

with the objective of creating a Q which is close to constant on the frequency band of interest. The

details of the frequency dependence chosen give rise to the different types of nearly constant Q

models. While these can be largely successful in reproducing similar behaviour over a narrow fre-

quency band, on broader ranges of frequencies they display increasingly dissimilar characteristics

(Ursin and Toverud, 2002).
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1.5 Attenuation in FWI

The Q values observed in the sedimentary environments where FWI is typically employed can

range from about 200 to 10 (e.g. Johnston et al., 1979; Quan and Harris, 1997; Sams et al., 1997).

With Q in this range, attenuation is typically a dominant or at least major factor in determining

measured wave amplitudes in seismic experiments, especially at high frequencies. Conversely, if

nearly-constant Q behaviour is expected, the low frequencies of seismic waves must be subject to

substantial dispersion. Because of these significant data effects, it is important to consider atten-

uation and dispersion when trying to make full use of the information in measured data. Failure

to account for these effects will significantly harm our ability to recover acoustic or elastic in-

formation from the data. Consideration of attenuation in FWI also offers an additional source of

information for use in characterizing the subsurface which can be effectively used for challeng-

ing problems such as fluid characterization (Best et al., 1994; Pride et al., 2004; Odebeatu et al.,

2006; Ren et al., 2009). Whether to better recover other parameters or to learn about Q itself, it is

important to include attenuation in an FWI problem.

Despite the major role that attenuation and dispersion play in seismic wave propagation, there

are several substantial challenges with including these effects in FWI. Chief among these are that

1) attenuation effects can be highly ambiguous with other amplitude-changing effects, introducing

severe cross-talk, 2) the frequency-dependent effects which distinguish Q can complicate other

aspects of the inversion (for instance multi-scaling) and 3) uncertainty about the physics of atten-

uation is generally much greater than uncertainty in other aspects of wave propagation.

Formulations of FWI which include attenuation (QFWI for short), have been investigated (e.g.,

Hicks and Pratt, 2001; Hak and Mulder, 2011; Malinowski et al., 2011; Kamei and Pratt, 2013;

Métivier et al., 2015), but have not developed to the point that QFWI is preferred to more con-

ventional FWI. A common finding in these investigations is the considerable number of significant

challenges present in QFWI which do not appear in single parameter FWI. One of the most promi-

nent challenges observed is a strong tendency to cross-talk between Q and velocity variables. Two

11



broad approaches to cross-talk reduction have emerged: sequential and simultaneous inversion

strategies. Sequential inversion, wherein different subsets of parameters are estimated in succes-

sion, has been used for viscoacoustic inversion, typically by first estimating the P-wave velocity,

then recovering Q at a later stage (e.g., Malinowski et al., 2011; Kamei and Pratt, 2013). This style

of approach has the disadvantage of guaranteeing total cross-talk from the parameters not consid-

ered at each stage into those which are considered. This cross-talk can be difficult to remove later

in the inversion, given the local nature of the optimization methods considered. The advantage

of this approach is the ability to prescribe which modes of cross-talk are active, and authors have

investigated strategies to ensure the minimally cross-talking modes are active at the initial stage

of the inversion. Other authors have focused on simultaneous inversion, in which all parameters

considered are determined in the same process (e.g. Métivier et al., 2015). While this approach

offers the possibility for cross-talk to be avoided, in practice it is very difficult to prevent severe

cross-talk in this type of formulation. Mulder and Hak (2009) demonstrate that without considera-

tion of dispersion, the viscoacoustic cross-talk problem cannot be resolved with a surface seismic

acquisition. Resolution of the cross-talk problem via changes in acquisition geometry requires a

seismic experiment with data measurements at all scattering angles (Hak and Mulder, 2010); even

very comprehensive acquisition, as in a cross-hole survey, cannot resolve the ambiguity between

inverted parameters. This stands in sharp contrast with inversion for simultaneous variations in

acoustic and/or elastic properties, which can be separately determined primarily because of differ-

ences in the angle-dependence of scattering from one parameter to another. With P-wave velocity

and Q it is instead the differences in the frequency-dependence of scattering amplitudes which per-

mits them to be distinguished (Innanen and Weglein, 2007; Hak and Mulder, 2011). This means

that established, geometry-based methods for elastic or anisotropic cross-talk prevention will gen-

erally not be directly applicable to QFWI.

An additional complication in QFWI is the large degree of uncertainty around the physics of

attenuation. Crucially, it is assumed in FWI that these and all physics governing wave propagation
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are known, and accurately reproduced in the simulation component of the FWI procedure. If the

wave propagation equations miss, or incorrectly model, important features of the data, FWI will

seek to match those data features through often dramatically un-physical spatial arrangements of

the available model parameters. QFWI is especially prone to modelling errors, because (1) even

small changes in the Q model-type can lead to large differences in, for instance, wave velocities at

low frequencies, and (2) many model-types exist, and which is suitable in any given instance may

not be clear.

1.6 Thesis objectives

Attenuation plays a major role in seismic wave propagation, but is frequently neglected in FWI

due to the complexities and challenges arising from its treatment. In this thesis, I seek to develop

effective strategies for coping with some of the special challenges of simultaneous inversion QFWI.

In particular, I develop an approach for coping with the physics uncertainty which is faced in

a QFWI problem, introduce an approach for assessing expected cross-talk modes in the QFWI

problem, which may also be useful for survey and inversion design for cross-talk prevention, and I

present a strategy for targeted uncertainty quantification in the FWI problem, allowing for possible

cross-talk in a QFWI result to be assessed. The structure of the thesis is as follows:

In Chapter 2, I introduce the wave propagation and numerical optimization strategies used in

inversions throughout the thesis. I present both viscoacoustic and viscoelastic finite-difference

wave propagation formulations. The truncated Gauss Newton (TGN) optimization strategy, which

is used extensively throughout the thesis, is outlined in depth and the LBFGS optimization strategy,

often used in FWI and implemented within the TGN approach I use, is also explained. I also

present a general adjoint-state approach for evaluating the gradient of the FWI objective function

considered, as well as for evaluating the product of the Hessian of the objective function with an

arbitrary vector, as both these terms play a major role in using the TGN approach in FWI.

In Chapter 3, I demonstrate with synthetic tests the effects of assuming one attenuation physics
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model-type when this model-type misrepresents the true attenuation behavior. I go on to outline

a frequency updating strategy which can reduce these negative effects while still allowing for the

advantages of a multiscale FWI implementation.

In Chapter 4, I present an investigation of cross-talk in the QFWI problem. I begin by demon-

strating the challenges associated with using scattering radiation pattern analysis, which is typically

used to investigate the cross-talk behaviour in FWI, in the QFWI problem and proceed to develop

a numerical approach for cross-talk characterization. Using this tool to investigate, I highlight

the modes of cross-talk expected in viscoelastic FWI given different data acquisition geometries,

source types and optimization strategies. This analysis helps to identify which data and optimiza-

tion techniques are effective in suppressing cross-talk, as well as which modes of cross-talk are

expected in a QFWI result when effective suppression is impractical.

In Chapter 5, I develop a strategy for targeted uncertainty quantification in FWI and apply this

approach to numerical viscoelastic FWI examples. This approach estimates a lower bound on the

maximum uncertainty of the inversion in a given hypothesis about the inversion result. The type

of uncertainty quantified includes the uncertainty introduced by cross-talk, so this approach offers

an effective way to assess whether cross-talk present in QFWI makes the important features of an

inversion result ambiguous.

In Chapter 6, I provide a summary of the novel contributions of the thesis. I go on to explain

the major outstanding problems of QFWI as I see them, and suggest the future work that may be

helpful in resolving these obstacles.
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Chapter 2

Optimization and wave modeling tools for attenuative full

waveform inversion

Before presenting the novel contributions of this thesis, I will introduce in this chapter some of

the important tools used extensively throughout. The key concepts I will introduce here are the

formulation of FWI as an optimization problem, the finite-difference strategies I use for wave

propagation, the objective function I minimize, the way I parameterize the model, and the impor-

tant derivatives of the objective function used in the optimization.

2.1 Full waveform inversion as an optimization problem

Full waveform inversion is generally treated as an optimization problem (e.g. Tarantola, 1984;

Virieux and Operto, 2009). In this problem, the subsurface model that produces data in closest

agreement with the observed seismic data is sought, as this model is expected to best approximate

the true subsurface. This optimization problem can be stated in a fairly general form as

mmin = min
m

φ(u,m,d) subject to C(u,m) = 0, (2.1)

where m is a subsurface model, mmin is the inversion result, u is a simulated wavefield, φ is an

objective function, which is small when u is consistent with measured data ,d, and m is consistent

with prior information and larger otherwise, and C = 0 holds only when the wave equation assumed

in the inversion is satisfied. Careful examination of equation 2.1 shows that a number of important

decisions need to be made before FWI can be implemented. Specifically, we must decide which

model of wave propagation to enforce with the C = 0 constraint, which objective function, φ ,

to use as measure of data mismatch, which optimization strategy we use to obtain a solution or

approximation to the solution of equation 2.1, and how to parameterize the subsurface in models
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like m. For each of these decisions, there are a broad variety of different alternatives which have

been explored in the FWI literature. In this thesis, I will be making these decisions with a first

priority of facilitating our goal of investigating effective viscoacoustic and viscoelastic FWI and

a second priority of choosing a relatively simple, common approach where there is little direct

impact of a decision on QFWI. While the inversion strategies I propose in this thesis should be

amenable to a wide range of specific FWI formulations, in the following sections I will describe

some key features of the QFWI algorithms I implement here.

2.2 Forward modeling

The process of generating an estimate of the data corresponding to a given subsurface model is re-

ferred to as ‘forward modeling’, or ‘the forward problem’ (Tarantola, 2005), and is represented by

the C = 0 constraint in equation 2.1. No model of seismic wave propagation is exact in represent-

ing the physics of seismic waves, so any forward modeling is, necessarily, only an approximation.

The goal of this thesis is to consider the treatment of attenuation in FWI, so any representation

of seismic wave propagation I consider should include attenuation and dispersion. In this thesis

I consider both a constant-density, viscoacoustic model of wave propagation (Chapter 3) and a

viscoelastic model of wave propagation (Chapters 4 and 5). Constant-density, viscoacoustic wave

propagation is significant because it represents the addition of attenuation and dispersion to the

constant-density acoustic model of wave propagation, which is the most extensively used model in

FWI literature (e.g. Pratt et al., 1998; Virieux and Operto, 2009; Barnes and Charara, 2009). In this

sense, it represents a minimum complexity model of wave propagation for QFWI. This approach

shares many of the drawbacks of a constant-density acoustic model, however, modeling only P-

waves and predicting wave amplitudes poorly. Viscoelastic wave propagation is a more complex

model, requiring more physical properties to be defined in the subsurface, but it does a much better

job of representing the true behaviour of seismic waves. More accurate models of wave propaga-

tion can be considered, but I choose the models above because they capture important features of
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seismic waves without requiring unmanageable numbers of physical properties to be defined. The

decision to consider these models is not meant to be restrictive; it should be possible to extend the

approaches I propose in this thesis to FWI implementations with more complete models of seismic

wave propagation.

When the type of physics to consider in the forward modeling is decided, the question of how to

frame the partial differential equations representing those physics becomes important. The specific

decision which typically plays a major role in FWI is whether to frame our partial differential equa-

tions in terms of time- or frequency-dependence. The analytical expressions for the two choices are

equivalent, but the decision will have major effects on the computational cost of forward modeling

and the specific approximations it will be feasible to use in solving them. Time domain modeling

has the advantage of being more computationally efficient for the very large scale problems which

are typically considered in FWI (e.g. Vigh et al., 2009), while frequency domain modeling can be

more efficient for smaller problems (e.g. Pratt et al., 1998) and provides a much simpler environ-

ment for the implementation of frequency-dependent effects (notably attenuation and dispersion,

e.g. Aki and Richards (2002)). Because I do not treat the large-scale three-dimensional type of

models which necessitate time-domain modeling and I focus on the treatment of attenuation, I will

consider frequency-domain forward modeling throughout this thesis. The inversion approaches I

introduce later should be equally applicable to either formulation; the frequency-domain modeling

I use is not integral to the inversions I will discuss.

2.2.1 Viscoacoustic modeling

Acoustic wave propagation can be represented in the frequency domain by the equation[
ω2

c(r)2 +∇
2
]

u(r,ω) = f (r,ω), (2.2)

where u is the pressure field, f is a source term, c is the phase velocity, r is a spatial location, and

ω is an angular frequency (e.g. Song and Williamson, 1995). This model of wave propagation can
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be altered to a viscoacoustic model by replacing c(r) with the variable s(r,ω):

[
ω

2s(r,ω)+∇
2]u(r,ω) = f (r,ω), (2.3)

where s combines the effects of dispersive velocity and attenuation and is given by

s(r,ω) =

[
c(r,ω)

(
1− i

2Q(r,ω)

)]−2

, (2.4)

where c is now a frequency dependent phase velocity, and Q is a quality factor. The viscoacoustic

FWI problem is to determine unknown spatial and frequency distributions of two parameters: c and

Q. In general, c and Q in this form as arbitrary functions of frequency and space are not possible

to constrain given typical seismic data. The freedom of these variables with respect to frequency

can be curbed by assuming a particular model of attenuation in the forward modeling. Some of

the consequences of assuming a particular model when lacking certainty about the behaviour of

attenuation in the subsurface are investigated in Chapter 3, but for the majority of this thesis, I

assume a Kolsky-Futterman nearly-constant Q model of attenuation (Kolsky, 1956; Futterman,

1962), which prescribes a nearly-constant Q, and a c proportional to the logarithm of frequency.

With this approximation, equation 3.2 is replaced with

s(r,ω) =

[
c0(r)

(
1+

1
πQ(r)

log
ω

ω0
− i

2Q(r)

)]−2

, (2.5)

where ω0 is a reference frequency, and c(ω0) = c0.

Unfortunately, there exists no analytic solution to equation 2.3 for an arbitrary medium. To

obtain an approximate solution, I adopt a finite-difference approach, wherein the partial derivatives

in equation 2.3 are replaced with their finite-difference approximations and discretize our solution

in space and frequency. I consider a second-order, centered finite difference approximation of the

∇ operator, and consider wave propagation in only two dimensions, resulting, for instance, in the

differencing equation[
ω

2sh, j(ω)uh, j(ω)+
uh−1, j(ω)−2uh, j(ω)+uh+1, j(ω)

∆x2 +
uh, j−1(ω)−2uh, j(ω)+uh, j+1(ω)

∆z2

]
= fh, j(ω) ,

(2.6)
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for the approximation of equation 2.3 at the location centered at cell h in the x direction and j in

the z direction, where subscripts denote the index of the spatial grid cell considered in the x and z

directions , ∆x is the space increment considered in the x direction, and ∆z is the equivalent in the

z direction. The implementation of this difference at all locations in the spatial grid considered can

be expressed as

S(m)u− f = 0, (2.7)

where u is a matrix representing pressure wavefields at the frequency considered, whose columns

represent the wavefield for different seismic sources, and whose rows represent different spatial

locations, f is a matrix representing the sources with the same indexing, and S is a matrix which

applies the finite difference scheme in equation 2.6. This form allows for direct solution for u and,

while it represents a very large system of equations for most problems of interest, the very sparse

structure of S allows for moderately-sized two-dimensional problems to be solved at manageable

computational cost. At the spatial edges of the region considered, equation 2.6 cannot be imple-

mented in S, as locations outside of the study area would be needed. To deal with the boundaries,

I implement a perfectly matched layer (PML) region (Berenger, 1994) at the edge of the model

to simulate the effect of an infinite extension of the model, preventing reflections from the model

edges. These conditions were also applied at the top of the model, so reflections from the surface

are not modeled. The left hand side of equation 2.7 can be chosen as the C in equation 2.1 and

enforces the constraint that the assumed wave equation must be satisfied when viscoacoustic wave

propagation is assumed.

2.2.2 Viscoelastic modeling

While a viscoacoustic representation of wave propagation is closer to reality than an acoustic rep-

resentation, both fail to represent some of the key features of observed seismic wave propagation.

This can lead to a situation where inversions using viscoacoustic wave simulations can better re-

produce measured data than acoustic inversions, but cannot do so accurately enough to merit the
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use of additional aspects of the data. This type of effect can be seen in the treatment of seis-

mic amplitudes. Acoustic modeling largely captures the kinematics of body P-waves, accurately

predicting correct travel times, but often fails to reproduce accurate dynamics for these waves,

incorrectly modeling wave amplitudes and leading to inversion strategies which de-emphasize the

information contained in seismic amplitudes. Because attenuation has a major effect on measured

amplitudes, viscoacoustic modeling can do a better job of correctly modeling the dynamics of wave

propagation, but important elastic effects which have substantial impacts on wave amplitudes are

still neglected. The result can be a situation where seismic amplitude information is unsuitable for

detailed analysis in viscoacoustic inversion, despite the improvement over acoustic inversion. This

type of concern leads to consideration of viscoelastic modeling, which accounts for most of the

major effects on seismic amplitudes.

A system of equations representing isotropic viscoelastic wave propagation in two dimensions

is described by Pratt (1990) as:

ω
2
ρux +

∂

∂x

[
λ̃

(
∂ux

∂x
+

∂uz

∂ z

)
+2µ̃

∂ux

∂x

]
+

∂

∂ z

[
µ̃

(
∂uz

∂x
+

∂ux

∂ z

)]
+ f1 = 0

(2.8)

and

ω
2
ρuz +

∂

∂ z

[
λ̃

(
∂ux

∂x
+

∂uz

∂ z

)
+2µ̃

∂uz

∂ z

]
+

∂

∂x

[
µ̃

(
∂uz

∂x
+

∂ux

∂ z

)]
+ f2 = 0,

(2.9)

where ω is the angular frequency, ρ is the density, ux and uz are the horizontal and vertical dis-

placements, f1 and f2 are their respective source terms, and λ̃ and µ̃ are the complex, frequency-

dependent Lamé parameters. Assuming a Kolsky-Futterman model of attenuation (Kolsky, 1956;

Futterman, 1962), these are defined in terms of ρ , the P- and S- wave speeds, vP and vS, as well as

the quality factors QP and QS, by

µ̃ =

{
vS

[
1+

1
QS

(
1
π

log
ω

ω0
+

i
2

)]}2

ρ (2.10)

20



and

λ̃ =

{
vP

[
1+

1
QP

(
1
π

log
ω

ω0
+

i
2

)]}2

ρ−2µ̃, (2.11)

where ω0 is a reference frequency. As in the viscoacoustic case, we solve these equations using

a finite-difference approach with second-order centered finite difference approximations of the

spatial derivatives. The finite-difference equations I use are described in detail by Pratt (1990).

For the purposes of our discussion here, it is only important to note that these equations can be

structured to take a similar form to the viscoacoustic case:

S(m)u− f = 0, (2.12)

where u is a vector containing ux and uz, f is a vector containing f1 and f2, and S is a Helmholtz

matrix containing the finite-difference coefficients. Once again, I use perfectly matched layers

(Berenger, 1994) to prevent reflections from the boundaries of the model. The left hand side of

equation 2.12 can be chosen as the C in equation 2.1 and enforces the constraint that the assumed

wave equation must be satisfied when viscoelastic wave propagation is assumed. The only differ-

ence between equations 2.7 and 2.12 is in the definitions of S, u, and f. By expressing the forward

modeling equations in this common form, I simplify the treatment of objective function derivatives

later in this chapter.

2.2.3 Major forward modeling assumptions

Here I briefly summarize the major assumptions I make in the forward modeling approaches used

for inversion. A key assumption is that the equations of isotropic viscoacoustic or viscoelastic

wave propagation are accurate representations of seismic wave propagation. Anisotropy is ne-

glected not on the basis of minimal impact on measured data (in fact, anisotropy typically plays a

key role in determining the kinematics of seismic wave propagation (e.g. Prieux et al., 2011)), but

rather to simplify the modeling and because of the relatively minor interaction expected between

anistotropy- and attenuation-defining parameters. I assume that the direction of maximal attenua-

tion is parallel to that of increasing phase (homogeneous wave propagation), again for simplicity,
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but this type of behaviour is not generally necessary in viscoelastic wave propagation (Borcherdt,

1973). Often, I adopt a Kolsky-Futterman model of attenuation. Surface reflections and surface

waves are neglected in the modeling - these are often removed from data as a matter of course in

seismic processing and inversion, and lead to significant complications which are not the focus of

my work here. Further, the numerical errors associated with the finite-difference approximation

and any reflections from the PML region I assume to be negligible. These assumptions are based

on choosing a finite-difference grid size appropriately small for the frequencies I consider and a

PML region appropriately thick.

Each of the assumptions above is likely to cause at least some discrepancy between modeled

and true wave propagation, complicating comparison of simulations to field data. While I explicitly

investigate the implications of one of these assumptions in Chapter 3, I hold the other assumptions

without investigating or accounting for their possible failure throughout the thesis. It is worth

noting that I do this not because of a belief that they will always (or ever) hold exactly true, but

because the problems I wish to investigate exist even when these assumptions are appropriate, and I

expect that these problems will play an important role even with more complete forward modeling

strategies. With this limitation in mind, I will attempt to present inversion strategies which should

be applicable even if more accurate models of wave propagation are considered.

2.3 Objective function

The objective function, or objective, expressed as φ in equation 2.1 is a metric which penalizes

discrepancies between measured data and data generated from the current subsurface model, and

promotes consistency of the subsurface model with prior information about the subsurface. Spe-

cific implementations of φ , however, are extremely variable and often the specific subject of intense

research (e.g. Bozdağ et al., 2011; Luo and Sava, 2011; Engquist and Froese, 2014). One common-

ality between most objective function implementations is an explicit separation into a wavefield-

dependent data-fitting and a model-dependent prior-fitting part, usually additively combined as in:
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φ(u,m) = φD(u)+φP(m), (2.13)

where φD is the data-fitting part, and φP is the prior-fitting part. The only type of objective function

not amenable to this type of separation that I am familiar with is used in approaches which do not

exactly enforce the constraint C = 0 in equation 2.1, but instead include a wave equation enforcing

objective term φWE(C(u,m)) (Van Leeuwen and Herrmann, 2013; da Silva and Yao, 2017). This

type of approach makes up a small minority of proposed FWI strategies.

Many different formulations of φD have been proposed, most often with the goal of reducing

the tendency of FWI to converge to local minima caused by cycle-skipping. Unfortunately, there

is no one objective function which is conclusively best at avoiding cycle-skipping, so choosing

a generally acceptable cycle-skipping based objective function is difficult. Almost all of these

approaches, however, are used only at the early stages of an inversion; it is common when using

these methods to switch to a faster-converging φD when the cycle-skipping minima have been

bypassed (e.g. Bozdağ et al., 2011; Van Leeuwen and Herrmann, 2013; Engquist and Froese, 2014).

Commonly in these approaches, the later-stage φD is the one originally proposed by Tarantola

(1984):

φD =
NF

∑
n=1

NS

∑
m=1

1
2
||Run,m−dn,m||2, (2.14)

where NF is the number of discrete frequencies considered, NS is the number of sources considered,

R is a matrix applying the receiver sampling, d is the measured data, and subscripts denote the

frequency and seismic source considered. As my focus here is not on cycle-skipping issues, this

choice of φD is appropriate for the problems I consider here, and I use it throughout the thesis.

The choice of the prior-fitting objective term φP is less simple, as the details and type of the

prior information to be considered are typically highly case-dependent. Approaches for including

prior information in geologic settings including salt bodies, for instance, have been closely studied

(e.g. Esser et al., 2018; Kalita et al., 2019), but these approaches are typically not appropriate in

other settings. Because I do not want to restrict the approaches discussed to any particular case, I
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will largely neglect the φP term, introducing it primarily to constrain recovered medium properties

to physically reasonable values. In each chapter, I will introduce any φP terms used.

2.4 Model parameterization

The parameterization of the wavefield u in equation 2.1 is largely dictated by the relevant differ-

ential equations and the finite-difference approach I use to solve them: the grid on which I define

the finite-difference equations is necessarily the grid on which u is recovered, which represents the

appropriate wave feature from equation 2.7 or 2.12. There is substantially greater freedom in FWI

when deciding how the subsurface model, m, is parameterized. Certainly, each cell of the finite-

difference grid must have all the appropriate properties defined to create the Helmholtz matrix S,

but this need not be the same way that the model is characterized in the optimization problem of

equation 2.1. This distinction is not trivial: different model parameterizations change the number

and meaning of variables in the optimization procedure in ways that can dramatically change the

output of the inversion. Broadly speaking, two types of decisions need to be made when param-

eterizing an FWI model: which physical properties are represented by each variable, and which

spatial region a variable represents those properties in. Both decisions can have large effects on an

inversion result, though the former has been studied in much greater detail than the latter.

Property-type re-parameterization has been studied in detail in multi-parameter FWI, with the

objective of reducing the extent of cross-talk, wherein different physical properties are confused

in the inversion. Parameterizations which are better at separating the effects of different phys-

ical properties into different subsets of data can be effective in reducing cross-talk. This type

of re-parameterization for cross-talk avoidance is especially well developed for elastic FWI (e.g.

Tarantola, 1986; Operto et al., 2013; Vigh et al., 2014). In the elastic case, the variables which

are most often considered are P-wave squared slowness
(

1
vP

2
)

, S-wave squared slowness
(

1
vS

2
)

,

density (ρ), and both P- and S-impedances (ρvP,ρvS). Different combinations of these variables

have been effective in different settings. In this thesis, the parameterization I consider uses vari-
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ables defining squared P-wave slowness at a reference frequency, the reciprocal of P-wave quality

factor
(

1
QP

)
, and, for the anelastic case, squared S-wave slowness at a reference frequency, the

reciprocal of S-wave quality factor
(

1
QS

)
and density. I choose this parameterization of the elastic

variables because 1) I am not primarily interested in cross-talk between the elastic variables, 2)

squared-slowness formulations have been shown to have better convergence than velocity formu-

lations (Anagaw, 2014), and 3) there is no clear consensus that the elastic properties I have chosen

are more prone to cross-talk than others. I make this decision for the Q variables because 1
Q is

well defined in the zero-attenuation case, unlike Q, and it appears simply in the forward modeling

equations I consider, like the squared slownesses. I do not consider variables which hybridize at-

tenuation and elastic properties because I am not familiar with any rationale supporting the idea

that such a combination would be effective.

Another option in FWI parameterization is to consider only certain physical properties as vari-

able in the inversion, while leaving others fixed. This type of approach allows for accurate models

of wave-propagation to be considered without introducing the complexity of additional variables

to the optimization problem. These advantages come with the drawback of potentially misrepre-

senting the fixed properties. I am interested in FWI approaches which characterize attenuation, so

I do not neglect Q variables in this way here.

Space-type parameterizations have been little investigated relative to their property-type coun-

terparts, but represent an even greater degree of variability. Most often in FWI, the variables in

the inversion are considered to represent physical properties on the same spatial grid used for

forward modeling. This parameterization likely allows for maximal spatial resolution in results,

but also causes the inversion problem to have an extremely large number of variables. This type

of parameterization is highly redundant in some respects, as it defines variables on a scale much

smaller than the seismic wavelengths considered. Parameterizations which define fewer variables

on a larger scale can allow for relatively low dimensional, long-wavelength models to be recon-

structed at low computational cost (e.g. Debens et al., 2015). More sophisticated approaches can
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use prior information about the subsurface to create sparse, efficient, representations of high res-

olution models (for instance, by defining the model in terms of layer interface locations) (e.g. Ma

et al., 2012). In this thesis, I consider the simple parameterization defining a set of variables at

each finite-difference grid cell because 1) this approach is common, 2) I do not want to restrict

the spatial resolution of the models recovered, and 3) I do not want to make the type of structural

assumptions about the subsurface needed for more efficient representations.

Because the derivatives of φ with respect to the model parameters play a major role in FWI, it is

generally helpful to consider scaled variables in order to ensure that objective function derivatives

have comparable amplitudes. I apply scaling terms in this thesis to avoid the numerical difficul-

ties that can arise when comparing variables with highly dissimilar magnitudes of impact on the

objective function. I often refer to the variables used without mention of the scaling terms or the

exact formulation of the inversion variables for simplicity, describing, for instance, the inversion

variables defining ζ

(
1

QP

)
(where ζ is a scaling term) as ‘the QP variables’.

2.5 Numerical optimization

In the previous sections, I have detailed the choices made in my implementations of FWI for each

of the terms appearing in equation 2.1, specifically the wave-equation constraint, C, the wavefield

u, the objective function, φ , and the subsurface model, m. The remaining key feature of equation

2.1, and the engine of the FWI problem is the minimization procedure itself. In this section I will

briefly explain some of the key optimization strategies used in FWI in general, and in this thesis

specifically.

2.5.1 Steepest descent optimization

The steepest descent (SD) or gradient descent optimization strategy was the first proposed driver for

the FWI problem (Tarantola, 1984). In this optimization strategy, φ is decreased at each iteration

by updating the model in the direction anti-parallel to the gradient of the objective function φ with
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respect to the model parameters, m. This type of approach can be expressed as

mk+1 = mk−α
∂φ(mk)

∂m
, (2.15)

where mk is the current subsurface model, mk+1 is the updated model, and α is a step-length which

approximately minimizes φ in the model-space direction considered. I will discuss the strategy I

use to determine α and how ∂φ(mk)
∂m can be calculated later in this Chapter, here our focus is on the

optimization strategy itself. The SD approach has the advantages of being simple to implement

and requiring few assessments of φ or its derivatives (which are the main computational costs for

FWI) in each iteration. Unfortunately, this approach is slow to converge to a solution (e.g. Pratt

et al., 1998; Métivier et al., 2013), and extremely prone to cross-talk, as the consideration of only

first-derivatives in the approach can cause variable changes with similar effects on the data to be

confused with one another; there is no mechanism to account for how changes in one variable

modify the suitability of changes in another, except for iteration.

2.5.2 Newton optimization

To deal with the problems which hamper SD FWI, the inversion is often implemented using op-

timization strategies that incorporate second-derivative information. An effective approach for

including this type of information is Newton optimization, with the updating strategy

mk+1 = mk−α

(
∂ 2φ

∂m2

)−1
∂φ(mk)

∂m
. (2.16)

This approach effectively incorporates second-derivative information, which can dramatically im-

prove the ability of the inversion to anticipate how changing one variable will alter the derivative of

another. This allows for substantial cross-talk reduction (Innanen, 2014). Unfortunately, the large

dimensionality of the FWI problem means that ∂ 2φ

∂m2 (also called the Hessian) has an extremely

large associated storage and computation cost due to its N2
m elements, where Nm is the number of

variables in m. Instead, FWI approaches usually make use of optimization strategies that approx-

imate the Newton step. In the following sections I discuss two important approaches of this type:

L-BFGS optimization, and truncated Newton optimization.
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2.5.3 L-BFGS optimization

In this section, I provide a brief explanation of L-BFGS optimization. My discussion follows

that of Nocedal and Wright (2006), where the reader can find a more detailed explanation. The

Broyden, Fletcher, Goldfarb and Shanno (BFGS) optimization strategy (Broyden, 1970; Fletcher,

1970; Goldfarb, 1970; Shanno, 1970) approximates the Newton update through exact solution of

an approximation of the Newton system (equation 2.16), which can be stated as

mk+1 = mk−αBk
∂φ(mk)

∂m
, (2.17)

where Bk is the BFGS approximation to the inverse Hessian matrix, ∂ 2φ

∂m2

−1
. In the BFGS approach,

the matrix Bk is designed to satisfy two key conditions. The first is that Bk should satisfy the

condition

B−1
k [mk−mk−1] =

∂φ(mk)

∂m
− ∂φ(mk−1)

∂m
, (2.18)

just as the inverse Hessian would for an objective function with a constant second derivative. The

second condition is that of all the matrices satisfying equation 2.18, Bk is the closest to Bk−1 by the

metric of a weighted Frobenius norm. While the specific metric used for this closeness criterion

is important in distinguishing the BFGS method from similar approaches, the key feature of this

requirement for our purposes is that it ensures that Bk will be in as close agreement with Bk−1

as possible while still satisfying equation 2.18. By combining these two conditions, the BFGS

approximation to the inverse Hessian generally improves as iterations are completed, gathering

more information about the second derivatives of the objective function at each step.

The BFGS method tends to have very fast, cost-effective convergence, but has the disadvantage

of large memory requirements, especially if the elements of Bk are explicitly calculated and stored.

In FWI, for instance, a matrix with a size of Bk (or equivalently, the Hessian) is generally not

feasible to handle. In response to this issue, a limited memory BFGS (L-BFGS) approach has

been developed (Liu and Nocedal, 1989). In this approach, only previous models and gradients

are stored, and direct calculation of Bk is avoided; instead only the products of this matrix with

vectors are calculated. If all of the previous gradients and models are stored, this approach is just
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as effective as BFGS, but with dramatically reduced memory requirements. Often in L-BFGS,

memory requirements are further reduced by storing only the last n gradients and models, and

using the BFGS approximation as if the k− nth iteration were the first iteration. This approach

can still be highly effective, even when n is as small as five. In this thesis, I will use the L-BFGS

approach with storage of all previous models and gradients as these represent a relatively small

memory cost in the models I consider.

In order to initialize BFGS or L-BFGS, it is necessary to define an initial approximation to

the inverse of the Hessian as B0. An appropriate approximation suggested by Nocedal and Wright

(2006) is to use the model locations and objective function gradients at the last two iterations to

generate an appropriate scaling for the identity matrix I:

Bk
0 = I

∆mT
k ∆gk

∆gT
k ∆gk

, (2.19)

where T denotes the transpose of a vector or matrix,

∆mk = mk−mk−1 (2.20)

and

∆gk =
∂φ(mk)

∂m
− ∂φ(mk−1)

∂m
. (2.21)

While this approach results in a different Bk
0 at each iteration, this doesn’t present a problem in

the L-BFGS approach, and it allows the L-BFGS approximation to change faster if the curvature

of the objective function changes. At the first iteration of the L-BFGS procedure, where such an

initial estimate cannot be created, I use a SD step instead of equation 2.17.

The L-BFGS approach is widely used in FWI, both for single parameter and multiparameter

inversion. It has been shown to produce significantly faster convergence than SD optimization

and, in the FWI problem, incurs little additional computational cost as the vector-products that are

assessed to evaluate Bk are computationally negligible in comparison to the evaluation of φ and

its derivative (which I discuss later). The main disadvantage of L-BFGS as compared to SD in

FWI is the larger memory cost, but because this can be varied as needed, this approach is typically
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preferred to SD. A disadvantage of L-BFGS in FWI relative to other optimization strategies is

that Bk gains second-derivative information iteratively. This means that early steps can be very

similar to SD steps, and introduce substantial cross-talk. It has been observed in FWI that second-

derivative information can be more effective in preventing cross-talk than in removing it from a

model. This may limit the effectiveness of the L-BFGS approach in producing cross-talk free

results.

2.5.4 Truncated Newton optimization

The truncated-Newton (TN) approach to optimization uses iterative methods to find a solution to

the Newton system (equation 2.16), but stops iteration (or ‘truncates’) before an exact solution

has been determined. This means that truncated Newton optimization contains two nested iterative

optimization problems. The first, often referred to as the ‘outer loop’, applies the truncated Newton

updates:

mk+1 = mk +αpk. (2.22)

The second, referred to as the ‘inner loop’, determines the model update direction, pk, through

approximate solution of

pk = min
p

1
2

pT H(mk)p+pT g, (2.23)

where H represents the second derivatives of the objective function (the Hessian), and g represents

the first derivatives (gradient). The inner loop problem has an exact solution given by pk =−H−1g:

the model update satisfying the Newton system, and, as the minimum in equation 2.23 is ap-

proached, the model update approaches the Newton update (Nocedal and Wright, 2006). The

inner loop is not solved exactly in TN due to computational constraints, but is instead terminated

based on stopping conditions. These stopping conditions are typically set as 1) a maximum on

the number of optimization iterations used in the inner loop, and 2) a tolerance for the Newton

system residual, rN = ||Hpk +g||, with iteration being terminated when rN falls below a threshold

amplitude. In my implementation of this approach, I have found that the iteration maximum is a
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powerful tool for controlling the accuracy and computational cost of the method, while effective

tolerance values are typically so low that they are generally not reached unless a very large iteration

maximum is considered. Consequently, I implement the inner loop tolerance only in Chapter 3,

where a very large maximum on inner loop iterations is set. In Chapters 4 and 5, I use the iteration

maximum as the only stopping criterion. I begin each inner loop with the estimate p = 0.

The conjugate gradient approach is often used as the optimization strategy for the inner-loop

problem in equation 2.23 (Nocedal and Wright, 2006; Métivier et al., 2013). In my implemenation

of this approach, I instead use the L-BFGS approach. I do this because the L-BFGS approach

typically has faster convergence and the memory costs are not too high for the FWI problem (as this

approach is often used as the main FWI driver). The L-BFGS approach used for this application is

identical to the one explained above, with the exception that the line-search step used to determine

α can be replaced with an exact calculation for the linear problem:

α =−(H(mk)p+g(mk))
T p

pT H(mk)p
. (2.24)

The TN approach directly approximates a solution to the Newton sytem at each iteration, as

compared to the L-BFGS approach, which exactly solved an approximate version of the Newton

sytem. For practical purposes, this means that while the L-BFGS approach relies on an incremen-

tally improving approximation to the Hessian applied during the optimization, the TN approach

allows for a chosen level of approximation to the Hessian to be applied at each step of the inversion.

This tunability means that the TN approach can work with an effective level of second-derivative

information even at the first step of the optimization, something the L-BFGS approach cannot do.

2.5.5 Line-search

An important step in the optimization strategies outlined above is the line-search step, where the

step-length α is determined. An effective line-search strategy is important, because ineffective

strategies can dramatically increase the cost of optimization by requiring many additional objective

function evaluations at each iteration. I use the line-search approach described by Nocedal and
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Wright (2006). In this approach, the line-search is terminated when the two Wolfe conditions are

satisfied. The first of these conditions requires that the objective function decrease by at least a

small fraction (I use 0.001) of the expected decrease for that step, defined as the product dφ

dα
α . The

second condition requires that the derivative dφ

dα
decrease to a fraction of the original amplitude (I

typically use 0.9). The approach defines an upper and lower bound on the step length, with the

lower bound starting at 0. If, based on the objective values and derivatives observed, the bounds

do not conclusively contain a minimum, and the first Wolfe condition is satisfied, the upper bound

is doubled. If the first Wolfe condition is not satisfied, the upper bound is halved. If the bounds

do conclusively contain a minimum (negative derivative on one bound and positive on the other)

and the first Wolfe condition is satisfied, an expected minimum based on a cubic interpolation

between the bounds is used to replace one of the bounds. When one of these bounds satisfies both

the Wolfe conditions, the line-search accepts that value. I have found that, with this line-search

approach, only one or two objective function evaluations are typically necessary in each line search

when using TN or L-BFGS optimization for FWI.

2.6 Objective function derivative evaluation

Each of the optimization techniques I describe above (and each of the optimization strategies used

in almost all FWI implementations) is a local optimization strategy, using the derivatives of the

objective function to locate better models. In FWI, evaluating these derivatives constitutes the

major computational cost. Almost all FWI approaches require the calculation of the gradient of the

objective function with respect to the model parameters. Truncated-Newton approaches and several

uncertainty quantification techniques also require the calculation of the product of the Hessian

matrix with one or more vectors. In this section, I briefly detail an adjoint-state method for the

evaluation of these derivatives. In presenting these expressions, I closely follow Métivier et al.

(2013). The objective function I will consider here will be the L2 data-fit objective in equation

2.14. The structure of the derivatives is typically very similar for other data-fit objective function
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terms, and prior-fitting objective function terms generally do not require wavefield modeling, and

are consequently much simpler to calculate.

2.6.1 Gradient

After replacing the expressions in equation 2.1 with the specific choices I use in this thesis, the

FWI problem becomes

mmin = min
m

NF

∑
j=1

NS

∑
k=1

1
2
||Ru j,k−d j,k||2, subject to S(m)u = f. (2.25)

To simplify the following discussion, I will consider the gradient calculation at a single frequency,

and allow for u, d, and f to stand for matrices representing the wavefields, measured data and

sources, with each column representing one source, and each row representing one location in

space. The full gradient can be determined through a sum of single-frequency gradients. The

Lagrangian of this problem is

L =
1
2
||Ru−d||22+< S(m)u− f,κ >, (2.26)

where κ is an as yet unconstrained Lagrange multiplier, and <,> represents an inner product, such

that < a,b >= ∑
NS
k=1 a†

kbk. If u = ū, where ū satisfies S(m)ū = f, then L = φD. The derivative of

φD with respect to m is then equal to the derivative of L with respect to m at u = ū. This derivative

is
dφ

dm
=

dL(ū)
dm

=
∂L
∂ ū

∂ ū
∂m

+
∂L
∂m

. (2.27)

Because the term ∂ ū
∂m is prohibitively expensive to calculate, it is desirable to choose κ = κ̄ such

that the term ∂L
∂ ū becomes zero. This choice will mean that

∂L
∂ ū

= RT (Rū−d)+S†
κ̄ = 0. (2.28)

Equation 2.28 shows that κ̄ can be calculated by forward modeling of the data residuals. The

choice of κ̄ reduces 2.27 to
dL
dm

=
∂L
∂m

=<
∂S
∂m

ū, κ̄ > . (2.29)
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Because ∂S
∂m is typically very sparse, this can be quickly calculated for many variables m, with the

main cost being the calculation of ū and κ̄ .

2.6.2 Hessian-vector product

While an expression for the product of the Hessian matrix with a vector can be determined using

the adjoint state method (Métivier et al., 2013), in this thesis I will instead use the Gauss-Newton

approximation to the Hessian when evaluating such products. In the Gauss-Newton approximation,

it is assumed that the residual of the objective function, in this case γ = Ru− d, is small, or

equivalently, the current model is close to the solution. The resulting approximate Hessian is

always positive definite, and has been suggested to allow for faster inner-loop convergence in the

TN method, leading to faster FWI convergence (e.g. Métivier et al., 2013). I refer to the TN method

when using the Gauss-Newton approximation as the truncated Gauss Newton (TGN) method.

The main term of the objective funtion in equation 2.25 is of the form φ = 1
2γ2. The second

derivative of an objective function like this with respect to model parameter m is

∂ 2φ

∂m2 =
∂ 2γ

∂m2

T

γ +
∂γ

∂m

T
∂γ

∂m
(2.30)

Under the Gauss-Newton approximation, I neglect the first term on the right-hand side in equation

2.30 due to the assumption that γ is small.

For the FWI objective I define in equation 2.25, the Gauss-Newton Hessian is given by the

relation

J†RT RJ, (2.31)

where J is the Jacobian matrix du
dm . The matrix J is too costly to directly calculate in FWI, but we

can use the adjoint state method to avoid the need for such a calculation. We can begin by noting

that the derivative of the function

h =< u(m),w >, (2.32)

where w is an arbitrary vector, with respect to m is

∇h = J†w. (2.33)
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Consequently, if w is chosen to be RT RJv, then the Hessian-vector product HGNv is equal to the

derivative of h. This derivative can be calculated in exactly the same way as the gradient was by

considering the Lagrangian

L =< u(m),w >+< S(m)u− f,ξ > (2.34)

instead of equation 2.26. The same procedure follows, but instead of requiring Lagrange multiplier

κ̄ to satisfy equation 2.28, the removal of ∂ ū
∂m requires that the Lagrange multiplier for this problem,

ξ , satisfies

S†
ξ̄ =−w. (2.35)

As before, if the Lagrange multiplier satisfies this condition, then

dL
dm

=
∂L
∂m

=<
∂S
∂m

ū, ξ̄ > . (2.36)

The calculation of ξ̄ does require that w is known, however, and we cannot directly calculate J.

We can calculate the product of J with the vector v through consideration of the derivative of the

forward problem with respect to variables mi multiplied by vector elements vi. Using the relation

Su− f = 0, it can be shown that

∂ (Su− f)vi

∂mi
= S

(
∂u
∂mi

vi

)
+u
(

∂S
∂mi

vi

)
= 0. (2.37)

A sum over i for the term S
(

∂u
∂mi

vi

)
is equal to the product S(Jv), so equation 2.37 is equivalent to

S(Jv) =−u∑

(
∂S
∂mi

vi

)
(2.38)

This equation can be solved for the product Jv. Using this term to define w as RT RJv, we can

solve equation 2.35 for ξ . With this choice for ξ , the derivative dL
dm from equation 2.36 becomes

the Gauss-Newton Hessian vector product HGNv.

The major computational costs required in the assessment of the derivatives above comes when

solving wave-propagation equations. With the formulation of the FWI problem I present, this is

equivalent to solving equations of the form Sa = b for a. The large computational costs associated
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with wave propagation make other computational steps in the derivative evaluations negligible.

In the assessment of the gradient, two such propagation problems must be solved: one for the

evaluation of ū and one for the evaluation of κ̄ (equation 2.28). The assessment of the Gauss-

Newton Hessian product with a vector likewise requires two wavefield propagation problems to be

solved: one for ξ̄ in equation 2.35 and one for Jv in equation 2.38. Where possible, I will quantify

the computational cost of inversions in terms of wavefield propagation problems. Although in the

formulation I present here, solving Sa = b for for a actually represents several wave-propagation

problems - one for each source considered (equivalently one for each column of a) - I refer to

each such solution as one wave-propagation problem. I do this because all the problems of this

form required in the derivative calculation have the same number of columns for the a matrices, so

the costs are about equivalent, and because in the frequency-domain formulation I consider here,

the cost of solution for additional columns is less than linear (computational cost is approximately

proportional to logn, where n is the number of sources).

2.7 Conclusions

In this chapter, I presented a general form of the FWI problem (equation 2.1), that is representative

of most, though not all, implementations of FWI. I then explained the major decisions I make in

this thesis to obtain specific implementations of the FWI approach. For forward modeling, I use

isotropic viscacoustic and viscoelastic frequency-domain finite-difference modeling approaches,

allowing for the treatment of attenuation in seismic wave-propagation. I use a conventional objec-

tive function, separated into prior-fitting and L2 data-fitting terms. I parameterize the inversion in

terms of two physical properties in the viscoacoustic case and five in the viscoelastic case, con-

sidering squared slownesses, reciprocal Q and density, all defined on the same grid as the one

used for forward modeling. I use a truncated-Newton optimization strategy with a Gauss-Newton

approximation of the Hessian in most cases, though the steepest-descent method is also used for

comparison in Chapter 4. The details of the inversion I describe in this section are not original
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work of mine (though I am not familiar with another example of L-BFGS optimization being used

in the inner loop of TGN for FWI); the later sections of this thesis represent the innovations I have

made.

With the exception of the choice to implement forward-modeling strategies which include seis-

mic attenuation, I do not think that any of the conclusions I draw in the following chapters are

specific only to the FWI implementation I have described here. While I only describe results based

on the above formulation, my experience with FWI is that changes in the parameterization, ob-

jective function, and forward modeling do not change the inversion problem so dramatically that

I would expect the findings I describe in Chapters 3-5 to be significantly different with another

formulation.
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Chapter 3

Parameter cross-talk and modeling errors in viscoacoustic

seismic full-waveform inversion

3.1 Summary

Simultaneous use of data within relatively broad frequency bands is essential to discriminating be-

tween velocity and Q errors in the construction of viscoacoustic full-waveform inversion (QFWI)

updates. Individual frequencies or narrow bands in isolation cannot provide sufficient information

to resolve parameter cross-talk issues in a surface seismic acquisition geometry. At the same time,

too broad a frequency band introduces significant problems in the presence of modeling errors. The

risk of modeling errors arising in viscoacoustic full-waveform inversion is high, because of both

the range of very different geological contributors to attenuation and dispersion, and the variety

of available mathematical descriptions. I show numerical tests which suggest that by relaxing the

typical requirement that the frequency dependence of the assumed intrinsic attenuation model be

self-consistent across the full spectrum, significant improvement in the fidelity of inversion results

can be obtained in cases where the attenuation model assumed in the inversion differs substantially

from the true subsurface behaviour. I find that the size of the frequency bands used in this inver-

sion approach is a useful hyperparameter controlling trade-off between cross-talk reduction and

flexibility in coping with uncertain physics.

3.2 Introduction

Intrinsic attenuation and dispersion play large and important roles in seismic wave propagation,

making their inclusion in FWI a significant priority. Unfortunately, there are few theoretical con-

straints on the frequency dependence of attenuation and dispersion in the subsurface. This is prob-
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lematic, because a seismic experiment does not have sufficient information content to constrain

attenuation as an arbitrary function of frequency at each point in space. The requirement of causal

seismic wave propagation necessitates that attenuation and phase velocity satisfy the Kramers-

Kronig relation (e.g. Aki and Richards, 2002), constituting a required relation between the Hilbert

transform of the attenuation and the phase velocity. Because the Hilbert transform involves an

integral over all frequencies, however, this requirement provides little constraint in inversion of

finite-band seismic data.

Relations between attenuation and phase velocity for specific seismic attenuation mechanisms

can be parameterized in relatively small numbers of variables (e.g. Liu et al., 1976). Observed seis-

mic attenuation is affected by many different mechanisms, however, including pore-, wavelength-

and meso-scale fluid flow attenuation mechanisms. Furthermore, variations in the sizes of meso-

scale heterogeneities in the subsurface cause many different mechanisms at the (likely dominant)

meso-scale to be active at once (Pride et al., 2004). Because of the large number of attenuation

mechanisms, even with a very good understanding of how attenuation occurs, the dimensionality

of the QFWI problem cannot be reduced to manageable levels through theoretical considerations

alone.

Because theoretical descriptions of seismic attenuation do not significantly constrain the fre-

quency dependence of attenuation and phase velocity, it is necessary to make assumptions about

this frequency dependence in order to frame a tractable inversion problem. Most commonly, the

empirical observation of Q which does not consistently increase or decrease over the seismic fre-

quency band (Aki and Richards, 2002) is used to motivate the assumption of a nearly-constant

Q. Several nearly-constant Q approximations exist (Ursin and Toverud, 2002); in this thesis I use

the Kolsky-Futterman model (Kolsky, 1956; Futterman, 1962), as described in Chapter 2. Most

nearly-constant Q models reduce the problem of parameterizing the attenuation and velocity at all

frequencies to a problem of parameterizing two frequency-independent properties in the constant-

density viscoacoustic case (five for the viscoelastic case).
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Crucially, it is assumed in FWI that a complete physics model governing wave propagation

is known and accurately reproduced in the forward modeling. If the wave propagation equations

miss, or incorrectly model, important features of the data, modeling errors will result. These errors

introduce incorrect and often dramatically un-physical spatial arrangements of the available model

parameters. In many formulations of FWI where it is well understood which features of the data

can be accurately reproduced with the assumed physics, data which is likely to be misleading can

be de-emphasized in the objective function in an attempt to avoid this type of behavior. Model-

ing of attenuation is challenging from this standpoint because, if the assumptions used to obtain

manageable parameterizations of attenuation fail, then features of the data which the inversion is

explicitly attempting to account for may be mishandled in the inversion. The consequences of such

a failure could be significant if the true subsurface attenuation and dispersion differ substantially

from the model assumed. A FWI formulation which navigates a route between the extremes of un-

manageable parameterization and unwarranted physics assumptions is desirable when confronted

with uncertainty in the attenuation physics.

In this chapter, I formulate a frequency-domain QFWI problem in which P-wave velocity and Q

are simultaneously updated. Through numerical examples, I demonstrate the importance of a broad

range of frequencies in mitigating parameter cross-talk in QFWI, assuming that the observed data

are generated following substantially the same mathematical model of attenuation and dispersion

as that assumed in the computation of the gradient and residuals. I then demonstrate that such

cross-talk mitigation is only effective in the absence of modeling error. In response to this, I

adjust the formulation to accommodate uncertainty in the attenuation physics. I investigate the

idea of relaxing the constraint that the assumed physics be exactly obeyed by allowing a band-wise

frequency dependence in the recovered model. This increased flexibility offers important benefits

when the assumed physical model involves different frequency dependence of wave propagation

from that of the true (or at least a different, more appropriate) physical model.

40



3.3 Theory

3.3.1 Viscoacoustic full-waveform inversion formulation

My focus in this chapter is on the effects of errors in the attenuation physics model on QFWI results

and on approaches for mitigating these results. To facilitate this investigation, I consider viscoa-

coustic wave propagation: a relatively simple model of seismic wave propagation which allows

for the effects I am interested in to be investigated with minimal complications. The frequency-

domain partial differential equation describing this model of wave propagation was described in

Chapter 2 as [
ω

2s(r,ω)+∇
2]u(r,ω) = f (r,ω), (3.1)

where u is the pressure field, f is a source term, and the model parameter s depends on the disper-

sive velocity and attenuation:

s(r,ω) =

[
c(r,ω)

(
1− i

2Q(r,ω)

)]−2

, (3.2)

where c is the frequency dependent phase velocity and Q is a quality factor. The viscoacoustic FWI

problem is to determine the unknown spatial and frequency distributions of c and Q. Because the

data available in seismic experiments do not allow for the recovery of c and Q as arbitrary functions

of frequency, it is necessary to assume a particular physics model in order to do viscoacoustic

inversion.

Many models of attenuation and dispersion exist and are in regular use for processing, imaging,

and inverting seismic data (Ursin and Toverud, 2002). They tend to agree in their general repro-

duction of the amplitude and phase features of dissipating waves, but in their detailed predictions

of, e.g., phase velocities at low frequencies they may differ widely. Many of these models require

that Q be approximately constant over a given frequency range, based on empirical evidence. A

constant Q in a non-dispersive medium violates causality (Aki and Richards, 2002), so in many

models a frequency dependent Q, which is nearly constant over the range of seismic frequencies,

together with a dispersion term, are adopted. There are many ways to create a function which is
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nearly constant over the range of seismic frequencies, so there are many different nearly constant

Q model types (Liu et al., 1976; Ursin and Toverud, 2002). In this thesis, I use the nearly constant

Q model due to Kolsky and Futterman (Kolsky, 1956; Futterman, 1962), hereafter referred to as

the KF model, in which

s(r,ω) =

[
c0(r)

(
1+

1
πQ(r)

log
ω

ω0
− i

2Q(r)

)]−2

, (3.3)

where c(ω) is the wave velocity, ω0 is a reference frequency and c0 = c(ω0), as described in

Chapter 2. Inspection of equation 3.3 identifies a specific challenge that the QFWI problem faces.

The size of the frequency dependent term in s, which produces dispersion, is determined by Q. In

effect, both c0 and Q co-determine the wave velocity at a given frequency. This makes considerable

parameter cross-talk likely, and is suggestive that variations from one frequency to another will be

instrumental in mitigating it.

3.3.2 Parameter cross-talk in QFWI

Parameter cross-talk is the phenomenon wherein data residuals introduced by an error in the esti-

mate of one model parameter are attributed to errors in the estimate of another parameter. Cross-

talk is a major concern in FWI, as it can severely harm the accuracy of the recovered model and the

convergence of the inversion (e.g., Plessix et al., 2013; Innanen, 2014; Pan et al., 2016). Gradient-

based updates are particularly vulnerable to cross-talk. This is because the gradient considers only

the derivative of the objective function with respect to each variable parameterizing the model.

If changes in several different variables can reduce the same part of the data residual, all will be

changed in a gradient update. Methods approximating the Newton step are better able to pre-

vent cross-talk (e.g., Métivier et al., 2013; Innanen, 2014), but their computational cost generally

prohibits the calculation of most of the Hessian information, and a comprehensive appraisal step

analyzing potential cross-talk is usually warranted.

The extent of expected cross-talk, and data sufficiency in general for FWI, are typically as-

sessed through consideration of radiation patterns (or scattering potentials). Radiation patterns
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represent the derivatives of seismic wavefields with respect to inversion variables. The radiation

patterns of point perturbations in active FWI parameters, plotted as functions of experimental vari-

ables (e.g., angle between incoming and outgoing rays, frequency, etc.), are often used to deter-

mine the degree of expected parameter cross-talk in multi-parameter FWI (e.g., Tarantola, 1986;

Virieux and Operto, 2009; Operto et al., 2013; Alkhalifah and Plessix, 2014). Parameters which

generate potentials with proportional amplitude variations over a given range of these experimental

variables are easily confused with one another. Scattering potentials represent the effective point-

sources which would generate the corresponding radiation patterns. The scattering potentials I

consider here are generated following the approach of Stolt and Weglein (2012). These potentials

consider only terms linear in the model perturbations and represent perturbations to a wavefield in

a homogeneous medium. The scattering potential V associated with the KF viscoacoustic wave

equation can be determined by considering small perturbations to the model parameters in equation

3.1. For position r and frequency ω , this scattering potential is given by

V (r,ω)≈− ω2

c0u(r)2 [VQ(r,ω)+Vc0(r,ω)] , (3.4)

where

VQ(r,ω) =
β (ω)

Qu(r)
∆Q(r), Vc0(r,ω) =

(
1+

β (ω)

Qu(r)

)
∆c0(r), (3.5)

Qu and c0u represent the unperturbed Q and c0 values, the ∆· quantities,

∆Q(r) = 1− Qu(r)
Q(r)

, ∆c0(r) = 1− c0u(r)2

c0(r)2 , (3.6)

represent localized jumps in their corresponding model parameters Q−1 and c−2
0 , and

β = i− 2
π

log(ω/ω0) . (3.7)

Cross-talk often occurs where similarities between two scattering potentials correspond with data

measurements, as these represent different parameters having similar effects on the measured data.

The key characteristics distinguishing VQ and Vc0 are their frequency dependence (via the second

term in equation 3.7) and their phase (via the first term in equation 3.7). In principle, either of
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these can be invoked in an effort to combat cross-talk in QFWI. Hak and Mulder (2010) analyzed

the phase term, showing that, at a single frequency, the angle-variations in scattering associated

with the phase can suppress cross-talk, and distinguish velocity from Q. However, for these subtle

phase differences to be used, sources and receivers must surround the region to be determined.

This is necessary because, if a target is illuminated from one side only, the same phase perturba-

tion can be caused by a position-velocity perturbation or by a Q perturbation. This ambiguity can

be resolved if the target is illuminated from all sides, but is difficult to otherwise remove. Given

limited acquisition geometries, consideration of phase differences alone cannot resolve cross-talk,

and the only routes to effective cross-talk reduction require consideration of the frequency depen-

dences of sQ and sc0 . Provided sets of frequencies are treated simultaneously, cross-talk resilient

FWI updates from limited source-receiver geometries should be possible. Consequently, although

the scattering angle is active in the problem of cross-talk reduction, as shown by Hak and Mulder

(2010), practical QFWI must be protected from cross-talk using the frequency dependence asso-

ciated with Q-dispersion. The frequency dependence of the scattering potentials is illustrated in

Figure 3.1. By inspection of this plot, we can furthermore predict that if only a narrow range of

frequencies is considered, over which the two scattering potentials vary roughly in proportion, c0

and Q will be extremely difficult to distinguish. Over broader ranges of frequencies, however, sig-

nificant differences between the two scattering potentials become prevalent, which should enable a

QFWI iteration to create meaningful updates in both. This introduces a new feature to multi-scale

FWI workflows, within which demands already exist on the bands of frequencies considered.

The approach I discuss here for coping with potential errors in modeling of attenuation physics

produces another forcing effect on the size of frequency bands considered. In this approach, it is

necessary to treat the width of the frequency bands as a trade-off parameter, balancing the suppres-

sion of modeling error (which will be better performed using narrower bands) with the suppression

of parameter cross-talk (which will be better performed using broader bands).

It is notable that while the discussion of radiation patterns above suggests which data are nec-
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Figure 3.1: Amplitude of the scattering potential as a function of frequency for perturbations in
c−2

0 (blue) and Q−1 (red). Amplitudes have been normalized to 1 at 1 Hz. Background Q0 = 20,
and the reference frequency was 15 Hz for this example.

essary for the avoidance of cross-talk, the scattering potential investigated do not present an obvi-

ous way of determining which FWI approaches will be effective in suppressing cross-talk. I will

present and discuss a more effective approach for characterizing cross-talk in QFWI in Chapter 4.

3.3.3 Simulation of modeling error

A numerical investigation of the effects of errors in assumed attenuation physics is a major topic

of this chapter. In order to simulate an error in the attenuation physics model chosen, however, it

is necessary to assign both an assumed attenuation physics model, to be used in the inversion, and

a true attenuation physics model, which will generate the synthetic data used in the inversion. The

attenuation physics model used in this chapter to represent the true subsurface behavior is based on

a standard linear solid (SLS) model (e.g. Carcione, 2007). It should be noted that the significance

of this choice is not that the SLS is a better or worse match to data actually measured in seismic

experiments, but rather that it produces different detailed predictions of wave behaviour than the

one underlying the QFWI algorithm.

The SLS model is based on viscoelastic considerations, with a constitutive relation that is linear
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in the stress, the strain, and their derivatives (Carcione, 2007). Continua are treated as consisting of

a spring and dash-pot in series, in parallel with a second spring. The Q value given by this model

is not constant with frequency, but is instead given by

Q(ω) =
1+ω2τετσ

ω(τε − τσ )
, (3.8)

where τε and τσ are relaxation times related to the constants of the effective springs and dash-pot

of the model (Carcione, 2007). This function is sharply peaked at ω = τ−1, where τ =
√

τετσ .

The P-wave phase velocity for this model in terms of c0 and ω0 can be calculated by substituting

equation 25 from Casula and Carcione (1992) into equation 8 from the same paper, giving

c(ω) = c0

Re
√

1+iω0τσ

1+iω0τε

Re
√

1+iωτσ

1+iωτε

. (3.9)

Many physical processes which could have significant impact on seismic wave attenuation are

well modeled by the SLS (Liu et al., 1976). A system of several SLS mechanisms arranged in

parallel, called a general standard linear solid, can model the effects of a system with many attenu-

ation mechanisms. This introduces several relaxation mechanisms, and several attenuation peaks.

If specific choices for the amplitudes and peak frequencies of these individual SLS components are

made, a general SLS with approximately constant Q over a given bandwidth can be constructed.

In this case, the dispersive behaviour of the velocity reduces to the KF model, as in equation 3.3,

over the nearly constant Q frequency band. If seismic attenuation in the region considered is well

represented by such a combination of SLS mechanisms, a KF-based QFWI procedure will suffer

from little modeling error. The motivation of this chapter is to develop a methodology which limits

modeling errors when the QFWI model (e.g., KF) and the actual model operating in the Earth are

dissimilar, so this type of attenuation profile is inappropriate for our purposes here. To establish

a model with dissimilarities from KF attenuation, I adopt a model involving only one SLS mech-

anism, representative of a single, or at least a dominant attenuation mechanism in the subsurface

region of interest, in contrast with the constant Q behaviour assumed in the inversion. A compari-

son of KF and SLS Q and P-wave velocity is shown in Figure 3.2, where the models have the same
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Figure 3.2: Comparison of SLS and KF models for velocity (a) and Q (b). Both models are chosen
to have a velocity of 2500m/s and Q=20 at the reference frequency, 15 Hz. Note the semilog scale.

Q and P-wave velocity at 15 Hz.

3.3.4 Adapting QFWI to accommodate modeling errors

In Chapter 2, I introduced a general form of the FWI problem as

mmin = min
m

φ(u,m) subject to C(u,m) = 0. (3.10)

In this equation, the requirement that the assumed wave equation be satisfied is enforced through

the C(u,m) = 0 constraint. I also showed that for the frequency-domain finite-difference forward

modeling I use in this thesis, this constraint could instead be represented as

S1(ω,m)u(ω) = f(ω) (3.11)

for viscoacoustic inversion, where f is a source term, u is a wavefield, and S1(ω,m) is a matrix that

applies a finite-difference stencil based on, for example, KF attenuation. Equation 3.11 is a discrete

instance of equation 3.1, employing an assumed model of attenuation physics. Suppose that the

assumed attenuation physics description is inadequate. This implies that the wave propagation in

the unknown medium is better represented by

S2(ω,m)u(ω) = f(ω), (3.12)
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where S2(ω,m) invokes an attenuation model differing from that in S1(ω,m) and is either un-

known, or unfeasible to implement. Differences between, for instance, low-frequency velocity

dispersion from one Q model to the next can be significant (Ursin and Toverud, 2002), so the two

operators cannot be assumed to be similar. Modeling errors are realized when parameter values for

a model belonging to S2 are selected in order to minimize an objective function based on S1.

We must assume that a given attenuation model, say S1, holds in order to begin the process of

inverting the data. This means adopting equation 3.11 as a constraint. When S2 is unknown and S1

uncertain, the approach I propose for managing QFWI modeling errors is to relax this constraint

to instead read

S1(ω,mN)u(ω) = f(ω), for ωN < ω < ωN+1, (3.13)

where mN is a subsurface model for the angular frequency range (ωN , ωN+1). This allows greater

freedom in matching the attenuation behaviour of the measured data, because it requires that the as-

sumed physics be satisfied exactly only on a certain frequency band. As the bandwidths ωN-ωN+1

decrease, modeling errors within any given band become less significant. Piecewise application

of S1 can, in other words, closely mimic a model belonging to S2, without requiring that S2 be

known. The lower limit of this process involves bands containing single frequency components.

This is ideal for mitigating error resulting from unknown attenuation physics (as it represents a

return to an inversion for c and Q as freely varying functions of frequency), but is impractical due

to the considerable potential for harmful parameter cross-talk.

The discrepancies between the KF and SLS models illustrated in Figure 3.2 will have strong

negative consequences for a QFWI procedure, if the KF model is assumed and the SLS model

(or something like it) actually holds. But, the consequences can be significantly reduced if, in the

QFWI procedure, the KF model is not forced to be self-consistent over the full frequency range.

The additional flexibility afforded QFWI by imposing the relaxed constraint in equation 3.13 is

illustrated in Figure 3.3. An example SLS profile for Q and P-wave velocity is illustrated in this

figure as a black dashed line. A KF profile with the same c at 12.5 Hz, the same average Q, and
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a reference frequency of 30 Hz is shown in blue. The highly dissimilar frequency dependence of

the velocity and attenuation in the different physics models cause the matching here to be very

poor. The red line shows the match which can be obtained using a relaxed KF model, also with

a reference frequency of 30 Hz, but with mean Q set to match the SLS model at each 1 Hz band,

and c set to match at the center frequency of each band. Clearly, this step offers considerable

improvement in the ability to match the observed behaviour, despite having physics different from

the SLS enforced in each band. Adopting a FWI strategy which allows for this better matching

should improve the quality of the results in the case where the true attenuation model is unknown,

I will call this approach ‘flexible’ QFWI. The flexible QFWI algorithm used in this chapter is set

out in Algorithm 1. The important feature of this approach is that instead of recovering one model

which is assumed to be valid at all frequencies, a different model is recovered on every frequency

band, each of which is assumed to be valid only on that band. In consequence, Algorithm 1 presents

an approach for recovering a set of models mN . These are assumed to be similar enough between

frequency bands that the final model at one frequency band can be used as a reasonable starting

model for a neighboring frequency band, as reflected in second step of the algorithm, where mN,0

is initialized.

Input : Recorded seismic data d(rg,rs,ω), initial model m0,kmax

Output: Inverted models mN,kmax

for N = 1, . . . ,Nmax do ; // Loop over frequency bands

mN,0 = mN−1,kmax

for k = 1, . . . ,kmax do ; // Loop over FWI iterations

Initialize the descent direction ∆sk = 0
for p = fNmin, . . . , fNmax do ; // Loop over frequencies

Update the descent direction ∆mk
end
Calculate the step length µ using the line search method Set
mN,k = mN,k−1 +µ∆mk

end
end

Algorithm 1: Algorithm for flexible frequency domain QFWI
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Figure 3.3: Comparison of SLS with best fitting KF, and band-defined KF for reciprocal Q (a),
and velocity (b). Due to the highly dissimilar behaviour of the model types, the KF result is a
poor approximation of the SLS behaviour. The band-defined KF is capable of matching the SLS
behaviour much more closely, though still differs in dispersive behaviour on each band.

While the strategy outlined above has the capacity to match unknown viscoacoustic physics

in principle, the question of interest here is whether a QFWI procedure will actually achieve this

matching, while constructing interpretable models. Two significant challenges may arise when

using this inversion strategy. The first of these is connected to the treatment of dispersion. A band-

by-band strategy should be capable of reproducing the dispersive character of the true medium on

relatively broad frequency scales, larger than the bands considered, as illustrated in Figure 3.3. The

approach discussed here does nothing, however, to match the observed variations in phase velocity

associated with dispersion within frequency bands. Errors in the treatment of dispersion may

lead the estimated model away from the best approximation at a given frequency band. A second

problem with this inversion strategy is associated with the spatial dimension of the inversion. While

the approach suggested here should offer one way for the measured data to be reproduced, there

remains the possibility that unrealistic spatial variations of KF model parameters will be introduced

in the inversion to compensate for the attenuation physics errors as well. It is difficult to address the

impact of these concerns analytically, so instead I consider synthetic examples in the next section

to gauge the approach.
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3.4 Numerical Examples

For the numerical examples presented here, I use the viscoacoustic forward modeling approach

described in Chapter 2, using a KF model of attenuation for the forward modeling used in the

inversion. Frequencies from 1 Hz to 25 Hz are used, and the sources are considered to have a

uniform amplitude spectrum over this range. This extensive frequency coverage was considered in

lieu of accurate starting models; the inversions are initialized with constant values of c0 and Q.

I include regularization terms in the inversions to prevent large spatial variations in the model

updates and to limit the extent of Q variations. The objective function I use in this chapter is

φ = φD +φP1 +φP2, (3.14)

where φD is the L2 data-fitting objective described in Chapter 2, and the φP terms are regularization

terms. The first regularization term, φP1 , was designed to stabilize the inversion by discouraging

strong spatial variations in the model updates without strongly influencing the inversion results.

This term is given by

φP1 = a1||∇(mk+1−mk)||2, (3.15)

where mk is the current model, mk+1 is the updated model, ∇ is the first order central finite dif-

ference operator for the spatial gradient, and a1 is a weighting term. This term has no gradient

contribution when calculating the k+1th step, but introduces terms in the Hessian which promote

relatively smooth updates. The term penalizing low Q values, φR2 , was given by

φP2 = a2||Q−1||2, (3.16)

where a2 is a weighting term. This term was introduced to discourage extreme values of Q in the

recovered model.

3.4.1 Frequency bands and cross-talk

The first example I consider explores the QFWI problem where attenuation physics are known, in

order to highlight the effects of the frequency bands on the level of inter-parameter cross-talk. The
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Figure 3.4: Benchmark model c0 (a) and Q−1 (b). The velocity values correspond with reference
frequency ω0/2π = 30 Hz.

model used in the inversion is shown in Figure 3.4. The attenuation-physics model used to generate

the data in this example is the KF model, which is also assumed in the inversion. To reduce cross-

talk as much as possible, I use exact Gauss-Newton optimization in this example. To make this

optimization strategy feasible, I consider a small model, defined on a 2D 50×50 grid with 10 m

grid cells. Twenty-four explosive sources at 30 m depth were spaced 20 m apart from 10 to 470 m;

48 receivers at 20 m depth were spaced 10 m apart from 10 to 480 m. The inversion was initialized

with a constant Q and c0, equal to the background of the true model. Perfectly matched layers 9

gridpoints thick were applied at every boundary. The reference frequency considered was 30 Hz.

No noise was added to the data for this example, and a2, defining the Q regularization was set to

0. Q was not restricted to physically meaningful values in the inversion, and consequently some

inversions resulted in non-physical negative values of Q in parts of the recovered model. Usually,

these non-physical values were restricted to poorly constrained regions of the model. I interpret

any occurrence of negative Q values in well-constrained regions as a failure of the inversion.

Figure 3.5 illustrates the results of QFWI in the likely problematic setting in which one fre-

quency is inverted at each frequency band. Six iterations were performed at each frequency, begin-

ning at the lowest frequency, 1 Hz, then increasing in 1 Hz increments up to 25 Hz. The problems
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in Figure 3.5 highlight important features of QFWI. Cross-talk impairs both the Q estimate and

the c0 estimate, with the Q anomaly not meaningfully recovered. The c0 estimate is very poor

at the lower velocity anomaly (which is obscured from the sources and receivers by the low Q

region). Because this cross-talk occurs despite the use of exact Gauss-Newton optimization, and

comprehensive simulated acquisition, it is reliably traceable to the use of a single frequency.

Figure 3.5: Gauss-Newton QFWI c0 (a) and Q−1 (b), inverting only one frequency at each iteration.

Figure 3.6: Gauss-Newton QFWI c0 (a) and Q−1 (b), inverting a 1 Hz band of frequencies at each
iteration. Compare with Figure 3.5.

Figure 3.6 illustrates the results of QFWI in which a narrow range of frequencies (6 evenly-
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Figure 3.7: Gauss-Newton QFWI c0 (a) and Q−1 (b), using a multiscale approach. Compare with
Figures 3.5 and 3.6.

spaced frequencies in a 1 Hz range) were inverted at each frequency band. One iteration was carried

out per band, beginning with a band centered at 1.5 Hz, and increasing the center frequency by 1

Hz at each iteration, up to 24.5 Hz. The improved recovery of the deeper velocity anomaly and

the Q anomaly are notable (compare with Figure 3.5). This is further evidence supporting the

prediction from scattering-potential analysis that groups of frequencies at each iteration offer the

only practical means of discriminating between velocity and Q, and mitigating cross-talk.

Figure 3.7 illustrates the results of QFWI using a multiscale approach similar to that proposed

by Bunks et al. (1995). In this example, six frequencies were inverted at each iteration, these were

distributed from 1 Hz to a maximum frequency which grew as iterations progressed, beginning at 2

Hz, and increasing by 1 Hz per iteration to a maximum of 25 Hz. This approach produces the best

recovery of the three strategies. All else having been held fixed in these experiments, I conclude

that iterations involving a broad, varied range of frequencies are optimal for suppressing cross-talk.

This is in keeping with the general principle that, to separate any two parameters, data must span

experimental variables across which the two have different characteristic scattering signatures.
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3.4.2 QFWI with attenuation physics uncertainty

While cross-talk suppression is ideally managed by considering a broad range of frequencies in

QFWI, such an approach is expected to be error prone where attenuation physics are not well

understood. In this subsection, I implement three distinct QFWI approaches numerically and use

them to explore their effectiveness in viscoacoustic modeling-error suppression. In the first, which

will be referred to as ‘low cross-talk’ QFWI, equation 3.11 is strictly adhered to, and the updating

strategy used is the multiscale approach used to minimize viscoacoustic cross-talk in the previous

section. In the second, the flexible QFWI is used with finite frequency bands, obeying instead

the constraint in equation 3.13 and using an updating strategy consistent with this constraint, as

described in Algorithm 1. In the third case, the flexible approach is again used, but with only one

frequency inverted on each band. The QFWI procedure is built around a KF viscoacoustic model

in all three cases.

In these examples, the model defined in Figure 3.8 is considered, with SLS attenuation physics

used to generate the data. In this model, the maximum Q−1 was at 15 Hz. The reference frequency

used in the inversion was fixed at 30 Hz. A total of 112 explosive sources at 10 m depth were spaced

20 m apart from 10 to 2250 m; 225 receivers at 0 m depth were spaced 10 m apart from 10 to 2250

m. The initial model for the inversion was a constant, infinite Q, and c0 of 1700 m/s. Truncated

Newton optimization (e.g., Nash, 1985; Métivier et al., 2013) was employed in the inversion. The

inner-loop of the truncated Newton optimization was terminated when a maximum of 50 iterations

was reached, or when the inequality

η ≤ ||Hp−g||
||g||

(3.17)

was satisfied, where H is the Gauss-Newton approximation of the Hessian, p is the estimated

model update, and η is a forcing term, chosen here to be 10−5. Both regularization terms were set

to nonzero values in these examples, so 1
Q is encouraged to be small, and updates are encouraged

to be smooth. Normally distributed noise was added to the modeled data with a signal-to-noise

ratio of 10, where signal is defined as the difference between the measured data and the synthetic
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data generated from the initial model at each frequency.

Figure 3.8: Benchmark model c0 (a) and Q−1 (b) for SLS attenuation physics.

In the first approach considered, low cross-talk QFWI was applied, using the multiscale ap-

proach of Bunks et al. (1995), as in Figure 3.7. In this example, twelve frequency bands were

considered, beginning with 1 Hz to 3 Hz, and increasing the upper limit by 2 Hz at each band,

up to the final band of 1 Hz to 25 Hz. At each stage of the inversion, five frequencies spaced

evenly from the minimum to the maximum frequency of the band were simultaneously inverted.

Four iterations were performed at the lowest frequency band, and two iterations at each higher

band. The results of this inversion are illustrated in Figure 3.9. Comparing to the true model in

Figure 3.8, it can be seen that the recovered Q model has significant artifacts, including substantial
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regions of negative Q. The recovered velocity is also quite poor at the bottom of the model in

this inversion, with strong lateral variations not present in the true model appearing. Evidently,

QFWI struggles to recover a meaningful velocity or Q model — despite benefiting from dense

acquisition and relatively powerful truncated-Newton numerical optimization. This highlights the

hazards associated with uncertainty in the QFWI attenuation model, and provides incentive for a

more flexible approach.

Figure 3.9: Conventional QFWI c0 (a) and Q−1 (b); KF inversion carried out on SLS data..

In the second approach considered, a finite-band flexible approach is used. To determine an

appropriate choice of frequency bands for this approach, a number of Gauss-Newton inversions

were performed on the model in Figure 3.4, both with KF and SLS physics used. Model residuals
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Band type KF SLS KF SLS
velocity residual velocity residual Q−1 residual Q−1 residual

1 Hz sliding 1.000 0.912 0.870 0.642
2 Hz sliding 0.694 0.741 0.735 0.745
4 Hz sliding 0.594 0.723 0.646 0.852
8 Hz sliding 0.617 0.820 0.625 0.948
Multiscale 0.620 0.913 0.631 1.000

Table 3.1: L2 model residuals for different frequency band choices. These values are normalized
such that the largest residuals in velocity and Q−1 are 1.

from these tests were used to assess the effectiveness of each choice of frequency band. A com-

parison of the relative L2 model residuals using the flexible approach for several choices of band

size as well as the multiscale approach is shown in Table 3.1. The model residual in this table is

for the highest frequency band considered in the flexible approach, to limit errors associated with

spatial resolution. In this table, the broad frequency band (4 Hz, 8 Hz) flexible and multiscale

approaches perform well when the expected KF physics are used in the inversion, as shown in the

‘KF residual’ columns, giving comparable results in this case. These bands are much less effective

when the SLS physics generate the data (‘SLS residual’ columns). Using a 1 Hz band gives poor

results, but these results are less strongly affected by errors in the attenuation physics. Inversion

with the 2 Hz band gives the best results when the assumed physics are incorrect. This result is

specific to the choices of KF and SLS physics as well as the true model geometry, and is likely

to be dependent on other factors, such as noise level. Despite these uncertainties, I interpret this

result to mean that a 2 Hz band may be a reasonable choice for the flexible approach, and use this

value for the second attempt at inverting for the model in Figure 3.8.

For the flexible inversion, I considered twelve frequency bands of 2 Hz width, with minimum

frequencies from 1 Hz to 23 Hz. To recover the model for each frequency band, mN , five evenly

spaced frequencies from fN to fN+1 were inverted simultaneously. Four iterations were performed

for m1, and two iterations at each later mN , resulting in a total number of iterations equal to the

number used in the low cross-talk FWI approach. The mN were solved for sequentially, beginning
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with the lowest frequency band and then increasing. The initial model used for m1 was identical to

that used in the low cross-talk FWI approach. The initial model for every other mN was set equal

to the final mN−1, as described in Algorithm 1. In effect, this approach is similar to that used to

generate Figure 3.6, but where each intermediate result at a given band can be interpreted as an

estimate of the velocity and Q at that band. This approach is summarized in Algorithm 1.

Results produced by applying the finite-band flexible QFWI approach, based on the KF model,

on the SLS data, are shown for two example bands in Figures 3.10 and 3.11. In principle, both

these results, as well as those at other frequency bands are outputs of the algorithm. The less

restrictive constraints used in this approach allow for a significantly improved recovery of the true

model behaviour. A substantially more accurate estimate of Q is obtained at both bands, with few

of the negative Q artifacts persisting. The velocity estimate is also substantially improved in the

deeper regions of the model, likely as a result of the improved Q estimate. A comparison between

these results for a profile at an x position of 1500m is shown in figure 3.12, where the flexible

approach improves the inversion result considerably.

In the third and last inversion approach I considered, the flexible FWI approach was used with

only one frequency inverted at each band. Bands were defined at every 0.5 Hz, beginning at 1 Hz.

Four iterations were performed at the lowest band, and two at every higher band. The results of this

approach are shown for the highest frequency band in Figure 3.13. In this case, the inversion has

struggled to recover an accurate model, giving an inferior result to the finite-band flexible strategy.

The relatively poor inversion here is likely a result of the considerable cross-talk expected in the

single-frequency case.

Data residuals for the source at 1990 m offset for the initial model and the multiscale and

flexible inversions are shown in Figures 3.14, 3.15, 3.16, and 3.17. Differences both in amplitude

and in phase are plotted. While the low cross-talk approach predicts much of the measured data

(Figure 3.15), the remaining residuals are well above the noise level in the model. By contrast,

aside from some evident footprint of the choice of bands, the finite-band flexible approach largely
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Figure 3.10: Flexible finite-band approach c0 (a) and Q−1 (b) for 13-15 Hz maximum band; KF
inversion carried out on SLS data. Velocity plotted is c(ω) at 15 Hz.

predicts the measured data, in the sense that there is little coherency in the remaining residuals

(Figure 3.16). This supports the idea that flexible inversion offers the potential to reproduce the

measured data, even with errors in the assumed attenuation physics. The single frequency flexible

approach also predicts the measured data well, and removes the footprint (Figure 3.17). This

improved data fitting comes at the cost of a poor model reconstruction, however, as shown in

Figure 3.13.

The computational costs of the multiscale and finite-band flexible QFWI approaches used here

are similar, the greater number of models recovered in the flexible approach being offset by the
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Figure 3.11: Flexible finite-band approach c0 (a) and Q−1 (b) for 23-25 Hz maximum band; KF
inversion carried out on SLS data. Velocity plotted is c(ω) at 25 Hz.

smaller number of iterations used (two) to invert for each. The reason for this similarity is that the

flexible approach can be interpreted as an alternative multiscale strategy in conventional FWI, with

the caveat that the final result is an approximation of the model behaviour only within the highest

frequency band considered, and that the intermediate steps themselves provide an estimate of the

model behaviour at their respective frequency ranges.
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Figure 3.12: A comparison of recovered models for a profile at x = 1500m.

3.5 Discussion

Analysis of the scattering potentials in the QFWI problem, as well as numerical examples, strongly

suggest that the choice of frequencies used in a FWI update strongly affects the propensity of QFWI

towards cross-talk. Hak and Mulder (2010) demonstrate that an acquisition geometry offering

complete angle coverage allows for the discrimination of Q and velocity. This cannot be achieved

even with extensive (e.g., cross-hole acquisition) subsets of scattering angles, however, suggesting

that the fixed-frequency cross-talk terms experience total cancellation only when all scattering

angles are measured. As this is not practical in real seismic surveys, the selection of frequencies

used in QFWI plays a major role. The numerical examples used here showed that with clean data,

even a very narrow range of frequencies is sufficient to mitigate cross-talk; however noise in the

measured data likely introduces stronger demands on the frequencies used in inversion.

Although the flexible QFWI approach outlined here offers a potential route for approaching

the QFWI problem in the face of attenuation physics uncertainty, this capability is offset by a

sacrifice of other desirable qualities of the inversion. The use of narrower frequency bands in the

inversion allows for the observed measurements to be partially explained by physics different from

those which generated the data. While this is desirable when the physics are uncertain, it is also
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Figure 3.13: Flexible single frequency approach c0 (a) and Q−1 (b) for 25 Hz; KF inversion carried
out on SLS data. Velocity plotted is c(ω) at 25 Hz.

highly conducive to cross-talk, which exploits the same effect. This necessitates a compromise in

QFWI, where the most desirable updating strategy is that which most strictly enforces the assumed

physics, while still allowing the flexibility to cope with errors in these physics. The ideal size of the

frequency bands inverted will depend on the uncertainty in attenuation physics, and is an important

topic for further research.

The specific implementation of the flexible QFWI investigated here, where KF physics are as-

sumed, is likely not the ultimate solution. In particular, it may not be desirable to assume a given

dispersion relation, even on a narrow frequency band, given the importance of dispersion in solv-

ing the viscoacoustic inverse problem (e.g., Innanen and Weglein, 2007; Hak and Mulder, 2011).

Introducing, for example, a variable that parameterizes a linear dispersion on each frequency band
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Figure 3.14: Differences in amplitude (top) and phase angle (bottom) between shot records in the
true and background models. Results are shown for the shot at 1990 m.

may help to avoid this assumption, but comes at a cost of introducing an additional variable and

creating a more difficult, more poorly constrained optimization problem. Similar changes in the

degree of flexibility allowed in the recovered physics could offer different benefits and tradeoffs.

This appears to be an important topic for further investigation. Another important step is to inves-

tigate similar cross-talk mitigation strategies in more complete viscoelastic FWI settings, wherein

P-wave and S-wave dispersive velocities and Q-factors leak into one another.
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Figure 3.15: Differences in amplitude (top) and phase angle (bottom) between shot records in
the true model and in the multiscale inversion result. Results are shown for the shot at 1990 m.
Compare to Figure 3.14.

3.6 Conclusions

Cross-talk is a serious concern in viscoacoustic full-waveform inversion, and has a particularly

strong impact on the recovered Q model. Frequency dependent effects play a major role in elim-

inating this cross-talk as suggested by inspection of the relevant scattering potentials. Single-

frequency updates are dominated by cross-talk, even when exact Gauss-Newton optimization is

used. Inverting even a narrow band of frequencies per iteration offers a notable improvement, and

the best results with known attenuation physics were achieved inverting relatively broad frequency

bands.

The inclusion of attenuation in QFWI also presents unique risks associated with modeling
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Figure 3.16: Differences in amplitude (top) and phase angle (bottom) between shot records in the
true model and in the flexible inversion result. Results are shown for the shot at 1990 m. Compare
to Figures 3.14, 3.15.

error. The flexible QFWI approach suggested here relaxes the FWI constraint that the modeled

wavefield strictly obeys an assumed physics model across all experimental variables. This allowed

for significant improvements over low cross-talk FWI strategies as applied to the QFWI problem

where the assumed physics are incorrect. It also introduces a tradeoff between cross-talk reduction

and flexibility to cope with unknown physics, in the form of the size of the frequency band used in

the inversion. The flexible QFWI approach investigated here is only one possible strategy; possible

approaches are far from having been exhaustively considered.
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Figure 3.17: Differences in amplitude (top) and phase angle (bottom) between shot records in the
true model and the single frequency flexible inversion result. Results are shown for the shot at
1990 m. Compare to figures 3.14, 3.15, 3.16.
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Chapter 4

Parameter cross-talk and leakage between spatially separated

unknowns in viscoelastic full waveform inversion

4.1 Summary

Elastic and attenuative effects play a major role in the determination of wave amplitudes and phases

observed at seismic sensors. Viscoelastic full waveform inversion (FWI) has the potential to re-

cover much of the information content of measured seismic data by simultaneously accounting for

these effects. However, the frequency variations and phase information present in viscoelastic FWI

introduce additional challenges to the inversion, especially through their impact on inter-parameter

cross-talk. Cross-talk is typically characterized through analysis of the radiation patterns of point

scatterers; however, the point scatterer model is not well suited to viscoelastic FWI, because (1)

attenuation introduces a significant potential for cross-talk between variables distant from one an-

other in space and (2), interpreting the effect of frequency and phase dependence on the radiation

patterns of point scatterers is not straightforward. I present and examine a numerical approach

for assessing the viscoelastic cross-talk modes expected for a given parameterization, optimiza-

tion strategy, and acquisition geometry based on differencing various synthetic inversion results.

With this approach, I characterize viscoelastic cross-talk for a typical parameterization for several

possible acquisition geometries. Of particular note is the strong tendency for Q variables to leak

into elastic variables from which they are spatially separated. This type of cross-talk is not easily

characterized through the use of radiation patterns.
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4.2 Introduction

The goal of full waveform inversion (FWI) is to derive subsurface medium properties by maxi-

mizing the use of the information content of measured seismic data (Tarantola, 1984). In reality,

harnessing the full information content of measured data is infeasible because approximate models

of true wave propagation must be used to relate measurements to physical properties, and these

approximations are incapable of reproducing the full complexity of the true measurements. How-

ever, the move from simple to more complex model parameterizations, which better approximate

true wave propagation, has historically led to improved recovery of useful, accurate information

about the subsurface. Much of the information constraining subsurface elastic properties resides in

the amplitude and phase of the observed waveforms. Scalar-acoustic FWI cannot use such infor-

mation effectively, because of its neglect of elastic and attenuative effects. Elastic, viscoacoustic,

and, less frequently, viscoelastic FWI approaches have been developed to address this deficiency

(e.g., Tarantola, 1986; Hicks and Pratt, 2001; Tromp et al., 2005; Malinowski et al., 2011; Kamei

and Pratt, 2013; Métivier et al., 2015; Plessix et al., 2016; Yang et al., 2016; Fabien-Ouellet et al.,

2017). As in any multi-parameter FWI problem, inter-parameter trade-off, or ‘cross-talk’, is a ma-

jor obstacle to the implementation of these approaches (e.g. Kamei and Pratt, 2013; Alkhalifah and

Plessix, 2014; Pan et al., 2016; Fabien-Ouellet et al., 2017). Cross-talk occurs when data residuals

caused by an error in the estimate of one physical property are attributed to another, impeding con-

vergence and potentially leading to mis-characterization in the inversion output. Strategies exist

for cross-talk reduction, but to design these effectively it is important to understand the cross-talk

process, i.e., to determine which properties leak in to one another, and to what extent.

The most commonly used tool for characterizing cross-talk is radiation pattern analysis (e.g.

Tarantola, 1986; Moradi and Innanen, 2016; Oh and Alkhalifah, 2016; Kamath et al., 2017; Yang

et al., 2019). Radiation patterns express the change in an incident wave-field after interacting

with a point scatterer, typically in an otherwise homogeneous medium. These patterns change for

different choices of model perturbation. Greater cross-talk is predicted when the radiation patterns
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of two variables vary proportionally within the range of scattering angles sensed in an experiment,

because this behavior is suggestive that the two variables are not distinguished within the available

data. Radiation patterns are not investigated for every variable in the inversion, as the number of

these is very large. Instead, a representative radiation pattern for each parameter type is usually

investigated, with the scattering point set at a fixed location.

In elastic and anisotropic FWI, radiation pattern analysis has proven effective in predicting

cross-talk (e.g., Oh and Alkhalifah, 2016). Guided by analysis of the patterns to select inversion

parameters with minimal overlap between different radiation patterns in the data, the extent of

cross-talk in the inversion can be reduced. Scattering patterns do not, however, completely char-

acterize cross-talk. They are not well suited to providing information about cross-talk between

variables at different spatial locations, as two different scattering angles for variables at different

locations may represent the same part of data space. The comparisons they make are between

point scatterers; the effects of a sustained model perturbation on cross-talk are difficult to charac-

terize. Further, they are limited to providing information about the gradient and do not naturally

allow the effects of iteration to be characterized. Consideration of both the second-order aspects of

the objective function (e.g., via the Hessian) and iteration is key to the successful implementation

of multi-parameter FWI (e.g. Virieux and Operto, 2009; Operto et al., 2013); hence, scattering

patterns do not provide for complete characterization of cross-talk.

Including attenuation in FWI complicates cross-talk in a way that makes radiation pattern anal-

ysis even less suitable. Cross-talk involving Q generally involves confusion between different

parameters at different points in space. For instance, a density perturbation will exhibit cross-

talk with a remote Q region obscuring it from the sources and receivers. Another complication is

the frequency and phase dependence of these radiation patterns, which are key to distinguishing

Q from elastic properties (Innanen and Weglein, 2007; Hak and Mulder, 2011), but whose role

in reducing cross-talk is more difficult to discern from a radiation pattern alone. In the previous

Chapter, for instance, I used radiation patterns to support the idea that the frequency- and phase-
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dependent behaviour of the data must be key to eliminating cross-talk, but radiation patterns alone

do not suggest how these data features should be used to effectively suppress cross-talk.

Cross-talk can also be analyzed by examining numerical FWI examples in which cross-talk

occurs (e.g. Köhn et al., 2012; Operto et al., 2013). By comparing inversion results to a known

true model, errors in the inversion process can be identified. Some of these errors can be attributed

to cross-talk, but because this is not the only source of error in inversion, it can be difficult to

accurately and confidently identify it. More accurate approaches to quantifying cross-talk can be

designed by comparing inversion results of different ‘true’ models in synthetic tests, as in Kamei

and Pratt (2013), or by investigating the Hessian matrix in a specific case, as in Pan et al. (2018).

Here, I describe and analyze with 2D frequency-domain simulations an alternative approach to

characterizing viscoelastic cross-talk, with some specially-designed numerical FWI tests on simple

models. This approach allows cross-talk between parameters to be understood as a function of

either incidence angle or frequency, or both. It also naturally accounts for the effect of iteration

and spatial distribution on parameter resolution. If the models considered are suitably chosen,

these results allow general conclusions to be drawn about the nature of cross-talk.

In the following sections, I explain which of the methods described in Chapter 2 are used, I

outline the proposed measure of cross-talk, and I present a numerical example of application of

this approach to assess cross-talk for anelastic inversion.

4.3 Theory

4.3.1 Forward modeling, optimization and parameterization

In this Chapter, I consider the Kolsky-Futterman model of viscoelastic wave propagation I dis-

cussed in Chapter 2. Because my goal in this Chapter is to investigate viscoelastic cross-talk, I

will assume that there is high confidence that this model of attenuation physics hold. In relation

to the discussion in Chapter 3, this means that I will adopt inversion strategies which recover a

single model, consistent across all frequencies, rather than the set of models which is shown in

that Chapter to be more effective in mitigating the effects of incorrect attenuation physics. This
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allows for the investigation of cross-talk to be simplified, and I expect that the main results should

translate to the flexible case.

The objective function I consider in this Chapter is the L2 data-matching term φD, discussed

in Chapter 2, with no added regularization term. I omit any regularization, because cross-talk is

primarily a data-fitting feature; regularization terms are usually not formulated in a way that gives

rise to confusion between different parameters. Regularization terms can be expected to reduce

cross-talk typically, but only by insisting on a priori information. This type of prior information

would be inappropriate in a general investigation of cross-talk. As described in Chapter 2, I con-

sider inversion in five parameters: ζ1ρ , ζ2v−2
P , ζ3Q−1

P , ζ4v−2
S , and ζ5Q−1

S , where the ζn are unitless

scaling terms introduced to improve conditioning.

4.3.2 A measure of cross-talk

Cross-talk is the attribution of data residuals to the wrong model residuals during inversion (e.g.,

Innanen, 2014). The result is that one model variable is updated in response to a residual in another

model variable. Cross-talk from variable 2 into variable 1 can be defined as the contribution to

the inverted value of variable 1 occurring as the result of model error in variable 2. Variable 1

can be different from variable 2 because they are distinct in spatial position and/or in type; each

leads to behavior that can be classified as cross-talk. Our focus is the case in which the variables

are different in their parameter type (e.g., QP versus ρ). This definition of cross-talk covers an

important class of behaviors that are undesirable in FWI, as they tend to slow convergence and

give rise to misleading inversion results. The definition also lends itself to direct calculation in

synthetic tests.

Let FWI(·) be an operator that contains a complete process of full waveform inversion; if d are

simulated data measurements generated from the model m, and an initial model m0 is given, we

reconstruct via FWI(·, ·) the estimate

mFWI = FWI
(
d(m),m0). (4.1)
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The overall model residual at the outset of the process is rm = m−m0. If the model grid has N

rows (or depths) and M columns (or lateral positions), then m is a (5MN)-length vector

m =



mvp

mvs

mqp

mqs

mρ


, (4.2)

where each element (e.g., mvp) is an (MN)-length column vector containing the model parameter

values. Organized this way, the model residual is evidently

rm =



mvp−m0
vp

mvs−m0
vs

mqp−m0
qp

mqs−m0
qs

mρ −m0
ρ


. (4.3)

We can focus on model residuals associated with one parameter class only, for instance QP, by con-

structing model residual vectors where the four other contributions are replaced with zero vectors:

rqp =



0

0

mqp−m0
qp

0

0


. (4.4)

We can also go further by setting all MN of the remaining non-zero elements, except for the nth,
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to zero:

rqpn =



0

0

0

0
...

mqpn−m0
qpn

...

0

0

0



. (4.5)

Similar constructions, containing four zero vectors and one non-zero vector, allow us to form rA

for any parameter type A of the five, or further, by setting all but the nth of those vector elements

to zero, to form rAn for any parameter type A or spatial position n of interest.

If the true subsurface model did not differ from the initial model in the nth element of parameter

type A, then there would be no contribution from rAn to the inversion. We can consider the case in

which a given model residual rAn does not exist by defining a model

m̂(rAn) = m− rAn. (4.6)

The result of the inversion

m̂FWI(rAn) = FWI
(

d(m̂(rAn)),m
0 ) (4.7)

is then equal to mFWI minus the contribution to the inversion from the model residual rAn , implying

that the contribution of rAn to the inversion result is

∆mFWI(rAn) = mFWI− m̂FWI(rAn). (4.8)

Insofar as ∆mFWI(rAn) represents changes in the model for variables other than the single non-

zero element of rAn , it represents cross-talk. Cross-talk contributions from a class of variables,
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rather than from a single variable, can be computed as ∆m̂(rA), where rA are the model residuals

associated with a full class of parameters (as exemplified for QP in equation 4.4). By including all

of the variables describing parameter type A, the part of ∆m̂(rA) representing a change in variable

B is a full measure of the cross-talk from A into B. In fact, this framework allows the cross-talk

from any set of FWI unknowns into any other set to be discussed quantitatively.

There are several advantages to using this approach to characterize cross-talk. It allows for the

determination of cross-talk between any two sets of variables, not just those with the same position

in space. This means that cross-talk between spatially separated variables can be identified. It

offers the potential to study the effects of iteration on the inversion, a key consideration in FWI.

It can also help to characterize the effectiveness of Hessian information in suppressing different

modes of cross-talk, which can be very difficult to quantify using other approaches.

One may reasonably ask why I consider the contribution of an unknown parameter A, ele-

ment n, to the inversion to be the difference between the inversion result with and without rAn ,

namely ∆mFWI(rAn), rather than the result of an inversion involving model residual rAn only. The

key difference here is that the latter does not capture the interaction between rAn and other model

residuals. This distinction may be minor when analyzing some parameter classes, but when con-

sidering cross-talk from Q it can lead to a neglect of changes in the amplitude of other recovered

anomalies. The definition of cross-talk I use here includes these effects.

4.4 Numerical analysis of viscoelastic cross-talk

In this section, I will discuss how to use the measure of cross-talk introduced above, to allow

for general conclusions to be drawn, analogous to how radiation pattern analysis is used. My

main objectives are to (1) characterize acquisition geometry effects on cross-talk, to (2) identify

the extent of cross-talk from quality factor variables into elastic variables at other positions, and

to (3) investigate these behaviors for several optimization strategies. I calculate the cross-talk

for a series of simulated problems, using the same model in each, but each time changing the
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acquisition geometry, optimization approach, or choice of r. The examples I investigate provide

insights about cross-talk when using the specific model parameterization and objective function we

use here. They are also representative of how cross-talk could be investigated using this approach

with other FWI formulations.

4.4.1 Model geometry and inversion parameters

To allow for relatively general conclusions about cross-talk to be drawn from our synthetic tests, I

consider a simple model geometry. More complex model features would introduce highly model-

specific cross-talk features, while my aim is to draw broadly applicable conclusions. Because we

do not have to limit the cross-talk investigation to point-scatterers only, some decision about the

model geometry must be made. In the examples I consider here I am most interested in the cross-

talk terms associated with an obscuring Q region, so I will consider a model with an attenuative

region masking the elastic anomalies. Figure 4.1 shows the model I consider. An unknown region

of low QP and QS (Q ≈20) obscures from the sources and receivers a smaller region containing

unknown changes in the elastic parameters (each a 10% increase over the initial model). The elastic

region is a small circle at the center of the model; the attenuative low QP and QS region surrounds

it. For simplicity, the initial model used in the inversion is constant for each parameter, set equal

to the background values, and access to sufficiently low frequency data to reconstruct the missing

wavelengths in the model is assumed. The model is 1 km in width and depth, and is discretized

with a 10 m spacing in the finite-difference calculations. I define the reference frequency, ω0 as 30

Hz in both forward modeling and inversion.

The choice of perturbation amplitudes used in these examples is, in some sense, arbitrary, due

to the lack of a characteristic scale defining how the amplitudes of different model parameters

relate to one another. Characterizing the extent of cross-talk from equivalent-amplitude model

residuals requires that it be established what an equivalent perturbation might be. There is no di-

rect equivalence between parameters: no density perturbation has a corresponding vP change. A

meaningful measure may relate changes to the expected variance in each parameter, but this will
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Figure 4.1: The true model involves (a) elastic parameter unknowns confined to a small
circular region at the center of the volume, and (b) P- and S-wave mode 1/Q unknowns

occupying a larger and smooth circular region surrounding the smaller circle.

be highly case-dependent. Here, the only cross-talk amplitudes I seek to define relative to one

another are those from one choice of model residual into another model parameter for different

acquisition settings. This comparison provides meaningful information about the effect of acquisi-

tion geometry on cross-talk amplitudes, and is not as highly dependent on specific model features,

like perturbation amplitudes.

In the examples I consider here, I investigate the cross-talk from seven different choices of

model residual. In five cases, the residual is chosen to be the full vector of unknowns for each

parameter type (i.e., rA for parameter A in the terminology of the previous section). Inversion tests

on each of these models allow for calculation of the total cross-talk from and to each parameter

in the inversion. I refer to the cross-talk from the parameter ζ2v−2
P as ‘cross-talk from vP’, and

adopt similar terminology for the other parameters. In the other two cases, the residual vector is

chosen to include only some of several parameter types, namely, the outer rings of the QP and QS

anomalies, as shown in Figure 4.2 (i.e., rAn for values of n corresponding to designated regions

of space). These residual vectors are chosen so that we can develop an understanding of cross-

talk between the obscuring QP and QS regions and the elastic anomaly, an important example of
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Figure 4.2: Model residual used to calculate cross-talk from Q′P and Q′S

cross-talk between spatially distant variables. Instances of cross-talk from the partial (outer ring)

model residuals shown in Figure 4.2, for 1/QP and 1/QS, are referred to as cross-talk from primed

variables Q′P and Q′S.

I consider four acquisition geometries, each with sources and receivers evenly spaced along

one or several edges of the model in Figure 4.1. In Type 1, sources and receivers are placed along

the top of the model, and reflections are the main source of information. In Type 2, sources are

placed at the top of the model and receivers on the bottom, simulating a transmission or cross-well

geometry. In Type 3, sources/receivers are placed on both the top and bottom of the model, pro-

viding comprehensive reflection and transmission information. In Type 4, to examine fundamental

features of cross-talk, sources/receivers are placed on all four sides. These acquisition geometries

were chosen to help develop an understanding of the relative importance of reflection and transmis-

sion ray-paths in the resolution of the parameters. They are summarized in Table 4.1. Explosive

sources are considered, and both components of displacement are recorded at the receivers. In each
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Acquisition Type 1 Type 2 Type 3 Type 4

Sources top X X X X
Receivers top X X X

Sources bottom X X
Receivers bottom X X X

Sources and receivers sides X

Table 4.1: Source and receiver locations for each acquisition geometry type considered.

case, I consider 49 evenly spaced sources and 98 evenly spaced receivers per model edge included.

In each inversion test, ten frequency bands are inverted, each containing five evenly-spaced

frequency values. The upper end of the bands is increased with iteration, the first spanning 1-2Hz,

and the last 1-20Hz. No regularization is used, except in the examples involving truncated Gauss-

Newton optimization, where a small stabilization term is added in the calculation of Hessian-vector

products. Four different numerical optimization strategies are considered.

Because the examples we consider here involve different acquisition geometries, the amplitude

of the recovered anomalies can vary substantially. In the figures of this section, I plot a normalized

‘relative cross-talk’ for display purposes. I define this ‘relative cross-talk’ from model residual rAn

into variable p as mpFWI(rAn)/max(|mpFWI−m0
p|). This gives the cross-talk in a given parameter

normalized by the total update in that parameter. Using this metric, we can easily see what fraction

of the update in a given parameter is cross-talk. This metric does not lend itself to comparison of

the amplitude of cross-talk into different parameters, but I try to avoid comparisons of this type

regardless, due to a lack of general a priori scale defining amplitudes of one parameter with respect

to another.

4.4.2 Optimization

In these examples, I consider four potential optimization strategies, each using the same ten fre-

quency bands defined above. In the first and least intensive approach, I consider one iteration of

steepest-descent optimization at each frequency band (ten total iterations). This set-up allows us

to examine the cross-talk behavior with limited impact from the iterative nature of the inversion
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problem. This is the type of cross-talk that radiation pattern analysis is best suited to describe.

While the approach above is informative about the cross-talk in the gradient, there are limits to

the insight it can provide about the actual experience of solving the FWI problem, in which iteration

plays an important role. To investigate the effects of iteration on cross-talk, I also consider a more

intensive steepest-descent optimization, with five iterations per frequency band (i.e., involving a

total of 50 iterations). Contrasting the results obtained using this strategy with those from the

single-iteration per band approach should be informative about the effects that iteration has on

recovered cross-talk.

The third optimization strategy I consider is a truncated Gauss-Newton approach, wherein the

Gauss-Newton step is iteratively estimated (e.g. Métivier et al., 2013). Through consideration of

the Hessian, this approach includes second-derivative information that should be useful in reducing

cross-talk (Operto et al., 2013; Innanen, 2014). Five inner-loop iterations were used at each FWI

iteration to calculate the approximation to the Gauss-Newton step. Each of these inner-loop itera-

tions requires the evaluation of a Hessian-vector product, with a cost of two wavefield evaluations. I

consider one outer-loop iteration of this truncated Gauss-Newton optimization per frequency band,

resulting in a computational cost similar to that of the five-iteration steepest-descent example. By

contrasting the results using this approach with the multi-iteration steepest-descent strategy, we

can learn about the effects of the Hessian information considered.

Finally, I consider a computationally intensive approach to allow for large amounts of second-

derivative information to be considered. For this approach, I use 30 inner-loop iterations in a

truncated Gauss-Newton strategy, with one outer-loop iteration per frequency band. The resulting

computational cost is substantially higher than for the other approaches considered, but should al-

low for an understanding of how cross-talk is affected by more substantial numerical optimization.

4.4.3 Examples

Cross-talk into the inversion parameter ζ2v−2
P , in terms of the equivalent relative change in vP for

the first three optimization techniques considered is shown in Figure 4.3. In this plot, each row
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corresponds to the cross-talk (∆mFWI(rA)) for a given optimization strategy and acquisition ge-

ometry, and each column corresponds to model residual causing the cross-talk (rA). The leftmost

column shows the inversion result (mFWI) for each acquisition and optimization strategy for com-

parison, normalized in the same sense as the relative cross-talk terms. Within each panel the x and

z dimensions represent x and z position. This plot is continued to the high-cost TGN optimization

approach in Figure 4.4.

Figures 4.3 and 4.4 illustrate some important features of cross-talk into vP. Cross-talk from

all residuals considered is substantial in the Type 1 acquisition for each optimization strategy con-

sidered. Other acquisition geometries display cross-talk that is much more sensitive to the choice

of optimization strategy. The cross-talk from ρ and QS is not very persistent relative to that from

the other parameters; little cross-talk is observed except in the cases with reflection-type acqui-

sition or single-iteration SD optimization. Transmission-type measurements, and to some extent

the more intensive optimization strategies, provide information that allow for the removal of cross-

talk from these parameters. Cross-talk from QP, in contrast, is much more persistent between

acquisition types and optimization strategies, as expected given the mathematically similar roles

played by the two parameters in equations 2.10 and 2.28. Leakage from vS is comparably robust.

These modes of cross-talk are severely attenuated only when both transmission type data and in-

tensive geometry are present (Figure 4.4, Type 2-4), or with completely surrounding acquisition

geometry (Figure 4.3, Type 4). It is interesting to note that the Type 4, surround acquisition, is

much more effective in suppressing these cross-talk modes than the Type 3 acquisition for the low-

cost optimization strategies. This suggests that, while comprehensive geometry can help mitigate

cross-talk, even significant access to both reflections and transmissions provides insufficient data

for removing these modes of cross-talk at low computational cost. Any realistic acquisition will

require substantial optimization to eliminate these modes.

Focusing on the effects of optimization strategy in Figure 4.3, it is evident that there is sub-

stantial reduction in cross-talk from QP when performing more SD iterations, except in the Type
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Figure 4.3: Numerically calculated cross-talk into vP. The left column shows the inversion
result for each acquisition geometry and the first three optimization strategies. Below the

x-axis the model residuals introducing the cross-talk are shown. Within each panel, x and z
position correspond to location in 2D space.
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Figure 4.4: Numerically calculated cross-talk into vP for computationally intensive
optimization strategy. The left column shows the inversion result for each acquisition

geometry. Below the x-axis the model residuals introducing the cross-talk are shown. Within
each panel, x and z position correspond to location in 2D space.
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1, reflection dominated acquisition. This can be seen through comparison of the single- and multi-

iteration per band SD results. In contrast, there is comparatively little improvement between the

multi-iteration SD and the equivalent cost TGN approaches. If these variables are distinguished by

the data, the information to discriminate between them should be largely present in the Hessian.

The failure of the low-cost TGN approach considered in Figure 4.3 to reduce cross-talk substan-

tially suggests that the update we consider is an inadequate approximation of the Newton step;

more inner-loop iterations are likely needed to provide effective cross-talk reducing information in

this case. The results for the more intensive TGN optimization strategy are shown in Figure 4.4.

Comparison of Figures 4.3 and 4.4 shows substantial reduction in cross-talk from QP and vS in the

Type 2 and Type 3 cases. This contrast indicates that there is a strong dependence of these modes

of cross-talk on both acquisition type, and on the optimization strategy used; while transmission

information doesn’t substantially reduce cross-talk with the less intensive optimization strategies

(Figure 4.3, Types 2, 3) it becomes important with more intensive optimization (Figure 4.4). In

contrast, cross-talk in the reflection-dominated Type 1 acquisition geometry remains fairly strong,

even with intensive optimization.

Comparing the cross-talk contributions of QP and Q′P in Figure 4.3, it is clear that substantial

cross-talk contributions are made by spatially distant variables. We can observe that cross-talk from

QP and from Q′P to vP is very similar, and that the latter has substantial amplitudes in the region

not included in Q′P (the center). These observations mean that the contribution of the missing part

of Q′P must be small, and that the cross-talk observed at the center region is predominately from

outside this region: otherwise it would not be observed in the Q′P case. This suggests that the cross-

talk between spatially separated vP and QP residuals is relatively large for at least some acquisition

geometries (Types 1 and 3 here).

The cross-talk into ρ for the same set of examples is shown in Figures 4.5 and 4.6. A prominent

difference from the cross-talk into vP in Figure 4.3 for low-cost optimization is the substantial

persistence in the cross-talk from all model residuals considered, even for acquisition geometries
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measuring both transmitted and reflected energy. This is likely due to a considerable similarity

between the effects of density and other parameters on the data at reflection angles, and the lack of

any substantial effect of density features on transmission-type data. Even with Type 4 acquisition,

cross-talk remains significant in this case. Unlike the vP case, cross-talk into ρ is little affected by

iteration here. Once again in this case, cross-talk from QP and QS is little distinguished from that

of Q′P and Q′S, even in the region where they differ. This supports the idea that it is the obscuring

Q region and not the co-located Q features that introduce most of the observed cross-talk at the

elastic anomaly.

Figure 4.6 shows the high-computation TGN results for cross-talk into density. As in the vP

case, the changes are most pronounced for the acquisition geometries including transmission infor-

mation; acquisition Types 2, 3, and 4 all undergo dramatic reductions in cross-talk with the more

intensive optimization. For Type 3 and 4 acquisitions, almost all cross-talk into ρ is eliminated

in this case, and the heavy cross-talk into density for acquisition Type 2 is substantially reduced.

The more intensive strategy has again resulted in only mild improvements for the Type 1 acquisi-

tion. This more intensive approach does not seem to preferentially reduce at-a-distance cross-talk:

contributions from QP and Q′P remain very similar here.

Figure 4.7 shows the cross-talk into vS for the low-cost optimization strategies. As with cross-

talk into vP, the reflection-dominated Type 1 acquisition exhibits substantially greater cross-talk

than geometries with more transmission information. The parameters contributing the most per-

sistent cross-talk in this case are vP and QS. While iteration continues to have a major effect on

cross-talk in acquisition geometries with transmission information, there are also cases in which

the low-cost TGN approach outperforms the multi-iteration SD strategy here. For acquisition

Types 3 and 4, both cross-talk from vP and QP is substantially reduced in the low-cost TGN case

as compared to the multi-iteration SD case. This suggests that the low-cost TGN approximation

we consider here is adequate to eliminate cross-talk into some parameters for some acquisitions,

but is ineffective in eliminating cross-talk for others. Comparing these results with the high-cost
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Figure 4.5: Numerically calculated cross-talk into ρ . The left column shows the inversion
result for each acquisition geometry and the first three optimization strategies. Below the

x-axis the model residuals introducing the cross-talk are shown. Within each panel, x and z
position correspond to location in 2D space.
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Figure 4.6: Numerically calculated cross-talk into ρ for computationally intensive
optimization strategy. The left column shows the inversion result for each acquisition

geometry. Below the x-axis the model residuals introducing the cross-talk are shown. Within
each panel, x and z position correspond to location in 2D space.
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TGN results shown in Figure 4.8, we can see that the more intensive optimization approach is

very effective in mitigating cross-talk from vP, QP, and QS for the transmission type acquisitions

(Types 2-4). Even this more intensive optimization strategy struggles to eliminate cross-talk in the

reflection-type acquisition geometry. This suggests that even more Hessian information would be

needed to eliminate cross-talk when only reflection-type acquisition is available.

Cross-talk from QS and Q′S into vS shows strong evidence of leakage between spatially sepa-

rated variables (Q′S contributes substantially to cross-talk at the center of the model), but also of

cross-talk between co-located variables (the shape of the QS model residual has a clear signature).

This is similar to the cross-talk from Q variables we observed for most of the vP and ρ examples

considered earlier. Cross-talk from QP and Q′P into vS, interestingly, shows a different behavior

with multi-iteration SD optimization for Types 3 and 4 acquisition. In these cases, there is little

evidence of cross-talk between co-located variables; there is no imprint of the QP anomaly in the

cross-talk. However, there is substantial cross-talk at the center of the model. In the case of the Q′P

residual, this cross-talk has almost no spatial overlap with the model residual, and all cross-talk is

clearly occurring between spatially separated variables in this case. It is difficult to see how this

mode of cross-talk would be identified with a conventional analysis.

The cross-talk into QP, shown in terms of 1
QP

in Figure 4.9, is very strong for the reflection-type

data in the Type 1 acquisition as compared with other acquisition geometries. This suggests that

transmission-type information plays an important role in generating accurate QP estimates. In this

case, cross-talk from non-vP variables becomes relatively small for acquisition other than Type 1,

while the vP cross-talk persists for all acquisitions considered. Strikingly, there is little cross-talk

from the elastic anomalies into an obscuring QP region, despite the fact that the reverse is observed

for all three elastic parameters. Instead, same-location cross-talk seems to be the main mode from

the elastic parameters. This is an interesting asymmetry that should be further investigated. The

high-cost optimization results shown in Figure 4.10 show a similar trend to the previous results:

cross-talk is substantially reduced when transmission-type data are available, but not for the Type
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Figure 4.7: Numerically calculated cross-talk into vS. The left column shows the inversion
result for each acquisition geometry and the first three optimization strategies. Below the

x-axis the model residuals introducing the cross-talk are shown. Within each panel, x and z
position correspond to location in 2D space.
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Figure 4.8: Numerically calculated cross-talk into vS for computationally intensive
optimization strategy. The left column shows the inversion result for each acquisition

geometry. Below the x-axis the model residuals introducing the cross-talk are shown. Within
each panel, x and z position correspond to location in 2D space.
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1 acquisition. This reinforces the idea that even the high-cost TGN approximation I consider is

inadequate for reflection-type data.

Finally, we can consider cross-talk into QS, shown in terms of 1
QS

in Figure 4.11. As ex-

pected, cross-talk with vS is persistent in this case, though leakages from vP and QP are as well.

In comparison to cross-talk into QP, transmission information seems relatively ineffective in re-

ducing cross-talk. This is likely because I consider explosive sources here, while QS will mainly

affect shear-waves. This means that mode conversions, which will involve interactions between

the model residuals and the P-waves from the source, play a major role, even at transmission an-

gles. This may also explain why vP and QP cross-talk contributions are much more robust in this

case than vS and QS leakages into QP were (Figure 4.9). As in the previous cases considered, the

high-cost TGN approach dramatically reduces cross-talk for acquisition types which include trans-

mission data (Figure 4.12), but is less effective in the Type 1 acquisition. The otherwise persistent

cross-talk from vS is especially attenuated for the transmission-type acquisitions.

4.4.4 The effects of source-type

The acquisition types discussed above differed in the location of the sources and receivers, but con-

sidered only explosive sources. While many sources used in seismic surveys are well-approximated

by an explosive source, others are better represented by a directed point force. To investigate the

effect of source-type, I compare the recovered cross-talk from explosive sources and z-directed

point sources in this section. For simplicity, only the multi-iteration SD optimization strategy is

considered here.

Figure 4.13 shows a comparison of cross-talk into vP for explosive and z-oriented point forces.

In general, the examples with explosive sources seem less prone to cross-talk than those with

directed point forces. In particular, cross-talk from QS is substantially greater in the case of directed

point forces. This leakage is likely due to the fact that both S- and P-waves originate at the source

in this case, and the resulting ambiguities greatly increase the potential for cross-talk.

Cross-talk into ρ for different sources is shown in Figure 4.14. In this case, the relation of
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Figure 4.9: Numerically calculated cross-talk into QP, shown as relative change in 1
QP

. The
left column shows the inversion result for each acquisition geometry and the first three

optimization strategies. Below the x-axis the model residuals introducing the cross-talk are
shown. Within each panel, x and z position correspond to location in 2D space.
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Figure 4.10: Numerically calculated cross-talk into QP for computationally intensive
optimization strategy, shown as relative change in 1

QP
. The left column shows the inversion

result for each acquisition geometry. Below the x-axis the model residuals introducing the
cross-talk are shown. Within each panel, x and z position correspond to location in 2D space.
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Figure 4.11: Numerically calculated cross-talk into QS, shown as relative change in 1
QS

. The
left column shows the inversion result for each acquisition geometry and the first three

optimization strategies. Below the x-axis the model residuals introducing the cross-talk are
shown. Within each panel, x and z position correspond to location in 2D space.
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Figure 4.12: Numerically calculated cross-talk into QS for computationally intensive
optimization strategy, shown as relative change in 1

QS
. The left column shows the inversion

result for each acquisition geometry. Below the x-axis the model residuals introducing the
cross-talk are shown. Within each panel, x and z position correspond to location in 2D space.
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Figure 4.13: Numerically calculated cross-talk into vP. The left column shows the inversion
result for each acquisition geometry and source type considered. Below the x-axis the model

residuals introducing the cross-talk are shown. Within each panel, x and z position
correspond to location in 2D space.
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cross-talk to source-type is more mixed; Type 1 acquisition experiences more cross-talk with a di-

rected point force, while Types 3 and 4 see a reduction in cross-talk in this case. Transmission-only

data are very poorly suited to the recovery of density information in either case. In contrast, cross-

talk into vS, (see Figure 4.15) is reduced for all acquisition geometries when considering directed

point forces. In particular, acquisitions with transmission information (types 2-4) see substantial

improvements. This is presumably due to the S-waves generated at the source providing better

constraint on the vS features. In the case of directed point forces, the cross-talk from QS is effec-

tively reduced when transmission information is available, similar to the cross-talk from QP to vP

for explosive sources. This suggests that it is much more difficult to distinguish between velocities

and the corresponding Q parameters when there is insufficient source energy in the corresponding

wave mode (P or S).

The leakage into the Q variables is shown in Figures 4.16 and 4.17. The differences between

these sources for cross-talk into QP is relatively minor, with a small increase in cross-talk from

vP observed when using directed point forces. The effects of source-type on cross-talk into QS

are much more pronounced. Generally, the extent of cross-talk is much smaller when directed

point forces are used, and only cross-talk from vS persists for acquisitions with transmission-type

information in this case. This again suggests that sources exciting S-waves allow for much better

discrimination of S-wave parameters.

4.5 Discussion

Comparison of the numerically calculated cross-talk quantities introduced in this Chapter reveal

key aspects of the cross-talk modes present in viscoelastic FWI. While comparison of the ampli-

tudes of different modes of cross-talk is difficult without some reference scale to compare expected

parameter changes, these results are indicative of how each mode of cross-talk changes with ac-

quisition geometry, much like scattering radiation pattern analysis. This approach has the added

advantage of identifying the effects of optimization strategy on different modes of cross-talk. With

this strategy, I was able to reproduce some of the results which radiation pattern analysis can
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Figure 4.14: Numerically calculated cross-talk into ρ . The left column shows the inversion
result for each acquisition geometry and source type considered. Below the x-axis the model

residuals introducing the cross-talk are shown. Within each panel, x and z position
correspond to location in 2D space.
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Figure 4.15: Numerically calculated cross-talk into vS. The left column shows the inversion
result for each acquisition geometry and source type considered. Below the x-axis the model

residuals introducing the cross-talk are shown. Within each panel, x and z position
correspond to location in 2D space.
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Figure 4.16: Numerically calculated cross-talk into QP, shown as relative change in 1
QP

. The
left column shows the inversion result for each acquisition geometry and source type

considered. Below the x-axis the model residuals introducing the cross-talk are shown.
Within each panel, x and z position correspond to location in 2D space.
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Figure 4.17: Numerically calculated cross-talk into QS, shown as relative change in 1
QS

. The
left column shows the inversion result for each acquisition geometry and source type

considered. Below the x-axis the model residuals introducing the cross-talk are shown.
Within each panel, x and z position correspond to location in 2D space.
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achieve in the elastic case. For instance, my approach highlights the importance of transmission-

type data for reducing cross-talk from ρ into vP, and likewise demonstrates the importance of

reflection-type data for reducing cross-talk into ρ from other elastic parameters. This approach

identifies cross-talk features in the anelastic problem that conventional radiation pattern analysis

would struggle with, however. Cross-talk from an obscuring Q cloud into elastic parameters has a

considerable at-a-distance contribution. This mode of cross-talk is difficult to remove, even with

more comprehensive acquisition and optimization strategies. Cross-talk into an obscuring Q region

conversely, has little contribution between spatially separated parameters and seems to be effec-

tively attenuated when transmission data are available. Insights like these are difficult to glean

from conventional radiation pattern analysis, where only co-located, point-like scatterers can be

considered and no clear connection between phase- and frequency-dependence with acquisition

geometry can be established. The examples here also demonstrate a significant geometry depen-

dence in the cross-talk between vP and QP, and likewise vS and QS, with transmission data being

important for reducing these cross-talk modes. This behavior is difficult to motivate from radiation

pattern analysis alone, as the corresponding v and Q terms have the same angle-dependence in their

radiation patterns (as illustrated in Chapter 3).

While tools for identifying likely modes of cross-talk can be important for preventing misin-

terpretation of inversion results, it is usually desirable to use these tools to identify ways to avoid

cross-talk. Radiation pattern analysis, for instance, is often used in elastic FWI to guide reparame-

terization strategies for cross-talk reduction based on scattering angles. Often in these approaches,

data from angle ranges within which only one parameter has significant radiation energy are used

to update just these parameters. For instance, if only vP substantially alters the data at transmis-

sion angles, the data from these angles can be safely used to update vP. If such ranges do not

exist, alternate parameterizations may be sought. While the approach I present here is useful for

identifying acquisition geometries which help to prevent cross-talk, a reparameterization strategy

is difficult to apply when considering attenuation, because velocity and Q radiation patterns are
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not made distinct by scattering angle information (as shown in Chapter 3). This makes it difficult

to identify which reparameterizations may help with the problem short of trial and error.

If cross-talk cannot be limited simply through reparameterization strategies, the second deriva-

tive information contained in the Hessian must play a major role in a successful cross-talk reduc-

tion scheme. The technique I have described here is expected to be a useful means of comparing

the efficacy of cross-talk reduction between optimization strategies using different approaches to

approximating the effect of the Hessian matrix. While this approach was used to characterize vis-

coelastic cross-talk here, it could also be used to effectively characterize cross-talk in other FWI

formulations, taking into account cross-talk between spatially separated variables and the effects

of optimization strategy which are often neglected in other approaches.

4.6 Conclusions

Conventional approaches to characterizing inter-parameter cross-talk in full waveform inversion

are poorly suited to the viscoelastic problem, generally lacking simple approaches for character-

izing the effects of frequency dependence, phase changes and contributions from spatially distant

variables. The cross-talk characterization approach investigated here differenced numerical sim-

ulations to directly investigate cross-talk, allowing for simple treatment of these effects. This

approach also allowed for the effects of iteration, optimization strategy, acquisition geometry and

source type to be observed. With this approach, I verified well-known cross-talk behaviors between

elastic parameters and established important cross-talk behaviors for the Q variables. Cross-talk

between a vP anomaly and an obscuring QP region was observed to be significantly reduced when

transmission-type data were available and computationally intensive optimization strategies were

used. The cross-talk mode from QP into vP is dominated by contributions from spatially distant

variables in several cases. Similar behaviors were observed in the cross-talk between vS and QS.

This approach can be used for other FWI parameterizations, and may be especially useful where

the cross-talk contribution of spatially separated parameters is expected to be large. It could also be
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used as a tool to assess which optimization strategies are appropriate, given the acquisition geom-

etry and target location for field data. The approach I discuss in this Chapter is an effective tool for

assessing the cross-talk expected for a given acquisition geometry, but is not a tool for determining

which features of an inversion result are likely attributable to cross-talk. Such a posterior investi-

gation of the effects of cross-talk on an inversion result is more appropriately treated through an

uncertainty quantification procedure. I propose one such procedure in the next Chapter.
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Chapter 5

Null-space shuttles for targeted uncertainty analysis in full

waveform inversion

5.1 Summary

Full-waveform inversion is an effective tool for recovering subsurface information, but many fac-

tors make this recovery subject to uncertainty. In particular, unwanted noise in measurements can

bias results toward models that are not representative of the true subsurface, and numerical opti-

mization techniques used in the inversion allow for only approximate minimization of the objec-

tive function. Both factors contribute to the non-uniqueness of full waveform inversion solutions.

Assessing the uncertainty this non-uniqueness introduces can be difficult, due to the large dimen-

sionality of the inversion problem. Fortunately, complete characterization of inversion uncertainty

is seldom necessary for applications employing an inversion result, meaning the entire dimension-

ality of the problem may not be relevant for practical uncertainty quantification. Typically, it is

only the uncertainty in a few specific aspects of the inversion that is important (for instance, con-

fidence in a recovered anomaly). A targeted uncertainty quantification, characterizing only the

confidence in a specific feature of the subsurface model, can greatly reduce the dimensionality of

the uncertainty characterization problem, potentially making it tractable. I propose an approach

for quantifying the confidence of inversions in chosen hypotheses about the recovered subsurface

model. I test each hypothesis through numerical optimization on the set of equal-objective model-

space steps, called null-space shuttles. By approximating the null-space shuttle which maximally

violates a given hypothesis about the inversion, this method establishes an effective approximation

of the uncertainty in that hypothesis. I demonstrate the use of this technique on several numerical

examples for the case of viscoelastic inversion. These examples demonstrate that, at reasonable
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computational cost, this method can generate estimates of the lower bound on the maximal uncer-

tainty associated with incomplete numerical optimization. In the viscoelastic examples considered,

the velocity variables are much better constrained than the Q and density ones according to this

metric.

5.2 Introduction

While FWI has developed to be a powerful inversion approach, the development of tools for un-

certainty assessment in FWI has lagged considerably behind. This makes it difficult to know

how much an inversion result can be trusted, presenting an obstacle to the effective use of FWI.

This problem is further compounded by the presence of known sources of significant uncertainty,

notably including cross-talk for QFWI and other multiparameter FWI formulations. While the pre-

vious chapter of this thesis provides tools to help characterize when cross-talk might be expected,

there are few existing tools in FWI for assessing how much uncertainty these cross-talk modes

introduce into an estimate of the subsurface.

In principle, when quantifying uncertainty a user seeks to determine the confidence with which

the properties defined in the inversion output have been determined. In a given inversion problem,

this implies quantifying the range of possible solutions which could have satisfied the data- and

prior-fitting requirements of the inversion. Ideally, such an uncertainty estimate would also identify

the probabilities of these solutions. In reality, we are limited by the computational expense of this

problem and, as a result, most approaches for assessing confidence in FWI results have been quite

simple. Comparison of inversion results to well-log data, for instance (e.g., Bleibinhaus et al.,

2007; Owusu et al., 2015; Pan et al., 2018), can provide a measure of the confidence in the inversion

result, but this measure only assesses accuracy in one model-space direction for only a small region

of model space, and so provides a very rough metric for confidence in the inversion. This strategy

is widely used to gauge inversion accuracy, but is lacking as tool for uncertainty quantification.

For a large-scale, fully resolved FWI problem, global optimization techniques are often com-
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putationally infeasible, so most proposed uncertainty estimation approaches focus on assessing

the local uncertainty, usually through investigation of the Hessian of the inversion objective func-

tion. Even in this case, the large memory size and computational cost associated with evaluating

the Hessian mean that approximate or matrix-free approaches are needed. Fichtner and Trampert

(2011) and Fichtner and Leeuwen (2015), for instance, use Hessian probing to generate point-

spread functions and estimate spatial resolution and parameter trade-off from them. Other authors

have focused on creating uncertainty estimates based on evaluation of the posterior covariance

matrix, which is approximately the inverse of the Hessian near the minimum of the FWI objec-

tive function (Tarantola, 2005). Because exact evaluation of the posterior covariance requires the

storage and inversion of Hessian-sized matrices, some form of rank-reduction is necessary to gen-

erate tractable posterior covariance estimates. Bui-Thanh et al. (2013), Zhu et al. (2016), Eliasson

and Romdhane (2017), and Liu and Peter (2019) consider a truncated singular-value decomposi-

tion (SVD) of the Hessian to achieve this rank reduction, limiting the uncertainty characterization

problem to the best-constrained directions of model space. Thurin et al. (2019) instead uses an

ensemble Kalman filter method to obtain a low-rank estimate of the posterior covariance, avoiding

the calculation of Hessian-vector products. Fang et al. (2018) does not directly estimate a covari-

ance matrix, but relaxes the PDE constraint of the inversion and works with an approximation of

the Hessian to sample elements of a posterior probability density function. In this approach an im-

plicit rank-reduction is present when sampling elements due to the use of an iterative approximate

solver instead of the inverse Hessian.

Uncertainty quantification strategies in FWI based on estimation of the posterior covariance

matrix have allowed for useful estimates of uncertainty to be generated, but invoke several funda-

mental assumptions, some of which can be problematic in general. First, these approaches assume

the subset of model-space directions implicit in the low-rank estimates of the covariance are suffi-

cient to accurately represent the uncertainty. This assumption is difficult to justify without knowing

which uncertainties are important in a given problem. Second, these approaches generate posterior
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probability distributions under the assumption that the the inversion output is the model of maxi-

mum likelihood. This assumption is valid only if the inversion output minimizes the FWI objective

function. However, in FWI we only ever approach the minimum, and never reach it. This means

we are unable to precisely interpret the covariance estimates as representative of uncertainty of

inversion results. The likely violation of these two assumptions in most FWI applications suggests

that other kinds of uncertainty quantification be considered. In fact, a further type of uncertainty

within FWI model construction, not addressed by posterior covariance estimates, is introduced

by the non-uniqueness of the FWI solution (or the non-uniqueness of the model that covariance

estimates center on. This uncertainty reflects the fact that an inversion output which nearly mini-

mizes the objective function is in some sense not to be preferred over any other model which does

an equal or better job of this minimization. In this chapter I consider an approach for targeted

quantification of this aspect of FWI uncertainty.

One approach to characterizing model uncertainty in specific directions was introduced by Deal

and Nolet (1996) in the context of seismic tomography. In this approach, the authors sought to de-

termine how an inverted subsurface model could be modified without changing the data misfit,

exploring the uncertainty between models equally acceptable by the metric of the objective func-

tion. By projecting a specially designed model-space change onto the null-space of the forward

modeling operator, the model update closest to this design which causes no variation in the ob-

jective function could be determined. This approach was referred to as null-space shuttling, and

was applied as an alternative to regularization. More recently, Fichtner and Zunino (2019) and Liu

and Peter (2020) use null-space shuttling approaches to explore the uncertainties associated with

the non-uniqueness of solutions to nonlinear inverse problems. Here, I examine the potential of

null-space shuttling approaches for explicitly quantifying inversion uncertainty associated with the

non-uniqueness of the FWI solution.

Accurate estimation of general uncertainty in FWI is difficult, but in reality the uncertainties in

most directions of model space are not particularly informative (in the sense that these uncertainties
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relate to confusion between subsurface models we will interpret in the same way). The features

of an inversion result which substantially impact our understanding of the subsurface are generally

small in number and highly specific. By focusing the quantification of uncertainty on the subset

of model-space directions which have an important impact on decision-making, we can reduce the

computational demands of uncertainty characterization. This allows for more accurate methods,

which would be too costly for the full uncertainty characterization problem to be employed. In this

way, the concept of null-space shuttling could be used in FWI to achieve a targeted uncertainty

characterization.

Here, I consider a null-space shuttling method for uncertainty quantification with respect to a

user-defined hypothesis about the true subsurface. The hypothesis makes a statement about a key

feature of the inversion result and asserts that it is true of the subsurface. I characterize the maximal

uncertainty in this hypothesis by determining the subsurface model which maximally violates the

hypothesis while remaining in the region of model space the inversion considers to be acceptable

solutions. This region should include, at minimum, all points which achieve an equivalent or lower

objective function value than the inversion output. Quantifying the uncertainty arising from the

non-uniqueness of the FWI problem then requires that we explore a subset of the points of model

space with the same objective function value as the inversion result. By the definition of Deal and

Nolet (1996), the model-space steps relating these points are null-space shuttles, and the problem

of finding the maximal uncertainty becomes an optimization problem with respect to the possible

shuttles.

The remainder of this Chapter is organized as follows. First, I introduce null-space shuttling

in the context of FWI and present my strategy for targeted uncertainty quantification. Next, I

provide a brief description of the viscoelastic inversion approach I use for the numerical examples

considered here. Finally, I provide numerical examples of the proposed approach.
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5.3 Theory

The FWI procedure is generally treated as an optimization problem (e.g., Tarantola, 1984; Virieux

and Operto, 2009). In this problem, the subsurface model that produces data in closest agreement

with the observed seismic data is sought, as this model should best approximate the true subsurface.

The general formulation I introduced in Chapter 2 for a general FWI objective function, φ , was

mmin = argmin
m

φ(u,m,d) subject to C(u,m) = 0, (5.1)

where m is a subsurface model, mmin is the inversion result, u is a simulated wavefield, d repre-

sents the measured data, and C = 0 holds only when the wave equation assumed in the inversion

is satisfied. While the specific choices of φ , C, and the optimization strategy can greatly affect

the behavior of the inversion, a general challenge is the large dimensionality of m typically re-

quired to achieve an acceptably resolved inversion result. This large dimensionality means that

the range of possible solutions is large, while the substantial computational cost of seismic wave

modeling means that only a few points in model-space can typically be assessed during the inver-

sion. Because of these features, FWI usually makes use of local optimization techniques, where

model-space steps are designed based on the derivatives of the objective function at the current

model-space location and only steps decreasing the objective function are allowed. This type of

optimization is generally not capable of guaranteeing a global minimum, and, importantly for our

current purposes, is always terminated before obtaining an exact local minimum, so the inversion

result mFWI is an approximation of the ideal output mmin.

When attempting to assess our confidence in mFWI as an accurate representation of the true

subsurface, there are several types of uncertainty to consider. First, there is the consideration that

mmin may not be an accurate representation of the subsurface. This could occur either because (1)

C does not accurately represent important features of true subsurface wave propagation, (2) the

measured data contain noise which would not be reproduced by an accurate subsurface model, or

(3) the measured data are insufficient to constrain mmin to a single point in model space. Next, there

is consideration that the model recovered by the inversion, mFWI , may not be a sufficiently accurate

110



estimate of mmin. This inaccuracy could manifest in a local sense (mFWI is not at the minimum of

the objective function basin it lies in) and in a global sense (the objective function basin mFWI lies

in is not the one mmin lies in). Some of these modes of uncertainty are more difficult to quantify

than others, and treating all simultaneously would be extremely demanding. Here, I focus on

developing a technique for quantifying uncertainty due to noise and local optimization inaccuracy;

I assume that C is an accurate representation of wave propagation and that mFWI and mmin lie in

the same basin of the objective function. Both of the uncertainty features I consider relate to the

non-uniqueness of FWI solutions, and are highly dependent on the local behavior of the objective

function near a minimum.

In general, an FWI result can be acceptable without exactly minimizing the objective function;

minima are too expensive to exactly compute, and, due to the presence of noise, achieving the best

fit to the data is not necessarily desirable. Instead, there is a set of acceptable models, M, satisfying

φ(m∗)≤ φmax, m∗ ∈M, (5.2)

where φmax is the largest acceptable value for the objective function. The set M contains the

models which could be acceptable outputs from the inversion, given the level of noise in the data

and the extent of available computation. The existence of multiple acceptable models gives rise to

an uncertainty in the inversion between mFWI and M. In order to quantify this uncertainty, it is

necessary to characterize M.

Complete characterization of M is computationally infeasible for much the same reason that

an exact minimum cannot be obtained in the inversion: the dimensionality of the problem is large

and evaluating the objective function is expensive. Calculation of specific elements of M, however,

is feasible. Any sufficiently short step in a model-space direction with a negative projection onto

the gradient from mFWI should result in a model within M; the definition of the gradient requires

that the objective function must go down at least slightly for some step-length. Very short steps

are uninteresting from the standpoint of uncertainty characterization, however, as these represent
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very small changes in the model. What we are most interested in is the maximum uncertainty in a

given model-space direction, that is, how large a model change in a given direction can be without

producing an unacceptable value of the objective function.

While the maximum acceptable objective function value, φmax, may not be explicitly defined

before the inversion, all FWI procedures implicitly involve one, because all FWI procedures end

once an acceptable model is produced by the inversion; this is the first model for which φ(m) is

smaller than or equal to the implicit φmax. Suppose, then, that we define φmax = φFWI . In this case,

the maximum model-space step ∆m that can be taken in a given direction while remaining in M is

the step which produces the same objective function:

φ(mFWI +∆m) = φ(mFWI). (5.3)

The step ∆m navigates model-space without changing the objective function. Using the terminol-

ogy of Deal and Nolet (1996), this type of step is called a null-space shuttle. Provided that mFWI

lies near a minimum, the objective function near mFWI can be characterized as a function of model

change ∆m as

φ(mFWI +∆m)≈ φFWI +g0∆m+
1
2

∆mT HGN∆m, (5.4)

where g0 is the gradient at mFWI , φFWI is the objective function at mFWI , and HGN is the Gauss-

Newton approximation of the Hessian at mFWI .

I refer to the set of models with an objective function φmax as M′. Insofar as equation 5.4 is an

accurate representation of the objective function, the model updates ∆m′ corresponding to element

models of M′ are those for which φ(mFWI +∆m) = φmax, satisfying

g0∆m′ =−1
2

∆m
′T HGN∆m′. (5.5)

By enforcing this constraint, we can calculate the maximum step in a given model-space direction

∆m expected to lie in M:

∆m′ = αδm̂, (5.6)
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where

δm̂ =
∆m
||∆m||2

, (5.7)

and

α =
−2g0δm̂

δm̂T HGNδm̂
, (5.8)

where || ||2 denotes the L2 norm. In this way, given the vector ∆m, we can approximate the

inversion uncertainty in that direction at the computational cost of one Hessian-vector product

evaluation: HGNδm̂. A Gauss-Newton Hessian-vector product can be evaluated at the cost of

two wavefield propagations, as described in Chapter 2. This computation requirement is small

relative to the inversion procedure, but if many directions are considered, more Hessian-vector

products are required, and the cost can become substantial. Fortunately, the uncertainty of the

model in a random model-space direction is not typically of great importance for applications

using an inversion result. In a practical instance of FWI, the key uncertainties in an inversion result

(those which affect the understanding of a geophysicist or other interpreter) will typically relate to

important, specific features of the model. These specific features will be described by relatively

few model-space directions, and so only a small number of null-space shuttles.

The targeted uncertainty quantification strategy I investigate here involves using null-space

shuttles to test specific hypotheses about features of the inversion result. Suppose we frame a

hypothesis about the subsurface which asserts that a feature of the inversion output is necessary,

in the sense that no models exist which both achieve an acceptable level of prior- and data-fitting

(as measured by the objective function) and lack this feature. Based on the hypothesis we wish to

investigate, we define a scalar function ψ . This hypothesis function is designed such that models

which significantly violate the hypothesis have small ψ values, while those which are consistent

with the hypothesis have large ψ values. We can quantify the confidence of our inversion in the

hypothesis described by ψ by finding the model acceptable to the inversion which maximally

violates the hypothesis. If no acceptable model substantially violates the hypothesis, the inversion

has high confidence in the claim of the hypothesis. If, on the other hand, there are acceptable
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models which do violate the hypothesis, the inversion does not have confidence in the hypothesis.

Mathematically, I treat the problem of finding the viable model in M′ which maximally violates

the stated hypothesis by solving the problem

mψ = argmin
m′

ψ(m′), subject to m′ ∈M′. (5.9)

Using the relation defined in equation 5.6 to connect a given direction ∆m with the corresponding

model in M′, we can re-state the optimization problem as

mψ = m+ argmin
∆m

ψ(m+αδm̂). (5.10)

An exact solution of equation 5.9 would represent a maximum of the type of uncertainty we con-

sider in the hypothesis. Because the optimization methods we consider will only approximate

a solution to equation 5.9, we will be considering a lower bound on this maximum uncertainty

(equivalently, an upper bound on the value of ψ achieved by mψ ). Solving equation5.9 through

gradient-based optimization techniques requires the calculation of

∂ψ

∂∆m
=

∂ψ

∂∆m′
∂∆m′

∂∆m
=

∂ψ

∂∆m′

(
∂∆m′

∂α

∂α

∂∆m
+

∂∆m′

∂δm̂
∂δm̂
∂∆m

)
. (5.11)

Using equations 5.6-5.8, this expression can be expanded to

∂ψ

∂∆m
=

∂α

∂∆m

(
∂ψ

∂∆m′
T

δm̂

)
+α

(
1

||∆m||2
∂ψ

∂∆m′
− ∆m
||∆m||32

∂ψ

∂∆m′
T

∆m

)
, (5.12)

where
∂α

∂∆m
=

1
||∆m||2

∂α

∂δm̂
− ∆m
||∆m||32

∂α

∂δm̂

T

∆m (5.13)

and
∂α

∂δm̂
=− 2g0

δm̂T HGNδm̂
+4HGNδm̂

g0δm̂
δm̂T HGNδm̂

. (5.14)

The somewhat cumbersome choice of ∆m as the optimization variable rather than the unit vector

δm̂ is made here to enable the use of unconstrained optimization techniques in the solution of

equation 5.10.
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An approximate solution to equation 5.10 can be found through nonlinear optimization. Here, I

use the L-BFGS approach (Liu and Nocedal, 1989) for the minimization, though other optimization

strategies could be employed instead. The main computational costs of this approach are evaluating

the product HGNδm̂, which must be done once per iteration to evaluate ψ and ∂ψ

∂∆m , and of the

product HGNpBFGS (where pBFGS is the calculated L-BFGS descent direction) once per iteration for

the line search. While the line-search step of the L-BFGS procedure may require many additional

evaluations of ψ and ∂ψ

∂∆m , these will all be evaluated at locations in model space that are linear

combinations of δm̂ and pBFGS, so the required Hessian-vector products can be determined from

those already calculated. As such, the main computational cost of each L-BFGS iteration is the

evaluation of two Hessian-vector products.

The initial estimate of ∆m can have a significant impact on how quickly a solution to equa-

tion 5.10 can be approximated. Better initial estimates should represent directions in which the

hypothesis function ψ decreases quickly and the FWI objective φ changes slowly, as these are

desired features of the optimization output. Accordingly, for the initial estimate, I wish to consider

the projection of − dψ

dm onto a vector orthogonal to dφ

dm . As many such vectors exist, I consider

the orthogonal vector which maximizes the projection. To approximate this vector, I consider the

optimization problem

x∗ = min
x

(
Ax
||Ax||2

· dψ

dm

)
, (5.15)

where the columns of A form an orthogonal basis spanning the space orthogonal to dφ

dm , and ·

denotes a dot product. When x∗ has been approximated, the initial estimate of ∆m can be defined

as

∆m0 = Ax∗. (5.16)

Because the evaluation of x∗ in equation 5.15 does not require any wave-propagation problems to

be solved, it can be assessed at a low cost relative to the rest of the procedure. Any orthogonal basis

spanning the space orthogonal to dφ

dm can be used for A, but many of these matrices are memory
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intensive to use. I create a sparse A by defining

A =



g0(2) g0(3) g0(4) . . . g0(n)

−g0(1) 0 0 . . . 0

0 −g0(1) 0 . . . 0

0 0 −g0(1) . . .
...

...
... 0 . . .

0 0 0 . . . −g0(1)


(5.17)

This matrix requires storage of only 2(n− 1) elements, and its vectors span the space orthogonal

to dφ

dm trivially. It is very likely, however, that other formulations of A may be more efficient, the

formulation I use here is just one possibility.

Suppose an approximate minimizer of ψ , m′∗, and the corresponding step, ∆m′∗, have been de-

termined. The step ∆m′∗ represents a best estimate of the model update which maximally violates

our hypothesis without changing the FWI objective function, provided that equation 5.4 holds ex-

actly (i.e. the objective is exactly linear). In reality, the objective function will not be exactly linear,

even close to the minimum. This has two major implications for the uncertainty estimate. Firstly, it

means changing the model by ∆m′ will not leave the objective function exactly unchanged. To fix

this problem, I suggest using a line-search approach to determine the step length in the direction

of ∆m′∗ corresponding to a negligible change in the objective. The second implication of non-

linearity is that HGN is a function of m. This means that even an exact solution of the optimization

problem in equation 5.10 may not be the solution to the true problem of interest, equation 5.9.

To obtain a solution of equation 5.9 we can treat the step calculated in equation 5.10 as the first

step in an iterative optimization procedure. The procedure I consider is set out in Algorithm 1. In

this algorithm, the inner loop corresponds to the iterative approximation of the step, ∆m, which

solves equation 5.10, while the outer loop attempts to solve equation 5.9 by updating the model

in the direction of ∆m, while keeping the FWI objective function constant. At each outer loop

iteration, a line-search is used to find the step length corresponding to a true null-space shuttle,

which allows for differences between the linear approximation of the objective used in the inner
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loop and the true objective function. This line search finds the model in the direction of ∆m which

achieves a value of φ within a chosen tolerance of φmax. If the problem is close to linear, we

can limit the procedure to only one outer loop iteration. In the examples considered here, I use

an iteration maximum in both the inner and outer loops to define a stopping condition for the

procedure. Convergence conditions based on the observed change in ψ could be used as well if

they are found to be useful.

Input : FWI output: m
Output: Approximate minimizer of ψ: m′imax+1
Initialize model estimate
m′1 = m
for i = 1, . . . , imax do ; // Loop over outer iterations

Initialize the descent direction ∆m1
Initialize the L-BFGS inverse Hessian approximation Q
for j = 1, . . . , jmax do ; // Loop over inner iterations

Set Hv1 = HGN(m′i)∆m j ; // Calculate Hessian - update product

Set gψ = ∂ψ

∂∆m1
; // Calculate gradient using Hv1

Set d = Qgψ ; // Calculate L-BFGS descent direction

Set Hv2 = HGN(m′i)d ; // Calculate Hessian - d product

Calculate the step length µ to minimize ψ using a line-search ; // Use Hv1 and

Hv2 for ψ evaluations in line-search

Set ∆m j+1 = ∆m j +µd ; // Update the step direction

Update Q
end
Calculate α,δm̂ from ∆m jmax+1

while φ(αδ m̂)−φmax ≥ ε ∗φmax do ; // Line search with tolerance ε

Set α = α +( dφ

dα
)−1(φmax−φ(αδm̂))

end
Set m′i+1 = m′i +αδm̂

end
Algorithm 2: Algorithm for ψ minimization through null-space shuttling.
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5.4 Numerical Examples

In this section I develop the null-space shuttle procedure with some simple numerical examples.

The purpose here is, in part, to demonstrate that the procedure works, but more importantly, to

show in greater detail what kind of hypothesis-testing may lead to useful appraisals. My goal is

to provide a tool for interpretation, allowing a geoscientist to delineate a structure or region of

interest, within a model inferred from FWI, and quantify the confidence with which it was placed

there.

The forward modeling approach I consider in this chapter, is the Kolsky-Futterman model

of viscoelastic wave propagation I discuss in Chapter 2. Because my goal in this chapter is to

investigate uncertainty associated with optimization specifically, I will assume that there is high

confidence that this model of attenuation physics hold. In relation to the discussion in Chapter 3,

this means that I will adopt inversion strategies which recover a single model, consistent across all

frequencies, rather than the set of models which is shown in that Chapter to be more effective in

mitigating the effects of incorrect attenuation physics.

5.4.1 Optimization and parameterization

The objective function for the FWI problem I consider here is the one introduced in Chapter 2:

Φ = φD +φP, (5.18)

where

φD = ∑
rs, ω

1
2
||d−Ru(m)||22, (5.19)

d is a vector containing the measured data, R is a matrix representing the receiver sampling of the

wave-field, rs represents the surface location of the source considered, ω is an angular frequency, m

is a vector containing subsurface model parameters, and φP is a regularization term. As described

in Chapter 2, I consider inversion in five parameters: α1ρ , α2v−2
P , α3Q−1

P , α4v−2
S , and α5Q−1

S ,

where the αn are unitless scaling terms introduced to improve conditioning.
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In these examples, I use the regularization term to ensure that recovered models have positive

Q values. To this end, I define a regularization term which applies a heavy, quadratic penalty as

Q−1 values approach zero, and a milder penalty away from this region:

φP = ε1

N

∑
j=1


ln
(

QP0

QPj

)2

: Q−1
Pj
≥ Q−1

Pcrit

ln
(

QP0

QPcrit

)2

+a1 j(Q
−1
Pcrit
−Q−1

Pj
)+a2 j(Q

−1
Pcrit
−Q−1

Pj
)2 : Q−1

Pj
< Q−1

Pcrit

+ε2

N

∑
j=1


ln

(
QS0

QS j

)2

: Q−1
S j
≥ Q−1

Scrit

ln
(

QS0

QScrit

)2

+a3 j(Q
−1
Scrit
−Q−1

S j
)+a4 j(Q

−1
Scrit
−Q−1

S j
)2 : Q−1

S j
< Q−1

Scrit
,

(5.20)

where j represents the model cell index, QP0 and QS0 are the average values of QP and QS in the

starting model, ε1 and ε2 are weighting terms, and the letter coefficients represent the derivatives

of φP at the critical values of QPcrit and QScrit :

a1 =
dφP(Q−1

Pcrit
)

dQ−1
Pj

,

a2 =
d2φP(Q−1

Pcrit
)

d(Q−1
Pj
)2

,

a3 =
dφP(Q−1

Scrit
)

dQ−1
S j

,

a4 =
d2φP(Q−1

Scrit
)

d(Q−1
S j
)2

,

(5.21)

which are used to ensure continuity in the transition from the heavy, linear penalty near the con-

straint to the milder penalty near the starting model.

In the inversions I consider here, ten frequency bands of five evenly spaced frequencies are

used. Each band has the same lowest frequency, and other frequencies are linearly spaced to a

band-dependent maximum frequency, which increases in later bands. At each band, truncated-

Gauss-Newton (TGN) optimization is used to reduced the objective function.

During the uncertainty characterization stage, I consider the objective function at the final band

only, which I expect to be representative of the entire objective function. This simplification is
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Figure 5.1: Ball model used for synthetic tests, defined in terms of ρ , Q values, and vP, vS at
reference frequency ω0.

used to reduce the computational cost incurred.

5.4.2 Single-target model example

For the first set of synthetic examples I consider, I use the model shown in Figure 5.1. This model

is constant in each parameter, with the exception of a circular region at the center of the model,

where vP is higher than its background value. This model is simple, and is characterized by a single

target or anomaly, our confidence in which can be quantified as an initial test of the approach. The

initial model I use in the inversions is equal to the constant background for each parameter.

For this example, 49 explosive sources and 98 multicomponent receivers are distributed along

the top of the model. I consider data from 1 Hz to 20 Hz. In the inversion of the data from this

model, five frequency bands are considered, with five frequencies per band. For each band, one

iteration of truncated Gauss-Newton optimization is applied, with 20 inner loop iterations per FWI

iteration. The inversion result obtained with this approach is shown in Figure 5.2. This result

largely captures the geometry of the vP anomaly, but is noticeably affected by cross-talk, with

substantial changes in ρ and QP also being recovered.

When investigating an inversion result like the one shown in Figure 5.2, questions about our

confidence in the different parameters recovered naturally arise. Three different parameters are
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Figure 5.2: FWI output for ball model tests, defined in terms of ρ , Q values, and vP, vS at reference
frequency ω0.

recovered with substantial changes at approximately the same location: ρ , vP, and QP. While

changes in rock type will generally alter all the viscoelastic properties, a change in one model pa-

rameter will also often introduce cross-talk, causing erroneous model changes in other parameters.

This may introduce doubt in one or several of the recovered anomalies. If we suppose that the

presence or absence of changes in the vP model makes a difference to the way this result is used,

we may frame the hypothesis here that vP in the subsurface differs from the initial model used in

the inversion. The representative hypothesis function I consider is

ψ =
N

∑
j=1

(
v−2

Pj
− v−2

P0

)2
, (5.22)

where N is the number of cells in the subsurface model considered, vPi represents the ith element

of the vP model, and vP0 represents the background value of the vP model. By minimizing ψ , I

attempt to find the viable model which maximally removes changes in vP from the background,

thus maximally violating my hypothesis. For this minimization, I use three outer-loop iterations

of the null-space shuttling approach, each with 20 inner-loop iterations. The calculated shuttle for

this choice of penalty term is shown in Figure 5.3. This shuttle mainly consists of a decrease in

vP, and a change in QP around the anomaly, suggesting that in this case, the data support some

ambiguity between vP and QP variables; QP variables are able to compensate for a reduction in
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Figure 5.3: Optimal null-space shuttle for eliminating vP anomaly.

the vP anomaly. After applying this shuttle to the inversion result, I obtain the model shown in

Figure 5.4. The shuttled model slightly reduces the amplitude of the vP anomaly and slightly

increases that of the QP anomaly (demonstrated by the small amplitudes in Figure 5.3), while

keeping an objective function value within 1% (a chosen line-search tolerance) of the inversion

output objective. This model represents a lower bound on the maximum uncertainty in the stated

hypothesis; models exist which violate the hypothesis to at least this extent (equivalently, this is

a upper bound on the minimum value ψ can take in the acceptable model space). The relatively

limited reduction in the vP anomaly represented by this model suggests that the data insist on the

presence of a significant vP anomaly; no viable models were found without such variations. This

conclusion is supported by the hypothesis function, which only drops from 1.00 for the inversion

output, to 0.78 for the shuttled model. Our knowledge of the true model in this example (where a

vP anomaly is, in fact, present) is in agreement with the uncertainty analysis in this case.

In a contrasting example, we may obtain the inversion result in Figure 5.2 and hypothesize that

it is ρ rather than vP which must differ from the background to match the measured data. The

hypothesis function in this case is that of the previous example with ρ replacing vP, and is given

by:

ψ =
N

∑
j=1

(
ρ j−ρ0

)2
, (5.23)
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Figure 5.4: Shuttled model for eliminating vP anomaly.

To calculate the ψ-minimizing shuttle in this case, the same approach was used as in the previous

example. The shuttled result using this approach is shown in Figure 5.5. This model differs

substantially from the inversion result in its estimate of ρ , recovering little to no anomaly in this

parameter. This suggests that reduction or elimination of the variations of ρ from the background

can be achieved without changing the objective function in this case. Once again, this is reflected

in the values of the hypothesis function ψ: 1.00 for the inversion result, and 0.22 for the shuttled

model. This substantial reduction in ψ indicates that viable models were found to violate the stated

hypothesis in this case. In turn, this means that there is relatively low confidence in the presence of

ρ changes from the background: viable models without this feature exist. The results in this case

are again consistent with the true model, which in fact contains no ρ anomaly.

5.4.3 Gas sand example

The model I consider for the second example is shown in Figure 5.6. This model is based on the

Marmousi model, and contains a layer structure which defines similar geometry for each physical

property considered. The ratios of these properties are variable throughout the model, however, and

differ substantially from the background trends in an anomalous region representing a gas-saturated

sand at about 200 m depth, and 600 m in x-position. In this example, I focus on characterizing the
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Figure 5.5: Equivalent-objective model for eliminating ρ anomaly.

confidence of the inversion in this anomaly.

I will characterize uncertainty for inversions using two different acquisition geometries with

this model to better understand how different types of data can influence the confidence in inversion

results. First, I investigate a surface acquisition geometry, where sources and multi-component

receivers are present only on the surface, followed by a hybrid VSP geometry, where receivers are

present in a vertical column representing a well in addition to the surface sources and receivers.

For both acquisition geometries, 74 evenly spaced explosive sources and 148 evenly spaced multi-

component receivers are be considered along the top of the model. For the hybrid acquisition, 58

multi-component receivers in a column from the top to the bottom of the model are considered

at 200 m from the right edge of the model as well. The initial model for vP, vS, and ρ for both

inversions is obtained by averaging the true model in the x direction. The low vP and ρ anomaly

is not included in this averaging, and so is not represented in the background model. The initial

models for QP and QS are set as constants, given the difficulty in estimating these properties. The

background model is shown in Figure 5.7. For both inversions, I consider data from 1 Hz to 20 Hz,

in ten frequency bands, with five frequencies per band. For each band, one iteration of truncated

Gauss-Newton optimization was applied, with 20 inner loop iterations per FWI iteration.

The inversion result for the surface-only data case is shown in Figure 5.8. This model provides
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Figure 5.6: True model for synthetic tests, defined in terms of ρ , Q values, and vP, vS at reference
frequency ω0.

Figure 5.7: Initial model for inversions, defined in terms of ρ , Q values, and vP, vS at reference
frequency ω0.

Figure 5.8: Inversion output for surface-type acquisition, defined in terms of ρ , Q values, and vP,
vS at reference frequency ω0.
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relatively good recovery of the true density given the available wavelengths in the data. The recov-

ered vP and QP models seem to lack the resolution of the density result, but the gas sand feature

is recovered. The estimates of vS and QS are poor here, especially in the deep parts of the model.

While the specific strategy used to obtain the result in Figure 5.8 could be altered, our focus here

is on quantifying the confidence of the inversion in specific features. With this focus, I note that a

prominent feature of both the true model and the inversion result is the gas-sand region of anoma-

lously low ρ , vP and QP. Let us suppose that the presence or absence of this anomaly is crucial to

the interpretation of the inversion result. In the context of this procedure, we are relatively uninter-

ested in the uncertainty of the inversion result in an arbitrary direction of model space, but keenly

interested in the confidence with which this anomaly has been recovered. Accordingly, I seek to

estimate the confidence in the hypothesis that this feature is present in the true model. To assess

this confidence, I define the hypothesis function ψ to be large when such a feature is present in the

inversion, but negligible otherwise:

ψ =
xi∈x∗

∑
j=1

b1
(
ρ(x j)− ρ̄(x j)

)2
H
(
ρ(x j)− ρ̄(x j)

)
+ b2

(
v−2

P (x j)− v̄−2
P (x j)

)2
H
(
v−2

P (x j)− v̄−2
P (x j)

)
+ b3

(
Q−1

P (x j)− Q̄−1
P (x j)

)2
H
(
Q−1

P (x j)− Q̄−1
P (x j)

)
,

(5.24)

where H is the Heaviside step function, b1, b2, and b3 are scaling terms, x∗ are the locations where

the anomaly is recovered in the inversion, and ρ̄ , v̄−2
P , and Q̄−1

P are the values of these properties in

the initial model. Because we are interested in a change in each of these parameters, I choose b1,

b2, and b3 to weigh the initial contribution of each parameter equally.

With b1, b2, and b3 chosen to weight the anomalies in each of ρ , vP and QP equally, I can

investigate which, if any, of these parameters are constrained by the inversion to be low at the

location this anomaly. I estimate the optimal shuttle for this objective by following the procedure

in Algorithm 1, using three outer-loop iterations of ten inner-loop iterations each. The resulting

shuttle for this choice of penalty term is shown in Figure 5.9. This shuttle represents the step which

should maximally reduce ψ without changing the objective function value. For this inversion, the
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calculated shuttle represents a substantial violation of the stated hypothesis: while ψ was normal-

ized to 1.00 for the inversion result, the shuttled model (shown in Figure 5.10) has a substantially

lower ψ = 0.395. This means that the anomaly could be substantially smaller and still satisfy the

FWI objective function just as well as the inversion output (the shuttled model has φ = 1.007∗φ0).

It is important to note the limitations on the information conveyed by this shuttle. Because the

optimization of the shuttle is only approximate, this result does not represent the maximum uncer-

tainty in the hypothesis contained in the FWI objective function, but instead a lower limit on this

maximum. In other words, this shuttle shows that the inversion result is ambiguous (in terms of

the data- and prior-fitting represented in the FWI objective function) with models violating the hy-

pothesis at least as much as ψ = 0.395, but does not guarantee that there are no ambiguous models

violating the hypothesis even more.

While the ψ value of the shuttled model is the most quantitatively informative result of this

test, other details of the shuttle can be interpreted as well. In particular, the relative contributions

of different parameters to the shuttle may be suggestive of the uncertainties in these parameters.

The inversion output had ψ = 1, with contributions of each parameter through equation 5.24 equal

to 0.333. After shuttling, the relative contribution of each parameter to ψ was reduced: to 0.141

from ρ , to 0.212 from v−2
P , and to 0.043 from Q−1

P . This means the shuttle approximating the

minimizer of ψ demonstrates a large uncertainty in the Q−1
P anomaly and less uncertainty in v−2

P

and ρ anomalies. Once again, these are lower limits on the maximum uncertainty represented in

the FWI objective function, so while the v−2
P anomaly may be more uncertain than reflected by a

0.256 ψ contribution, it is at least this uncertain.

Because the null-space shuttling approach I propose here quantifies uncertainty in a specific

hypothesis, investigating more than one hypothesis requires that more than one instance of shut-

tling. Suppose as a second example that a key feature of the inversion result is the vP/vS ratio low

at the location of the anomaly. To investigate this feature, I pose the hypothesis that the vP/vS ratio

at this location is substantially lower than the average of this ratio in the rest of the study area. This
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Figure 5.9: Optimal null-space shuttle for minimizing anomaly magnitude in ρ , vP and QP, surface-
only acquisition.

Figure 5.10: Equivalent-objective model minimizing anomaly magnitude in ρ , vP and QP, surface-
only acquisition. Compare to Figures 5.8, 5.9.
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Figure 5.11: Equivalent-objective model minimizing vP/vS ratio anomaly, surface-only acquisi-
tion. Compare to Figure 5.8.

leads to a hypothesis function I define as

ψ =
x j∈x∗

∑
j=1
−
(

vP(x j)

vS(x j)
− σ̃

)2

, (5.25)

where σ̃ is the average vP to vS ratio in the rest of the model. This choice of hypothesis function

pushes toward models with anomaly vP/vS ratios similar to those in the rest of the model. I estimate

the shuttle minimizing this function using three outer-loop iterations and ten inner-loop iterations.

After applying the calculated shuttle, I obtain the model shown in Figure 5.11. In this case the

inversion result has a ψ value of 1.000, while the shuttled model has ψ = 0.399. Again, this drop

represents a lower bound on the maximum uncertainty, so the vP/vS ratio could be significantly

higher at the anomaly while still satisfying the data- and prior-fitting requirements of the inversion.

This shuttle establishes a greater relative uncertainty for vP, where the minimum in the anomaly

region increased from about 2810 m/s to 2940 m/s than for vS, where changes were on the order

of ±10 m/s. Notably, both the QP and QS estimates near the anomaly change considerably for this

shuttle, suggesting that an increase in vP/vS ratio can be partially compensated by a change in Q.

The data available in a given inversion problem can have a substantial impact on the confidence

of the inversion in different model features. To investigate the effect of an acquisition geometry on

our confidence in FWI results, I repeat the examples explored above, but now with additional data

representing down-hole receivers. The same inversion strategy as above was used in this case, and

129



Figure 5.12: Inversion output for surface and VSP-type acquisition, defined in terms of ρ , Q values,
and vP, vS at reference frequency ω0.

the inversion result is shown in Figure 5.12. The major changes in the inversion result that these

additional data bring are higher amplitude Q estimates in the bottom left of the model, and artifacts

near the receiver locations, at about x = 200m.

To assess the confidence of the new inversion in the recovered anomaly, I again define ψ by

equation 5.24. I approximate the shuttle which minimizes ψ using the same procedure as for the

surface-only data case, and applying it, obtain the shuttled model in Figure 5.13. In this case, the

additional information from the VSP has done relatively little to constrain ψ , which falls from

1.000 for the inverted model, to 0.438 in the shuttled model, little different from the ψ = 0.395

obtained in the surface-only data case. The relative contributions to ψ from the different parameters

in this case are informative: the contributions from ρ and Q−1
P are 0.147 and 0.036 as compared to

0.141 and 0.043 in the VSP and surface data only cases respectively, representing relatively small

changes, while the contribution from v−2
P increases to 0.256 from 0.212. This suggests that access

to the VSP data in the inversion has reduced the ability of null-space shuttles to simultaneously

reduce the amplitude of the ρ and Q−1
P anomalies and the v−2

P anomaly.

In a final example, I test the confidence of the hybrid VSP inversion in the low vP/vS anomaly

it recovers. Calculating the optimal shuttle in the same way as for the surface-only inversion, I

obtain the shuttled model in Figure 5.14. In this case, as in the case of surface-only data, the

shuttled model shows a large degree of uncertainty in the hypothesis. In this case, the hypothesis

130



Figure 5.13: Equivalent-objective model minimizing anomaly magnitude in ρ , vP and QP, surface
and VSP acquisition. Compare to Figures 5.12, 5.10.

Figure 5.14: Equivalent-objective model minimizing vP/vS ratio anomaly, surface-only acquisi-
tion. Compare to Figures 5.12, 5.11.

function drops from 1.000 for the inversion result to 0.392 for the shuttled model. This is consistent

with the ψ of 0.399 for the shuttled model in the surface-only case, suggesting that the VSP data

do little to better constrain the vP/vS ratio of the anomaly in this case.

5.5 Discussion

A comparison of the approach I propose here and uncertainty quantification strategies which draw

samples from an approximate Bayesian posterior distribution is important to understanding the

role of this method. Posterior distribution sampling methods based on the Bayesian approach

of Tarantola (2005) require estimates of both the most likely model and the posterior covariance
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matrix in order to generate samples from a posterior probability distribution. Typically, these

approaches assume that the most likely model is the one recovered in the inversion, and focus

primarily on how to accurately estimate the posterior covariance matrix. The approach I discuss

here instead focuses on quantifying uncertainty in the selection of the most probable model. This

means that this approach concerns a type of uncertainty which is additional to that characterized

by the posterior covariance matrix: no matter how accurately this matrix is calculated it does not

account for our uncertainty in the location of the center of the posterior probability distribution.

I do not attempt a probabilistic characterization of this uncertainty; I instead attempt to find the

model that maximally violates a given hypothesis while still remaining an equally valid ‘most

probable model’ as the inversion output.

In an FWI objective function, there are often features other than the quality of data-fit which

play a major role in determining how good or bad an inversion result is. These usually take the

form of regularization terms, which inform the objective function of a priori knowledge about

the subsurface. Just as this a priori information is useful in preventing inversions from obtaining

unacceptable results, it prevents null-space shuttles from equating the fitness of models on the basis

of data fit alone. This means it is important to include an informative regularization term in the

objective function when considering this approach for uncertainty characterization.

It is important for the computational expense of the approach I discuss here that in equation

5.9 I consider an optimization over M’ and not M. In other words, I do not consider all viable

models in minimizing ψ , but only the marginally viable ones (which are related by null-space

shuttles). While it is certain that the largest possible step that can be taken in any given direction

while remaining viable will result in a model in M’, it is not certain that the model representing the

largest possible uncertainty in ψ does. By choosing to only consider null-space shuttles, I make

the assumption that the model minimizing ψ lies outside of, or near M’. I judge this assumption

to be appropriate for two reasons. Firstly, except in the case of complicated, specific hypothesis

functions or simple media, a minimum of ψ can generally be expected to lie outside M’, simply
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because the complexities actually recovered by the inversion are unlikely to minimize any but a

highly specific function. Secondly, the consequences of discovering a minimum of ψ inside M’

appear to be largely acceptable, as evidenced by the first ball model example I considered, where

exactly this issue occurred, but uncertainty estimates were reasonable regardless.

The computational cost incurred in the uncertainty estimation for each hypothesis in the com-

plex examples I considered here was on the order of 70 wavefield propagation problems per fre-

quency in the band considered. In comparison, the cost of the inversion itself was closer to 200

wavefield propagation problems per frequency in the bands considered, so meaningful uncertainty

estimates were obtained at less computational cost than the inversion itself. It also important to

note that the cost of assessing the uncertainty is tunable; by changing the number of inner and

outer iterations used, the computational cost and accuracy in representing an upper uncertainty

bound can be altered. Given the targeted nature of this approach, computational cost might also be

reduced by limiting the dimensionality of the model to describe only the features which will play

a major role in the hypothesis function.

If there is high confidence in the large-scale behavior of the subsurface in a given area, and the

key questions about the subsurface to be answered through use of seismic data are well understood,

this approach may also have value in providing an estimate of how well a given acquisition geome-

try will be able to constrain given features of the model. This could be useful for acquisition design

by providing an estimate of whether sufficient confidence is obtained with a potential geometry.

5.6 Conclusions

General uncertainty in FWI is difficult to quantify, and generally requires large amounts of com-

putation and storage for accurate treatment. The targeted approach to uncertainty quantification

investigated here explores the uncertainty in a stated hypothesis about the model. I quantify this

uncertainty by finding the marginally viable model which maximally violates the stated hypothe-

sis. The problem of finding this model can be treated as an optimization over null-space shuttles
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from the inversion output. If appropriately defined, our confidence in the hypothesis considered

can inform us about our degree of certainty in the key decision-altering features of an inversion

result. The computational cost of this approach is tunable and can be small relative to that of the

full inversion. The numerical examples I consider here suggest that while the inversions seem to

constrain the recovered P- and S- wave velocities reasonably well, there is substantial uncertainty

in density, and especially Q. This approach offers a viable way to assess the impacts of effects like

cross-talk on our confidence in inversion results.
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Chapter 6

Conclusions

6.1 Summary

Attenuation effects play a major role in seismic wave propagation, and their treatment in full wave-

form inversion is important if the correct treatment of seismic amplitudes is to be achieved. While

the concept of QFWI has been investigated, there are major outstanding issues which complicate

the treatment of attenuation. In this thesis, I have sought to propose strategies to help address some

of the chief challenges which present themselves in an attenuative full-waveform inversion. Specif-

ically, I have presented methods for mitigating the impacts of uncertainty in attenuation physics,

for quantifying expected cross-talk between both co-located and spatially separated viscoelastic

variables, and for quantifying an important class of inversion uncertainty, which relates to imper-

fect optimization features (such as cross-talk) in viscoelastic FWI. In this section I will briefly

summarize the major findings of my numerical investigation of these methods.

Because seismic data cannot constrain seismic velocities and Q which vary freely in both space

and frequency, it is generally necessary to use a specific attenuation physics model to better con-

strain the frequency dependence of these variables in inversion. In Chapter 3, my focus was devel-

oping a strategy to cope with the problems that arise when the physics model selected is not a good

representation of true subsurface attenuation. The approach I suggested was intermediate between

an inflexible insistence on the assumed physics model and a freely varying Q and velocity. This

approach enforced the assumed physics only within small frequency bands, and recovered one

subsurface model for each frequency band considered. In numerical examples, I inverted data gen-

erated with the attenuation and dispersion associated with a single standard linear solid, assuming a

Kolsky-Futterman model of attenuation in the inversions. In this framework, the flexible approach

I proposed was significantly better able to generate a meaningful estimate of the true subsurface
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properties. I proposed that the band size in this approach controlled a tradeoff between attenuation

model flexibility and inversion cross-talk.

In Chapter 4, I proposed a strategy for estimating the extent of cross-talk expected in viscoelas-

tic FWI, given different acquisition settings and optimization strategies. This work is important

in viscoelastic FWI because cross-talk between Q and velocity variables is very pronounced, and

because the conventionally used radiation pattern analysis is uninformative about key features of

cross-talk. While radiation patterns suggest that frequency and phase information are the keys to

distinguishing velocity and Q variables, they provide no obvious information about how this infor-

mation changes cross-talk as a function of acquisition or optimization strategy. Radiation pattern

analysis is alow uninformative about cross-talk between spatially separated variables, which may

be important if there is cross-talk with an obscuring Q region. I proposed a strategy of differ-

encing numerical simulations to determine the contribution of different subsets of variables, and

especially the cross-talk. Using this approach, I determined that transmission information plays

an important role in suppressing cross-talk between Q variables and the corresponding velocities.

I demonstrated that cross-talk between elastic properties and spatially separated Q variables is an

important, and sometimes dominant mode of cross-talk with Q. I also showed that differences in

source-type between explosive and directed point forces can have major effects on cross-talk.

Several cross-talk modes investigated in Chapter 4 were not significantly reduced even with

very computationally intensive optimization strategies (especially with surface-only acquisition).

Given that compuational costs are often a limitation in FWI, these cross-talk modes are likely

to be present in many inversion results. In Chapter 5 I proposed a targeted uncertainty quantifica-

tion strategy which specifically targeted uncertainty associated with imperfect optimization effects,

like cross-talk. By focusing the uncertainty quantification on a specific hypothesis about the inver-

sion result, this approach allowed for computationally affordable uncertainty estimates, based on

a null-space shuttling approach. I demonstrated this approach on numerical viscoelastic inversion

examples. The results of these tests suggested relatively high confidence in velocity variables, and
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much less confidence in the recovered estimates of density and Q. This type of tool could be very

useful for assessing confidence in key inversion features that may be subject to cross-talk.

6.2 Future Work

In this thesis, I presented several techniques designed to help solve some of the specific problems

faced in QFWI. Several substantial obstacles to the effective implementation of QFWI remain,

however. Perhaps the most significant of these obstacles is the problem of cross-talk. In Chapter

3, I showed that large frequency bands are key for reducing cross-talk, in Chapter 4, I identified

acquisition geometries and optimization strategies that are effective in reducing Q-related cross-

talk, and in Chapter 5, I proposed a tool which can help quantify the uncertainties introduced

by cross-talk. The fact remains, however, that with typical acquisition geometries and affordable

computation levels, cross-talk is substantial in QFWI, and can adversely affect the quality and

reliability of results. Improved optimization strategies, objective function formulations or model

parameterizations which allow for cross-talk to be more efficiently reduced are key for making

QFWI effective in the absence of significant transmission data.

With respect to the work discussed in Chapter 3, there are several outstanding questions which

could be the subjects of additional research. While I proposed that the band size in the flexible

approach controlled a tradeoff between mitigating the effects of Q model uncertainty and cross-

talk, an effective means of assessing the degree of Q model uncertainty in a given problem would

be very helpful for deciding on this tradeoff term. Another interesting question relates to the

definition of cross-talk when the attenuation model considered is incorrect. Cross-talk as I define

it here relates to the mis-attribution of data residuals to the wrong model residuals. This definition

works well when the cross-talk is between parameters considered in the inversion, and is easily

extended to the case where the cross talk is from a model variable not represented in the inversion

into one that is represented, but it seems very unclear how to define cross-talk where one parameter

is represented inadequately. This isn’t the same as the case in which a parameter not included in the
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inversion contributes to cross-talk, because in some sense we would like the data residuals caused

by attenuation effects to be attributed to the model variables controlling attenuation, but there is

no well-defined model residual for a parameter which does not accurately represent the effects it is

meant to. Defining a metric of cross-talk which would allow for an analysis like the one in Chapter

4 while also allowing for attenuation model errors would help to better analyze this part of the

QFWI problem.

While the uncertainty quantification approach I present in Chapter 5 should be useful for quan-

tifying several different types of uncertainty, it is not a method that is capable to quantifying un-

certainties arising from possible errors in the attenuation physics. In fact, while strategies exist for

coping with wave physics errors in FWI exist, no strategies that I am aware of attempt to quantify

the associated inversion result uncertainties. Determining a way to estimate these uncertainties

would significantly advance the confidence that could be placed in QFWI uncertainty estimates.

Another project which could be done to expand on the work developed in Chapter 5 would be

to determine better ways of framing the hypotheses used in the targeted uncertainty quantification.

The hypothesis functions tested in Chapter 5 were relatively crude examples of metrics that could

be used to assess key aspects of the inversion. These metrics could have been better optimized to be

more informative about whether the hypotheses represented were upheld or violated. Application

to field data examples could also offer the opportunity to develop this technique with respect to

key uncertainties in a real setting.
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